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Abstract

In this paper, we establish some limit properties of the degenerate hyperbolic functions. Using analytical
methods, we obtain some monotonic properties and other properties in the form of inequalities.
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1. Introduction

In [1], the degenerate hyperbolic functions were introduced and defined as

1

coshy (1) :(1 + At)> —1—2(1 +7\t)*il .1

sinhy, (1) :(1 + At)> —2(1 +7\t)*il (1.2)

faniy (1) = (LHADY = (1207 1.3)
(T+A)Y + (1T4+At) >

for A € (0,00) and t € R.
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The reciprocals of the degenerate hyperbolic cosine, sine and tangent functions are defined
as (see[1])

sechy (1) = - 2 =, 1.4
(IT+AD)™ + (1 +At) 2

cschy (t) = - 2 =, (1.5
(T4+At)r — (14 At) 2

cothy (1)~ (LFAUR + (1A w6
(14+At)r —(14+At) 2

for A € (0,00) and t € R. Figures 1,2,3,4,5 and 6 below, are the plots of the degenerate
hyperbolic cosine, sine, tangent, secant, cosecant and cotangent functions respectively.
The introduction of the degenerate hyperbolic functions was motivated by the degenerate
exponential function, which is well known in the literature (see [2],[3],[41,[5]1, [6]1, [7]),
and the recent interest of many reseachers in establishing degenerate versions of some
special functions(see [8], [9]). In [10], the hyperbolic secant function has been applied
to handle noise in data processing. Dalloo et.al in [11], proposed a cost effective and low
latency design in computing the exponential and the hyperbolic functions. Also serving as
a motivation, is the wide range application of the hyperbolic functions in engineering and
other fields.

Figure 1: Plot of coshj (t) Figure 2: Plot of sinh, (t)

In [12], several identities on degenerate hyperbolic functions were obtained, which origi-
nated from Volkenborn and the fermionic p-adic integrals on Z,,.

In this paper, we establish some limit and monotonic properties involving the degenerate
hyperbolic functions. We also obtain the degenerate hyperbolic generalizations of some
properties satisfied by the ordinary hyperbolic functions (see [13], [14], [15]) .
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Figure 5: Plot of csch j (t)

sech /\(t)

Figure 4: Plot of sech , (t)
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Figure 6: Plot of coth, (t)
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2. Results

Proposition 2.1. The derivatives of the degenerate hyperbolic functions satisfy:
(coshy (1))’ —m, 2.1)
(sinhy, (1))’ —‘m, (2.2)
(tanhy (t))’ —m, (2.3)
(cothy (1)) =— m 2.4)
(sech , (1)) = — N A(itit;‘ghx v, (2.5)
(eschy (1) =— SN A(l(tlc}\ott)hx L) (2.6)

forall t € (—oo,00) and A € (0,00).

Proof. We have

s A+AY T = (1A A sinhy, (1)
(coshy (t)) = 5 B

and this gives the result (2.1). Next,

x—1 —1-1
(sinhy ()] =LFAUY+ (IFAD AT cosha (1)

2 o (1+Ay)
which gives the results (2.2). Next,
[(1+>\t)* S (A A 1][1+?\t7\+ (14 At) ﬂ
/ — [(1+7\t)%*1 (14 At) 3! [(1+7\t)71\ —(14+At) ﬂ
(tanhj (t)) =

1

[(1 FAY 4+ (1 +At)—ir

2.7)
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(T+A)A L2 (1 M) L (1AL 3L
- [(1 AR 21 T (14 At)*%*l}

[(1 LAY+ (1 +7\t)‘ﬂ2
_ 4(14At)"
[(1 FAY 4+ (1 +>\t)*ﬂ2

B (1+At)! 2.58)
[(1+?\t);\+(1+)\t)?1\:|2

2

1
(1+At) cosh} (t)

_sech% (t)

(142t

and this gives the desired results (2.3). Next,

[(1+)\t)%—1_(1+>\t)—%—1] [(1+)\t)%—(1+7\t)_ﬂ
/ [ - {(1+7\t)%*1+(1+}\t)*%*1] [(1+7\t) ]

>

+ (1420
(cothy (t)) =

[(1 FADY —(1 +7\t)—ﬂ2

A+ L2 (1A L (1At 7!
- {(1 AN 21 4A) (14 At)*%*l}

1 112
[(1 LAY — (1+7\t)ﬁ]
4(1+At)"
[(1+7\t)% (1At r
- 5 (2.9)

(14At)"!
[(Hmﬁ(umi]

>

2

1

(1+ At) sinh3 (t)
_eschi (t)
T (1AL
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This yields the desired results (2.4). Next,

=

2 [(1 FADA T (14 Atr%*l]
(sech (t)) =

{(1 FAR 4 (1 +7\t)*%]2

B 2 (1+ AN — (1+At) A
(1+At) [(1 FADY + (1 +7\t)ﬂ (1+At)X + (1+At) "
o sech » (t) tanhj (t)
N (1+At) ’
which gives the results (2.5). Finaly, we have
;-2 [(1 FAA (1 +7\t)*%ﬂ
(csch (1)) = - —
[(1 FADY —(1 +>\t)—X]
B 2 (1+A)X + (14 A0 A
(1+At) [(1 AR —(1 +At)*ﬂ (14+AD)F — (14+At) %
L csch  (t) cothy (t)
(14 At) !
which gives the desired results (2.6). This concludes the proof. O

Proposition 2.2. For t € (—oo0,00),A € (0,00) and n € N, the limit of the nth derivative
of the degenerate sine function as A — 0, is given as

.1 1 n = n+1 —1ln =
lim > (1A [T A=A+ (D)™ (A0 [T 1 +2K)
k=0 k=0
_ 1 t _1\n+1 —t
_E[e F (=) e ] (2.10)

Proof. We have

/

(sinhy (t)) = !

>

(1A 4 (1At 31,

"

(sinhy (1)) == [(1=A) (1 +A)X 2 = (1+A) (1+A0) 2],

"

(sinha (1)) =3 |(1=20) (1= A) (14 M4 (1420) (144) (1420747,

(sinhy (1))@ =

NIRNIRFRNFRN -

(1-3A) (1—2A) (1—A) (1+ A0 — (143A) (1+20) (1 +A) (1 + At)—%—ﬂ :

Continuing the process n number of times, we have

n—1 n—1

(sinhy (1))™) = % (14 A ™ BO (1—AK) + (D)™ (1 £ At k™ E[O (14 AK)
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From the properties of limits, we have

n—1
1 _ 1
lim (14A0)7 “H (1—AK) + ()™ (1 +a) 3 [T (1 +2AK)
-0 k=0 k=0
1 . n—1 . n—1
== |lim (1 AT @=ax) + (=)™ lim (1 AT+, 211
2L1gg(+m) 1] )+ (=)™ lim (14A1) [Ja+xa|. @i
k=0 k=0
From equation (2.11), let
. n—1
y=lim |(1 +Aar ] )\k)] (2.12)
- k=0
and
z=lim | (1+At) X—“H (1+Ak) (2.13)
ﬁ

Taking the natural logarithm on both sides of (2.12), we have

Iny =lim |
ny = lim In

n—1
T+ [T )\k)]

k=0
1 n—1

:)l\lgb <)\—n> ln(1+7\t)+}l\1gblnln(l—)\k)
L (I=a)In(14A) &
—}1\;0 X -I-Zohmln (1—Ak)
L (I=Aa)In(14A) e
= H A +2 ()

k=0
iy (1—-An)t
—}1\112) nln(l—i—?\t)—kﬁ

t—Ant
1+ At

=lim —nIn (1 +At) + lim +
A—0 A—0
=t.

This implies,
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Also, taking the natural logarithm on both sides of (2.13), we have

n—1
1
Inz=1Iliml 1 an 1
nz=limn (1+At) ||( + Ak)

k=0
1 n—1
:%%<—A—n>ln(l+ht)+%%lnp(1+7\k)
1
o —(+am)In(1+AY) | &
= lim X +Z;1351n(1+>\k)
1
=14+ In(14+At) |
= A +) ()
k=0
. (1+An)t
=1 —nIn(1+At) — —————
fim | niIn{(l+AY = =75
. . t+Ant
= Jim —nIn (14A4) — Jim + 2=
=—t.
Thus,
z=e %
From equation (2.11), we have
1 . n—1
st 7—n . n+1 —7—n
lim > (14 At)* Hl AK) + (D)™ @A) ] (142K
k=0 k=0
_1 n+1
_2[y+(_1) Z}
ol ot
=5 [e +(-1) e ]
This completes the proof. O

Proposition 2.3. The limit of the nth derivative of the degenerate cosine function as A — 0,
is given as

n—1
1 1
i F—M o n+1 —3— "N
lim = | (1+At) k|_|0(1 AK) + (=)™ (1A || (14 Ak)
1
=Sl (e, 2.14)

fort e (—oo,00),A € (0,00) and n € N.
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Proof. We have

!/

(coshy (1)) = [+ T (1420 41],

"

(coshy ()" =3 [(1=A) (1+A0R 2+ (14 2) (14232,

" r

(coshy (t)) =z |(1—2N)(1—-A)(1 +}\t)%_3 (120 (14+A) (14 }\t)—%_:a] /

(coshy ())™*) =

NIRNIPRNIPRDN -

(1=3A) (1—=27) (1—=A) (1A 4+ (1437) (1420 (1+7) (1 + At)’%’ﬂ .

Continuing the process n number of times, we have

n—1 n—1
(coshy (t))(“):% (1+7\t)i“gu—}\k)ﬂ—n“uﬂt)i”guﬂk) .

Now, replacing (—1)™"! in the proof of proposition (2.2) with (—1)™, we obtain the de-

sired results. O

Proposition 2.4. For all t € (—oo,00) and A € (0, 00), the degenerate hyperbolic functions
satisfy the following identities

-

coshy (t) +sinhy (t) =(1+At)*, (2.15)
coshy, (t) —sinhy () = (1 +At) " #, (2.16)
(coshy (1)) + (sinhy (1)) = (1 —A) (1 +At)A 2, (2.17)
(coshy (1)) — (sinha (1)) = (1 +A) (1 +At) 32, (2.18)
cosh? (t) + sinh3 (t) =coshj (2t), (2.19)
cosh% (t) — sinhg\ (t) =1, (2.20)

1— tanh% (t) :sech% (1), (2.21)

coth (t) —1 =csch3 (t). (2.22)

Proof. To begin with, we have

>
=

(1A + (14+A)"F  (T4+ADN — (1+AL)
. n

coshy, (t) 4+ sinhy (t) =

>

—(1+ )7,

which gives the result (2.15). Next,

>

coshy (t) —sinhy (t) =

(L+ADY + (1 4A) % [(L+A)Y — (1 +AY~
2 2

-

= (1+A)7%,
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which gives the equation (2.16). Next,

A2 —1
(coshy (1)) + (sinhy (1)) _1=A) A+ "‘2(1 +A) (1+At)
(1A (1A 2 (14+A) (1At~ 2
2
—(1-A) (1+At)3 2,

+

which gives the result (2.17). Next,

x—2 —12
(coshy (1)) — (sinhy (1)) _A-N{I+A) +2(1 +A) (1+At)

1=A)(1+A)" 2= (1+A) (1 +7\t)%2]
2

—(14+A) (1At~ 2,

which gives the result (2.18). Next,

1 a2
cosh? (t) + sinh3 (t) = (T+ A + (1T +At) A

2 2
CAHA)T (1A TR 42 . (14 A)R 4 (1A F =2
- 4 4
AR (AR
N 2

=cosh, (2t),

which gives the result (2.19). Next,

2
(1A + (1+At) A (1+At)A

2

cosh%\ (t) — sinh%\ (t) =

192
—(14+At) 2
—

(14 AR + (1+At) 3 —2
4

(L+A0F F (1A R 42
4

=1,

(14At)> — (1+)\t)—ir

|
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which gives the result (2.20). Next,

i ) L
1— tanh2 (t) =1 — (1+)\t)?—(1—|—7\t) ?
L(1T+A)N + (1 +AL) A

|t a2

o 2

(14 X0% + (1420 ]

(1A + (1A "R 42— (1+ADR — (1T 4+A) "% 42
2
[(1 AN+ (1 +)\t)‘ﬂ

:

4

[(1 FADR + (1A
1

>

1 172
l:(1+}\t]7\+(1+?\t)_>\]
2

1
cosh? (t)
:sechi (1),

and this yields the desired results (2.21). Finally, we have

2
—1

(1+At)
(1+At)

+(14At)"
—(14At)”

coth% (t)—1=

M= =
=] >

(1 A)R 4 (1HA)F +2
[(1+>\t)% —(1+7\t)*%]2

(14+A)F 4+ (1A 3 42— (1+A)A — (T+AL) 5 42
2
{(1 AN+ (1 +At)*ﬂ

;

4

[(1+At)

>
>

—(1+At)"
1

1 172
[(me (1+7\t)>\]

2
1
:sinhg\ (1)
:csch%\ (t).

This gives the result (2.22).
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The results that follow, were inspired by the works of [13], [14] and [15].
Lemma 2.5. Forall t € (0,00) and A € (0, 00), the inequality
0 < tanh, (t) < 1 (2.23)
is valid.
Proof. Recall from (2.8) that
/ 14+ At -1
(tanhy (1)) =— A
|:(1+7\t)7\+(1+7\t)>\:|
2
B 1
- 1 112
(1420 |:(1+7\t)7\—|—2(1+7\t)7\:|
- 1
N ) 1 _17)2
{(1+>\t)2 [(1+)\t)7\+2(1+)\t) A}}
1
- 1.1 1,172 >0,
|:(1+}\t)?\+2+(1+?\t)?\+2:|
2
which implies that tanh) (t) is increasing. Next, we have
1 1
X —x
lim tanh; (t) = lim (1+AY) - (1+At) -
t=0 20 (14 AN + (1+At) A
_ (14ADF -1
=lim ———
20 (1A +1
=0,
2
1—(14+At)"
lim tanh, (t) = lim (;)2 =1.
t—oo t—oo 1+ (1 + }\t)—x
Thus for t € (0, c0), we have
0 = lim tanh, (t) < tanhy (t) < lim tanh, (t) = 1.
t—0 t—o0
This completes the proof. O
Theorem 2.6. The inequality
hy (t
0< (14Ayin oMM o (2.24)
cosh, (1)

is satisfied for all A\, v,t € (0,00) such thatr < tand u € (r,t).
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Proof. Let f(x) = Incoshy (x) on the interval (r,t). By the mean value theorem, there
exist a u € (r,t) such that

¢ (W) = sinh, (u)
(1+ Au) coshy (u)
_ tanh, (u)
 (142u)
_Incosh (t) —1Incosh, (r)
a t—r ’

This implies

(14+2Au) . coshy (t)
In

tanhy (1) = t—r coshy (1)

Then by Lemma 2.5, we have

0 < (14+Au) In cosh, (t) -1
t—r coshy (1)

which gives the desired results (2.24). O]

Theorem 2.7. For A, t € (0, 00), the inequality
In (14 At)

}\ < sinh; (t) coshy (t) (2.25)
holds.
Proof. Let
In (1
0(t) = n()\—H\t) —sinhy (t) coshy (t)
We have

o (1) = 1 <COSh)\ (t) coshy (t) N sinhy (t) sinhy (t)>
1+ At 1+ At 1+ At
1 cosh}(t) sinhj (t)
T1HAt 1At 1At
~ 1—coshj, (t) — sinh3 (t)

1+ At
1— sinh%\ (t)+1|— sinh%\ (1)
- 1+ At
_ 1—sinhj (t) — 1 —sinhj3 ()
1+ At
—2 sinh%\ (t)
T 1+t

< 0.
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Therefore, 0 (t) is decreasing and consequently 0 (t) < lirg+ 0 (t) = 0. This completes the
t—
proof. O

Theorem 2.8. The inequality

M < coshy (t) (2.26)

is valid for t,\ € (0,00).
Proof. Let

& (t) = sinhy (t) — tcosh, (t).
Then,

¢ (t) = ccisil_y\)\it) ~ coshy, (1) — tsin—i}_l;)\\it)
_coshy, (t) — (1 +At) coshy, (t) — tsinhj (t)
B 1+At
[1 — (14 At)] coshy (t) — tsinhy (t)
1+At
_ Atcoshy (t) + tsinhy (t)

- 1+ At

<0.

This implies that & (t) is decreasing. Thus, ¢ (t) < lirg+ & (t) = 0, which completes the
t—
proof. O

3. Conclusion

We have obtained some limit and monotonic properties as well as inequalities involving
the degenerate hyperbolic functions. These established properties are useful in many fields
in mathematics.
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