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Abstract

The objective of this paper is to present and examine these concepts within the context of grill topolog-
ical spaces, introducing novel categories of 6(A)—closed sets and 6(A)—continuous functions specific to grill
topological spaces.
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1. INTRODUCTION

Let (X, 7) be a topological space, and let A C X. In the course of our discussion, the
closure and interior of A will be represented by Cl(A) and Int(A), respectively. Fomin [2]
pioneered the notion of 6—continuous functions, while Velicko [5] introduced the concept
of 0—closed sets in topological spaces. As a reminder from [2], a function f : (X,T) —
(Y,P) from a topological space (X,7) to another topological space (Y, p) is termed a 6-
continuous function at x € X if, for every open set V containing f(x), there exists an open
set U containing x such that f(Cl(U)) C Cl(V). The function f is considered 6—continuous
if it is 6—continuous at each point in X. Additionally, according to [5], a point x € X is
designated as a O—cluster point of A if Cl(U) N A # ¢ for every open set U in X containing
x. The set encompassing all 6—cluster points of A is termed the 0—cluster set of A and
is denoted by C19(A). A subset A of a topological space is termed a 8—closed set in X if
C19(A) = A. The complement of a 8—closed set in X is referred to as a 6—open set in X.

In this paper, we introduce the concept of a A—open set along with pertinent results.
Subsequently, we present and explore categories of 8(A)—closed sets. Finally, we intro-
duce and investigate classes of 0(A)—continuous functions.
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2. Preliminaries

Theorem 2.1. [7] For a topological space (X,T) and A C X, the following hold:

1. Int(X—A) = X — CL(A).
2. CL(X—A) = X — Int(A).

Theorem 2.2. [7] Let A and B be two subset of a topological space (X,T). If B is an open
set in X then CL{A)NB C Cl1(ANB).

Theorem 2.3. [5] Every 0—closed set is closed set.

Definition 2.4. [1] Anon-empty collection G of subsets of a topological space(X, T) is said to
be a grill on X if G satisfies following conditions:

1. p €6.
2. AcGandACB =B e G,
3. AL BCXandAUBeG=—AcGorBeg,

For a topological space X, the operator ¢ : P(X) — P(X) from the power set P(X) of X
to P(X) was first defined [3], as $(A) = {x € X: UNA € G, for each open set containing x}.
The operator P(A) : P(X) — P(X), is given by Y(A) = AU $(A) for A € P(X). This oper-
ator was also show in [4] to called a Kuratowski closure operator. So for a grill topological
space (X, T, §), there exists an unique topological Tg on X. This topological defined by

Tg={UCX:h(X=U)=X—Ul.

For any A C X,{(A) =g Cl(A) such that GC1(A) denotes the set of all G—closure
points of A in topological space (X, Tg). The intersection of all closed subsets of (X, T, G)
containing Ais denoted by gCl(A) and the interior set of Ais defined as the union of all
open subsets of (X, T, G) contained in A and is denoted by gInt(A).

Theorem 2.5. [4] Let (X,T,G) be a grill topological space and A,B C X, the following
properties hold:

1. A C B implies that $p(A) € ¢(B).

2. $(AUB) = ¢(A)UP(B).

3. d(P(A)) € d(A) = CU(PA)) C CL(A).
4. ifUe Tthen UNP(A) C d(UNA).

Theorem 2.6. [6] If A is a subset of a grill topological space (X, T, G) and Uis an open set in
(X, T)

then UNYP((A) CP(UNA).
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3. A—open sets

Definition 3.1. A subset A of a grill topological space (X,7,G) is said to be A—open set if
A C ClSInt(p(A))]. The complement ofGS —open set is said to be A—closed set. For a grill
topological space (X, T,G), the set of all G°—open sets in X denoted by AO(X,T) and the set
of all §5—closed sets in X denoted by AC(X,T).

Example 3.2. In a grill topological space (X,T,G), where X = {a,b,c}, T = {, X, a, bjand
G ={b,qa,b,c,b},X,A0(X,T) =, X,b,a,b,c,band AC(X,T) ={d,X,qa,c,c,a}.

Theorem 3.3. A subset A of a grill topological space (X,T,3) is A—closed set if and only if
Inthp(gInt(A))] C A.

Proof. Ais a A—closed set in X if and only if X — A is a A—open set in X if and only if
(X—A) C CllgInt(h(X — A))]

. if and only if by using Theorem 2.1,
(X—A) C CUGIntW(X—A))] = ClgInt(gCLX—A))]
= CllgInt(X —g Int(A))] = CUX —g CL(GInt(A))]
= X—Int[gCl(gInt(A))] = X —Int[Pp(gInt(A))].
if and only if Int[p(SInt(A))] C A. O

Theorem 3.4. Let (X,T,SG) be a grill topological space. If A\is A—open set for each A € A
then UxcrA ) is A—open set, where I is an index set.

Proof. Since A,is A—open set for each A € I, then A C Cl[GInt({(A,))] for each A € A.
Then by

UreaAr S UaerCLSInt(Pp(AL))]
C  ClUxerSInt(w(AA))] € CLUSInt(Unenb(Ar))]
C ClUSInt(Uner(Ax U d(AN))] € CUSINt((UA € AN U (Unerd(An))]
C  CUSInt(UnerAx U d(UreiAn))] = CUSINt (P (UnerAn))]
Hence Uj¢jA is A—open set. ]

Theorem 3.5. Let (X, T, 3G) be a grill topological space. If U is an open set in (X, T) and A is
95—0pen set then UNA is 95—open set.

Proof. Since A is A—open set then A C Cl[gInt({(A))]. Then by Theorem 2.6 and 2.2,

UNA CUNClgInt(p(A))] < ClUNg Int(Pp(A))]
= CllgInt(U) Ng Int(W(A))]
= ClgInt(UN(A))] C CligInt(h(UNA))]
Hence UN A is A—open set. O
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For a grill topolo A gical space(X,T,3) and a subset A of X, theA—closure set of A is
defined as the intersection of all A—closed sets containing A and is denoted by &CI(A).
The A—interior set of A is defined as the union of all A—open sets of X contained in A and
is denoted by §Int(A), It is clear that 5 CI(A) is a G5 —closed subset of X and 5CI(A)isa
A—open subset of X.

For a subset A C X of a grill topological space(X, T, G), it is clear from the definition of
5CI(A) and g CI(A) thatA C ECI(A)CI(A) and §CI(A) C A.

Theorem 3.6. Theorem 3.6. For a subset A C X of grill topological space(X, T, G), s CI(A) =
A if and only if A is a A—closed set.

Proof. Let §CI(A) = A. Then from definition of §CI(A) and Theorem ?? ,3CI(A) is a
65— closed set and so A is a A—closed set. Conversely, we have A C %CI(A). Since
A is a §5—closed set, then it is clear from the definition of CI(A), §CI(A) C A. Hence
A = §CI(A). 0

Theorem 3.7. For a subset A C X of grill topological space(X, 7T, 9),5 CI(A) = A if and only
if Ais a AGS —open set.

Proof. Similar to the proof of Theorem 3.6. O

Theorem 3.8. For a subset A C X of grill topological space(X, T, G),x € §CI(A) if and only
if for all A—open set U containing x, UN A # ¢.

Proof. Letx € §CI(A) and U be a G5 —open set containing x. f UNA = ¢pthen A C X —U.
Since X — U is a A—closed set containing A, then §CI(A) C X"Uand so x € §CI(A) C
X — U. Hence this is a contradiction, because x € U.Thereforel N A # ¢. Conversely,
let x ¢ $CI(A). ThenX —gCI(A) is a A—open set containing x. Hence by hypothesis,
[X—&CI(A)]N A # ¢. But this is a contradiction, because X — CI(A) C X —A.

O

Theorem 3.9. For a subsetA C X of grill topological space(X, T, G), x € §CI(A) if and only
if there is A-open set U such that x € U C A.

Proof. Let x € {CI(A) and take U =g (CI(A). Then by definition of 5 CI(A) we get that
Uis a A-open set and x € U C A.
Conversely, let there is A—open set U such thatx € U C A. Thenx € U € §Int(A). O

Theorem 3.10. For a subsetsA, B C X of grill topological space (X, T, G), the following hold:

1. AifA C B then §,CI(A) C§, CI(B).
2. 5CI(A) Ug CI(B) <5 CI(AUB).
3. 5CI(ANB) <§ CI(A) NG CI(B).
4. 5CI(A) C CUA).
Proof. 1. Let x €5 CI(A). Then by Theorem 3.8, for all A—open sets U containing

x,UNA # ¢. Since A C B, then UN B # ¢. Hence x €g CI(B). That is, 5CI(A) C§
CI(B).
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2. It is clear from the Part (1).

3. Itis clear from the Part (1).

4. It is clear from Theorem 3.8 and from every open set U is A—open set.
Similar for the proof of the last theorem, we can proof the following theorem:

O]

Theorem 3.11. For a subsetsA, B C X of grill topological space (X, 7, G), the following hold:

1. if A C B then gInt(A) C5 Int(B).

2. gInt(A) Uy Int(B) <5 Int(A UB).

3. 5Int(ANB) C§ Int(A) Ng Int(B)

4. Int(A) C5 Int(A).
Theorem 3.12. For a subset A C X of grill topological space (X, 7, S), the following hold:

L 5Int(X—A) =X —5 CI(A).

2. LCI(X—A) = X = Int(A).
Proof. 1. Since A s CI(A) thenX -5 CI(A) € X—A. Since X -5 CI(A) is a A— open set
in (X,7,9) then

X —5 CI(A) =5 Int[X =g CI(A)] €5 Int(X —A).

For the other side, let x €% Int(X — A). Then there is A—open set U such that x € U C
X —A. ThenX — U is A—closed set containing A and x ¢ X — U. Hence x €% CI(A), that
is,x € X5 CI(A).

2. Since %Int(A) C AthenX—A C X —59 Int(A). SinceX —59 Int(A) is a A—closed set
in (X,7,9), then

SCI(X—A) Cf CIIX—% Int(A)] = X —§ Int(A).

For the other side, let x €3 Int(X — A). Then there is A—open set U such that x € U C
X —A.Then X — U is a A—closed set containing A and x ¢ X — U. Hence x gésg CI(A), that
is,x € X —% CI(A). O
Theorem 3.13. For a subset A C X of grill topological space (X, T, G), the following hold:

1. if Gisan open setof X then 5CI(A)NG Cy CI(ANG).

2. if Gisa closed set of Xthen gInt(AUG) C5 Int(A)UG.
Proof. 1. Let x €5 CI(A)N G. Then x €3 CI(A) and x € §. Let V be any A—open set
in (X,7,9) containing x. By Theorem 2.1,??, VN G is A—open set containing X. Since
x € CI(A) then by Theorem 3.8, (VN G) N A # ¢. This implies,V N (GNA) # ¢. Hence
by Theorem 3.8, x 659 CI(ANG). That is, %CI(A) NG C %CI(A NnG).

2. Since § is a closed set X then by The part (1) and Theorem 3.12,
X—=[gInt(A)ug] = X—5Int(A)IN[X—-G]=[5CIX—-A)NIX—-G]

sCI(X—A)N(X—=G)] €5 CI(X—=A) NG CI(X—-G)
= SCIX=A)N(X—-G)
= (X=5Int(A)N(X-G)=X—(5Int(A)Ug).

Hence SSInt(A Ug) C Int(A)UG.

N



Dawood S., Kilicman A. / On 6(A)—open sets in grill topological spaces 49

4. ©(A)—closed set

Let (X, T, G) be grill topological space and A C X. A point x € X is called ©(A)—cluster
point of A if $CI(U) N A # ¢ for every A—open set U in (X, T, G) containing x. The set of

all ©(A)—cluster points of A is called the®(A)—cluster set of Aand denoted by SgCle (A).

Definition 4.1. A subset A of grill topological space (X,7T,9) is called ©(A)—closed set
in (X,7,9) if ©(A) — S°Cl1°(A) = A. The complement of©(A)—closed set in (X,T,SG) is
called®(A)—open set in (X, T, 9).

Theorem 4.2. Every 6—closed set in a space (X, T) is®(A)—closed set in grill topological
space (X, 7, 9).

Proof. Let A be a 6—closed set in a space (X, T), that is, C1®(A) = A. It is clear that
A C5 C19(A). We prove thats9 Cl9(A) C A. Let x S C19(A). Then UNA # ¢ for every
A—open set U of (X, T, §) containing x, since U C% CI(U), theny CI(U) N A # ¢ for every
A—open setU in (X,7T,G) containing x. Since 5 CI(U) € Cl(u) then CL{U)N A # ¢ for
every A—open set U € (X, 7, §) containing x. Then x € C1°(A) = A. Hence §C1°(A) C A.
That is, A is a©(A)—closed set in grill topological space (X, T, G).

The converse of the last theorem need not be true.

Example 4.3. In a grill topological space (X,T,5), where X ={a, b, c}, T ={d, X,{a, b}} and
G ={{c},{qa,c},{b,c}, X}, the set{a} is a O(A)—closed set in (X,T,G) but it is not 0—closed set
in X, T).

Theorem 4.4. Every®(A)—closed set is A—closed set.

Proof. Let (X, T, ) be a grill topological space and A be a ©(A)—closed set, that s, Cl%A) =
A. It is clear thatA Cs CI(A). We prove that %CI(A) C A. Let x €5 CI(A). Then
UNA # ¢ for every A—open set U in (X, 7T,5) containing x. Since U C% CI(U) then
CI(UW) NA # ¢ for every A—open set U € (X, T, G) containing x. Then x €5 Cl%(A) = A.
Hence SSCI(A) C A. That is, A is a A—closed set in grill topological space (X, T, 9). O

The converse of the last theorem need not be true.

Example 4.5. Let (X,T,5) be a grill topological space. X ={a,b,c},T = {, X,{a,b}} and
G = P(X) —{d}. The set {b}is a A—closed set in (X,T,SG) but it is not ©(A)—closed set, where
P(X) is the power of X.

S

Theorem 4.6. For every A—open set G in grill topological space (X,T,5),5 Cl®(G) =5
CI(G).

Proof. Let x €5 CI(G). Then for every A—open set U in (X,7T,SG) containing x, UN G #

¢.Sincell C% CI(U)theni CI(U) NG # ¢. Hence x €5 C19(U). That is,5CI(G) <5

C1%(G). For the other side, let x €5 C19(G). Then for every A—open set Uin (X,T,9)
containing x,5 CI(U) NG # ¢. Since G is A—open set U in (X, T,§). Then by Theorem

3.13, 5CIU) NG =5 CI(UNG). Then 5CI(UNG) # ¢. Hence UNG # ¢. That is,

x €% CI(U). Hence §C1°(G) C§, CI(G).
O
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From Theorems 4.2 and 4.4 we have the following relation for ©(A)—-closed set with
the other known sets.

Theorem 4.7. A subset U is ©(A)—open set in grill topological space (X, T, S) if and only if
for each x € U there is A—open set V in (X, 7T, §) containing x such that 5,CI(V) C U.

Proof. Suppose that U is ©(A)—open set in (X,T,5) and x € U. Then x ¢ X—U =5
C1%(X — U). Then there isA—open set V in (X,T,5) containing x such thatz CI(V) N (X —
U) = ¢. That is,5 CI(V) C U.

Conversely, suppose that U is not ©(A)—open set. Then X — U is not ©(A)—closed set.
That is, there is x €5 Cl®(X—U) and x ¢ X —U. Since x € U then by the hypothesis, there
is A—open setVin (X, 7, G§) containing x such that %C I(V) C U. This implies, 59C I(V)Nn(X—
U) = ¢ and this contradiction since x €% C1®(X —U). Hence U is  — G5 —open set. O

5. ®(A)—continuous function

Definition 5.1. A function f : (X,7,5) — (Y, P) of a grill topological space (X, T, §) into a
space (Y, P) is called ©(A)—continuous function if for each x € X and each open set V in (Y, P)
containing f(x), there exists A—open set U in (X, T, G) containing x such that f(5CI(U)) Cp
CL(V).

Theorem 5.2. A functionf : (X, 7T,5) — (Y, P) is ©(A)—continuous if and only if g Clo(r1(v)) C
f~L(PCL(V)) for every open set V in (Y, P).

Proof. Suppose that f is ©(A)—continuous. Let V be any open set in of (Y, P). Let x ¢
f~1(PCL(V)). Then f(x) ¢p CL(V). Then f(x) € Y —PCL(V). Since Y — PCL(V) is open set

in (Y, P) containing x and f is ©(A)—continuous then there exists A—open set U in (X, T, §)
containing x such that f(G*CI(U)) Cp CL(Y —p CL(V)). This implies,

f(G°CI(U)) Cp CUY —PCLV)) =Y —p Int(PCL(V)).

Hence f(G°CI(U)) NpInt(PCL(V)) = ¢. Since V =, Int(V) C, Int(PCL(V)) then f(G°CI(U))N
V = ¢ and so G°CI(U) N f~1(V) = ¢. Since U is A—open set in (X, T, G) containing x then

x #g C1%(f71(V)). Hence §C1° (f71(V)) C 1 (pCL(V)).

Conversely, Let x € X be any point in X and V be any open set (Y, P) containing f(x).
Since VN (Y —p CL(V)) = ¢ then f(x) ¢p CL(Y —p CL(V)). This implies, x ¢ f~I[PCL(Y —
PCLl(V))]. Since Y —p CL(V) is an open set in (Y, P) then by the hypothesis,

SCLF (Y —p CLUV))] € 1 [pCLY = PCUV))].

Then x gésg Cl9[f~1(Y — PCL(V))]. Hence there is A—open set U in (X,T,5) containing x
such that G*CI(U) N f~1(Y —p CL(V)) = ¢. This implies, f(G5CI(U)) Cp CL(V). Hence f is
O(A)—continuous. O

Theorem 5.3. A function f: (X,7,5) — (Y, P) is ©(A)—continuous if and only if
SCLX =1 (pCUVT S X = F1(V)
for every open set Vin (Y, P).
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Proof. Suppose that f is ©(A)—continuous. Let V be any open set in of (Y, P). Let x €
X — f~1(V). Then f(x) € V. Since f is ©(A)—continuous then there exists ©(A)—open
set U in (X,7,9) containing x such that f(GSCI(U)) Cp Cl(V). This implies, CI(U) C
f~1(PCL(V)). Then S°CI(U) N [X — f1(pCL(V))] = ¢. Since U is a A—open set in (X, T, G)
containing x then x € G*Cl1®[X — f~1(PCL(V))]. Hence

GCOX —F(pCUV)) C X —F (V).

Conversely, let x € X be any point in X and V be any open set in (Y,P) containing
f(x). Then x € f~1(V), that is, x € X — f~ (V). Then by the hypothesis, x € GSC19[X —
f~1(pCL(V))]. That is, A—open set U in (X, T, G) containing x such that

SSCI(W) N [X—fYPCUV))] = ¢.

This implies,G*CI(U) C f~1(pCL(V)) and so f(G5CI(U)) Cp CL(V). Hence f is ©(A)—continuous.
O

Theorem 5.4. For a functionf : (X,7T,5G) — (Y, P), the following properties are equivalent:

1. fis ©(A)—continuous.

2. §CLO(f71(B)) C f1(5°C1°(B))for every subset B C Y.

3. f($°C1°(A)) Sp C1Y(f(A)) for every subset A C X.
Proof. (1) = (2) : Let Bbe any subset of Y. Suppose that x € f~1(pC1®(B)). Then f(x) €p
C19(B). Then there is an open set V in Y containing f(x) such that pCL(V) N B = ¢. Since
f is ©(A)—continuous then there exists A—open set U in (X, 7, G) containing x such that
f(GSCI(U)) Cp CL(V). Then we have f(S°CI(U)) N B = ¢. This implies, sCIU) N f~1(B) =
¢. Hence x € §5C1°(f—1(B)). That is,

G CLO(f1(B)) C fH(pClo(B)).

(2) = (1) : Let x € X be any point in X and V be any open set in (Y,P) containing
f(x). Since pCL(V) N (Y —p CL(V)) = ¢ then f(x) &p C1®(Y — PCL(V)). This implies,x €
f~1[pCL% (Y — PCL(V))]. Since , C1?(Y — PCL(V)) C Y then by the hypothesis,

G CLO[f 1, CLO(Y = PCLV)))] C F 1 [pClo(, C1O(Y — PCLUV)))] = [, CLO(Y —p CL(V))].

Then x € G5C1° [f‘l(pCl9 (Y—p Cl(V)))]. Hence there is A—open set U in (X, T, §) contain-
ing x such that 5 CI(U) N f1pClo(Y —p CL(V))] = ¢. This implies, f($CI(U)) Cp CL(V).
Hence f is ©(A)—continuous.

(2) = (3) : Let A be any subset of X. Since f(A) C Y then by the hypothesis,

SCI%(A) C G CLOlF 1 (f(A))] C £ pCLO(F(A))].

This implies, f(GC19(A)) C pCLO(f(A)).
(3) = (2) : Let B be any subset of Y. Since f~!(B) C X then by the hypothesis,

f[S°CLO(f1(B))] € pCLO[f(f*(B))] € pCLo(B).
This implies, §C1°(f~1(B)) C f~1(pC1°(B)). O
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