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Abstract

This manuscript establishes N-tupled fixed point result in rectangular b-metric. Using the obtained

result, we also give an existence and uniqueness theorem for a non-linear N-integral equations class. Also,
give an example of the validity of our result.
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1. Introduction and Preliminaries

Branciari [6] introduced the concept of rectangular metric space as follows:

Definition 1.1. [6]. Let A be a non-empty set, and let d : A x A — [0, c0) be a mapping
such that for all y1,9; € A, the following conditions holds:

1. d(y1,91) =0 if and only if y; = &3
2. d(Yl/{)l) = d(‘81/Y1):
3. d(yi,m) < d(yi,w) +d(ug,vi) + d(vy,n1) V distinct points ug, vi € A\ {y1,M1}.

Then (A, d) is called a rectangular or generalized metric space. After that, fixed point

results in rectangular metric spaces have been studied by many authors (see e.g [1, 3, 5,
7,9,10, 13, 15, 19, 23, 24, 25, 26, 27]). On the other hand, the concept of b-metric space
was introduced by Bakhtin [4] 1989 and Czerwik [8] 1993, which is defined as:

Definition 1.2. [8]. Let A be a non-empty set and s > 1 be a given real number. A
function d : A x A — [0,00) is a b-metric on A, if for all y;,%;,m € A, the following
conditions hold:
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1. d(y1,91) = 0if and only if y; = dy;
2. d(Yllsl) = d(81/Y1)3
3. d(y1,m1) < sld(yq,91) +d(®,m)l

the pair (A, d, s) is called a b-metric space, and the number s is called the coefficient
of (A, d). After that, fixed point results in rectangular metric spaces have been studied by
many authors (see e.g [2, 11, 12, 16, 20, 29, 30, 31, 32]). Recently, George et al. [16]
and Roshan et al. [22] introduced the notion of rectangular b-metric space as follows:

Definition 1.3. [16, 22]. Let A be a nonempty set, s > 1 be a given real number and let
d: AxA — [0,00) be a mapping such that for all y;,%; € A, the following conditions
hold:

1. d(v1,%1) =0if and only if y; = dy;
2. d(y1,91) = d®1,v1);
3. d(y1,m) < sld(yr, w) + d(ug,vi) + d(v1,m)] V distinct points uy, v; € A\ {y1,m1}.

Then (A, d,s) is called a rectangular b-metric space or a generalized b-metric space
and the number s is called the coefficient of (A, d). For detail see [14, 18, 21, 28]

Definition 1.4. [17] Let A # (. © : A™ — A, (n},n?---q™) € A™, is said to be fixed point
of © if
n'=em, M)t =em:n’at- )t =em™ nin’
Definition 1.5. [17] Let A# ). @ : A™ - Aand 0: A — A, (n!,n?---n™) € A", is said to
be N-tupled coincidence point of 0 and O if
6mY) =6m",n*n*--n™),0m*) =em*n’nt---nh)--em™) =em™, ni ™.
In the concerned work, we prove some common N-tupled fixed point theorems for

mappings in a rectangular b-metric. We also discuss the existence and uniqueness of
solutions for a class of nonlinear N-integral equations by using the established result.

n—l)‘

2. Main Results

Definition 2.1. Let A # (). A mapping © : A™ — Aand 0 : A — A, are said to w-
compatible if 6(@(n!,n%,n3---n™)) C B(6n',0n% 003 - - - 6n™) whenever

n

n'=em M), =emi it )t =Mt
Theorem 2.2. Assume that d; and d; be two rectangular b-metrices on A with coefficient
s > 1(dy(¢ &) < di(¢, &)). Furthermore, ® : A™ — Aand 6 : A — A be two mappings.
Suppose that there exist A,A\; and A3 € [0,1) with 0 < A+ A2 +A3 < 1land 0 < sA3 < 1
such that the below condition holds

nfl)'

dl (@(Cll CZI C3/ ey Cﬂ)/@( 1/112/113/ e ;Tln)) + dl(g(czl CS/ C4/ Tty Cl))/ ®(ﬂ2/ﬂ3/n4/ T /Tln)) +--

+di(e™, L h,emm e )
< Ai[da(0C), 0n') + d2 (082, 0n2) + - - - + da (0™, On™)]
+alda(0(ch, 08, & 8,0+ da(0(83), 0%, 83,8, )+
+da(0(C™), 0, 3,3, , )]+ s ]da(6(Y), 0 A, ™)
+d(0m*), 0% n3 Y, )+ -+ d(0m™),0m™n% 0, ™ )], @21
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fOT' all (Cll CZ/ C3r' © /Cn)r (ﬂ1;ﬂ2,ﬂ3,' o /T‘n) €A™ If Q(An) c G(A)) e(A) is Complete;
then 6 and © have a N-tupled coincidence point (¢!, (?,--- , (™) € A™, satisfying that

o(c) =e(, -, M), 8 =8, ), 8 =8, &, 8-, .
Moreover, if 0 and © are w-compatible, then 6 and © have a unique common N-tupled fixed

point of the form (n,n, - - - ,m), which satisfies thatn = 6n € O(n,n,--- ,n).

Proof. Let ¢}, 3,03, ,(} € Abearbitrary. Since ©(A™) C 6(A) so there exist ¢}, 2,3, -, (' €

A such that GC% = G)(C(l)/ CZI CS/ Tty C(T)l): GC% = @(C(z)/ C3/ C4/ Tty C(l))) ) GC{L = Q(C(SL/ C(l)/ CZ/ Tty C{)L_l)'

By a similar way, there exist ¢}, 3,33,---, (' € A. Since ©(A™) C 0(A), there exist
C%/ (‘72/ C3/' o /C? €A such that GC% = @(C%r CZ/ C3/' T 1C111))/ GC% = @(CZI C3; C4/' o /C%),

- 00y =O( NEHCRE Cnfl) Repeating the procedure, we can construct n sequences
{Chh {GR) - and{C“}wehavee(:1 L, =0, 3&,3, - ,0),03,, =03, 3, ¢, )
and eCn—l—l _G(C%/ C}L/C T Cn 1) forn>0

without loss of generality, we can assume that 6}, # 6C! ,,, 0C% # 0% 1, 00 #

0Cn, 4, for allm > 0. By taking (-, = (L, 3, , ¢y and (ul,u?,- - u) =
(., By, O, ) in (2.1), we obtain

d1(0Gs 41,005 10) + d1(0C5 11,007 40) +- -+ d1(0C) 1, 001 )
— a0, 3,8, el n+1,Cn+1fC?x+v o Gni))
_‘_dl(@(c‘i’ci/cﬁ,.. ) ( 1, C n+1'C?1+1/"' C:Tll+1))
+ -+ d1(O(CR, Cl Cz TGy h,© (CRHrC +1’C%L+1’” Cn+1))
<M [dz(ec;, 0Cn 1) +d2(0C, 007 1)+
o+ d2(0CR, 007, 1)] +A2[d2(0(83), O(Lr, G, G-+, G+ d2(0(CR), ©(8, Gy G-+ T+
+da(0(CR), 0GR, Gy G+, G )] 2[00 1), O Gy Crrs G+ i)
+d2(0(C341), O 1, Gty Crrr 5 Cngr)
+-+ da(0(C ), O n+1/C}x+1'C$1+1"' Cn+1))]

[dz(ecn,ecnﬂ)+dz(ecn,ecn+l)+ 4 da (0T, 00N 1)] + A2 [da (0T, 0k 1) +d2 (0%, 083 1)
-+ do (001, 000, 1)]
+A3[d2(00), cnﬂ)+dz(ecﬁ,ecn+1)+---+dz(ec o, 1) (2.2)

A [di(0C), 0k 1)+ dl(ecn,ecnﬂ) o dg (O, 000 )] + A2 [d1 (0T, 0% 1) +di (0%, 003 1 4)
-+ dl(ecn,ecm)}
+A3[d1(0C), ean) +d1(0C%, 003 1)+ -+ di (01,00, 1)] (2.3)
It follows from (2.3) that

(ecn+1lgcn+2) + dl(GCnH, ecn—O—Z) +eeet dl(GCEH, GCRH)

A A
< fj}\;[d(eCn,GCn+1)+dl(9C (00 1) + oo+ di(6C), 007 )] (24)
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Taking A = )‘11%}\)‘32 by the condition 0 < A1 + A2+ A3 < 1, then we have 0 < A < 1. (2.4)
implies that

d1(00}) 1,000 15) + d1 (005 1,005 o) + -+ d1 (01,0071 5)
A[d1(0Ch, 000 1) +d1 (083,003 1) + -+ d1(6C%, 000 4)]. (2.5)

By taking 6, = dl(GC GCnH) + dl(GC 9Cn+1) -+ d1(6Ch, 000, ). Repeating the
above inequality (2.5) n + 1 times, we obtain,

Snt1 < Adn < A%8n_1 < -+ < AMG. (2.6)

As (Cll CZI Tty CTI) = (C}U C%U Tty CR) and (ulluzf o /un) (C11’1-+2’ CTL+2’ Tt CEJFQ) in
(2.1), also with (2.6), we get

d1(007 11,000 13) + d1(0C7 11,000 5) + -+ d1(0C7 14,007 15)

:dl( (Cn/ CTL/ Cn/" Cn) (Cn+2/ C%1+2/ C%lJrZ/“' ’ :?{4_2))
+di (03,3, ci,--- LU, O, B, ooy e Cin)) o
+ A (O, T, B ), O, Chins G )

<M [d2(08), 00 o) + da(0C3, 0% 5) + -+ da (0T, 007 )]
+ N [da(0(Ch), 00, 2,8, )+ da(0(83), 088, &8, Ch, -, L))+
+d2(0(C), 0L, B, G T )]
+A3 [dZ(e(CnH) ®(C11+2/ C%wz/ C?wzf B C2+2))
+d2(0(C312), OG22, G o Char e s Ghga)) o+ 20 42), Oy Chi Crar o C )]

A [d1 (008, 00L ,0) + di(0C, 005 o) + -+ + di (O], 001, ,)]
+A2[d1(0C%, 00, 1) +d1(00%, 005 1) + -+ .+ d1(0C%, 00, 4)]
+7\3[d1(9Cn+2,9Cn+3)+d1(9Cn+2,9Cn+3)+ +d1(0C) 5,000 .3)] (2.7)

Put 6; = dl(GC}i, GCL_._z) + dl(eCi, eC%H_z) -+ dl(ecnlecn—i—Z)

From A = };1%;‘32 € [0,1) we have A; + Ay + A3A? < A; 4+ A2 + A3A. Consequently, by the use
of (2.6) and (2.7), we have

851 SMOL 4 (A +AAH)8n < (A 4+ A2 + AA?) max{8n, 85} < Amax{dn, 8%} (2.8)

It follows from (2.6) and (2.8) that

i1 < Amax{dn, 85} < Amax{Adn_1, Amax{dn_1, 05 _1}}

= A max{dn_1,85 1} < APmax{6n 2,85 o} < --- < A" max{8, 55}. (2.9)

Next, we show that {0¢}}, {84} ,--- {07} are Cauchy sequences in 8(A). For this, we
consider d;((n, Cnyp) in two cases.
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Case 1. p is an odd number, assume that p =2m + 1.

d1 (64}, ecm) = d1 (083, 0C% omi1)
< s[di(6Cy, 95n+1) +d1(803, 41,000 12) + d1(0C, 15,000 1 om 1))
< s[d1(0Cy,, 00 1) +di (00 41,007 45)]
s*[dy (ecm, 000 13) +d1(007, 13,000, 14) + d1(00) 4,00} 1o 41)]
< s[d1(0Cy, 00 1) +di (60 41,000 4o)]
[dl(ecnﬂr Cn+3) + dl(ecn+3r Cn+4)]
[dl(ecn+4' 96n+5) +d1(8Gr 45, 8Cn46) + d1(001 16,00 omy1)] < -
< s[d1(84), 000 1)+ d1(04]), 1,00, 45)]
[dl(eénw 0Cn43) + dl(ecn+3, 000 1 4)] +8°[d1(0Ch 4, 00k 1 5) +d1 (0T, 5,000 16)] +
"™ d1(00 1 2m -2, 000 om 1)+ d1(00) om 1,000 1 om) + A1(00) 420, 00h 1o 41)]-

That is

d1(64,, 00, ,) = dl(eC L0 o)
[dl(GC E)Cn+1) + d1(9C}L+1, 9C}x+2)]
s2[d1(00}, 12,00 3) + d1(00], 3, ec;m]
[dl (ecn+4, 9Cn+5) +d1 (6&n+5, eCn+6)]
s™[d1(0Ch 4 2m—2/ 95n+2m D+ 100 4 om—1,0Ch 1 om)] +8™d1 (00, oims 9C}1+2m(+21 )1-0)

We can similarly prove the following result

dl(ec eCn+p) - d1(9C2 6C121+2m+1)
[dl(GC CnH) + dl(GCnH, Cn+2)] +s [d1(95n+2, eCn+3)
+ d1(86n+3, ecn+4” +5°[d1(00 4,000 5) + d1 (005 5,005 )] +

s™[d1(0Ch 1 2m—2,0Ch yom 1)
+ d1(GC$1+2m,1, 003 om)] +8™d1(003 9, 00 o), (2.11)

and

dl(eC Cn+p) - dl(ec Cn—|—2m+l)
s [dl(ec ecn—o—l) + dl(ecn+1' ecn+2)] [dl(eCnJrZ/ ecn+3) + dl(eCnJrS' eCn+4)]
+5°[d1(0C) 4,000 5) + d1 (0005, 000 )] +

[dl (ecn+2m 27 eCnJer 1) + dl (eCnJer 1 eCn—!—Zm)] + smdl (ecn—O—Zml 6C2+2m+1)‘
(2.12)
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Combining (2.8), (2.10), (2.11) and (2.12), we have

di (0% 9Cn+p) +di (0234 GCn+p) c+ d1(00y, 004 p)
= dl(ecn, GCL+2m+1) + dl(ecn/ 9Cn+2m+1) +ot dl(SCQ, ecﬁ+2m+1)
<s(On+06ns1)+ 52(5n+2 +0ni3)+ -
+ 8™ (Sngom—2 + Onpom_1)) + sTAVTEM L (AT 4 A5+
+ PN LANTI)E) 4 sTHAFIM T2 L ANFIMT )5 o gTATH2M

= SA™ (1 +A) [T+ (sA?) + (sA®)2 + -+ + (sA?) ™ 1] 8 + s™A 2™y, (2.13)
from (2.13) we get

1— (sA2)™

o T STATNTIME, if sAZ £ 1.

SAT (14 A)(m)dg + s™AM2ME, if sAZ =1,
SAT(1 4 A).

SAT(1+ ) (2.14)

SA™(1+A)(m)dg + s™A™M 2™ max{8o, 831, if sA2 =1,
h 80 + s™MAM 2™ max(8g, 83}, if sA2 # 1.

1—sA?
Case 2. p is an even number. Assume that p =2m.

di (0, ecn+p) = d1 (003, 805 42m)
< s[d1(0CL, 00 1)+ di(0Ch 1, 0C% ) + d1(8CL 0,00k 1 om)]
< s[di(00, 000 1)+ d1(08), 11,000 1,)] +5 [dl(ecnw 00 13)
+ dl(ecn+3, 000 14) +d1(000, 14,000 )] < -+ < s[d1(64), 00, 1)
+d1(00h 11,000, 5)] + 82 [d1(0Ch o, 9Cn+3)
+d1(003,43,000 )]+ 4™ 100 1 om -4, 0Ch1om-3) +d1(0C 1 om 3, 0Ch 1 om-2)]
+s™ (00 om_2,0C o). (2.15)

By similar arguments as above,

d1 (003,000 p) = d1(0C%, 0% o)
< s[di(003,00% 1) +d1 (08 41,03 5)] +52[d1 (003 5,003 5) +d1 (003 5,003, )] +
+s™ A1 (00 om-—4, 00 1 om—3) + d1(0C3 1 om 3, 0CH 1 om o]
+5™ 11003 1 om2,0Ch o), (2.16)

di(0Ch, 00 1) = di (8L, 000 1 om) < s[d1(6CY GCn+1)+d1(9Cn+1,9Cn+z)]+82[d1(9CK+2,9C2+3)
+d1(0Ch 45,0001 4)] +
+s™ 1[d1(9Cn+2m 49 1om—3)
+d1(0C) s om 300 om-2)] +s™ 110N o2, 0Cni2m). (2.17)
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Combining (2.6), (2.9), (2.15), (2.16) and (2.17), we have

d1 (003,00 p) + di(0C%, 005 ) + - -+ d1 (8T, 0T, ,) = di (003, 05 4o )
+d1(0C3, 007 o) + -+ d1(0C), 00 5
< $(0n +8ns1) + 87 (Onj2 +dnas) + -
+ 5™ (Sntam—a + Ontom—3)) + ™ I om o
< ST+ AN 50 + s2(AM2 L A5 + -

+ Smfl (}\n+2m74 + An+2m73))50 + Sm717\n+2m72 max{éo, 66}

= SA™M(T+A) [T+ (sA?) + (sA2) 4 -+ + (sA?)™ 280 + s™ AN 22 max({dy, 5o+,
{s?\“(l + ) [(m—1)]80 + s™ A 22 max{§, 8o}, if sA* =1,

B n 1— (S)\Z)mil m—Iyn+2m—2 . 2
SA (1+?\).1_—8)\260+s A max{Jy, dp*}, if SA” # 1.
SAT(1+A)(m —1)80 + s™ A 2™ "2 max(dy, 531, if sA =1,

< A1+ A (218)
Slis;)so + s™TIANIM 2 max(8, 851, if sAZ # 1.

Since A € [0,1), so A™ — 0 as n — oo. Taking limit as n — oo in (2.14) and (2.18), we get
dim [d1 (003, 0054p) +d1(0C3, 005, )+ + da(0C}, 007, )] =0.

Which implies that {8} }, {83} --- {8} are Cauchy sequences in 0(A) with respect to
rectangular metric. Since 0(A) is complete, therefore there exist ¢!, %, --- (™ € A such
that

lim 8¢l =0¢!, lim 62 =022, , lim ¢ = 0™,

n—oo n—o0o n—oo

Implies from (2.1) and (2.6), we have

dl(GC}i+1/ ®(C1/ CZI C3/ ity Cn)) + dl(eCiJrl/@(Czl C3/ C4/ Tty Cn)) + -
+d1(0¢h 4,08, ¢ By, )

= dl(Q(C}fu C%u C?L’ o /CR)IG(Clr Czr C3/' o ’CTL)) +d1(®(C%1/ C?']_/ Ci/ o /C;)IQ(CZ/ CS/ C4/' o

o (O, B, oY, ee LB, )
<M [da(0Cy,,001) + da(8C7, 0C%) + - - - + da (8], 6C™)]
+ 22 [d2(007,O(C), C5, 8, G)) + A2 (005, O(88, O Gy L))+
+do (00T, O, L, By, O )]
+A3[d2 (08, O, 2,33, , CM) + da(00%,0(82, 3, 84, -+, M) 4

+do (8", 0™, B, )]

< A1[di(0¢), 00" + d1(023,00%) + -+ + d1 (8¢}, 0C™)]

+ A2 [d1(88Y,0C% 1) +di (03,008 1) + -+ di (BT, 001, 1)]

,CM))
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+A3di (0,0, 3,3, M)+ da(0C%,0(82, 83, -+, M) +di(0c™, O, L 2, )]
< A1[di(6¢),0¢") + d1(6¢3,00%) + - -+ d1(0C, ™))
+ A2 [d1(883,,00% 1)+ d1(0C3, 03 1) + -+ + d1(BC, 00 )]+
As[di(0c, O, &3, -, 0 +di(083, (8%, 3, -, CM) 4+ di (0™, 0L, ¢ 2, )]
=M [di(gCy, 0C") + d1(883,00%) + - -+ d(8C), 0C™)]
+Adn +As[d1(0¢1, O, 3, 0M) + di (083,08, 83, 84, , )
+obdg(egm, e, A, )]
< A1[di(08), 08" +di (005, 00%) + -+ + d1 (0], 0C™)] +AA™8g
+asfdi(0ct, O, 2,83, M)+ di (007,085, 3, 8, T )+
+di(0cm, 0, A, )] (2.19)

Using (2.19) and (2.6) we have

di (0", 0, A3, M) +di(08%,0(3, 3, ¢, -, M)+ -+ di (00, O, L 2, )
< s[d1(0¢h,003,) + di (083,000 1) + di (083, ,4,0(C1, 2,3, ,C™)]
+5[d1(60%,00%) +d1 (603,007 1) + d1(885 1, 0(%, &, ¢4+, CM)]
+oo o+ s[d1(0C™,00%) + d1 (00, 00T 1) + di (00N 4, O™, I, -, )]
=s[d1(0¢",00}) +d1 (002,005 ) +- - -+ d1 (0™, 007)] + 85 +s[d1 (007, ,1,0(C1, &, 3, -+, ™))
+d1(00354,0(8%, 3,4, CM)) + -+ d (00,1, 0™, L B, 0 )]
< s(14+A1)[d1(0¢},,00") +dg (003, 00%) + -+ -+ dg (O], 6C™)]
+s(14+A2)A"8g + sAz[dy (01, ©(CH, &, -, TM))
+di(08%,0(3, 3, ¢, -, 0M) + -+ 4o, e, -, )] (2.20)

By taking n — oo in the above inequality (2.20), we have

di(0(ch), e, 3, , M)+ di(0(82),0(8%, 3, ¢, M)+ -
+di(e(cm, e, L3, )
< sAz[di(0(¢h), (L, 2,3, dM)) + di(0(2%), (8%, 3, ¢4, -+, M)+
+di(0(g), e, L3, )] (2.21)

By the condition 0 < sA3z < 1 and (2.21), we can easily obtain that
di(e(ch), e, &, , M) +di(8(3), (8%, &, ¢+, AN+ -
+di(0(C™), 0, -, ) =0.

Wthh 1mphes that e(cl) € G)(Cll CZ/ Car iy CTL)I e(cz) S ®(C2/ C3/ C4/ Tty Cn)/ Tty e(cn) S
o™, L, ?,---, 1)), Therefore, we conclude that (¢!,¢?,¢3,---,¢™) is the N-tupled
coincidence point of 0 and ©. Next, we show the uniqueness of the N-tupled point of
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coincidence of 8 and ©. Assume that (¢!*, (%%, -, ™) is another N-tupled coincidence
point of mappings 6 and ©. By (2.1), we have

di(0¢!,0¢") +d1 (607,007 ) + -+ - + d1 (8™, 0C™)
=dy(O(c, %3, M), e, ¢, 3, M)
+di (O3 3, -, T, e e, o, )
+diO(™, LB v, e, o, )
<M [di (021, 00M) +d1 (002,007 ) + -+ - 4+ dq (6C™, 00™))]
+NM[di(0¢h, 0, 3,3, -, M)+ di (03O8, &, ¢+, )
+obdg(ecm, e, A, )]
+As[di(0C, O, %, &3, -, V) + da (087, O 3, ¢, -, L)
+o A (0™, O™, ¢, 2]
=A1[d1(0¢",00") + d1 (802, 00%%) + -+ -+ dg (0C™,0¢™)].  (2.22)

By virtue of 0 < A7 < A1 + A2 + A3 < 1 and (2.22), we deduce
a(ect,ec™) +d(0¢%, 0% ) + - +d(eg",0¢™) = 0.

This implies that ¢! = 0¢'*,00% = 0%, --- ,0¢™ = 0{™*. So that the N-tupled point of
coincidence of 0 and © is unique. Next, we show that 0¢' = 8> = --- = Q™ it follows
from (2.1) that

d;(6¢1,00%) +di (0%, 083) +--- .+ dy(0C™ 1, 00™)
- dl(@)(cll CZI C3/ e ,CTL)’@(CZI C3/ C4/ Tty CTL)) +d1(@(czl C3/ C4/ iy CTL),@(CTL’ Cll Czl Tty Cn_l))
+o A0 A em,ee, L, )

<M [di(0¢),00%) +di(0C%,08%) + -+ .+ di (0™, 00™)]
+A2[d1 (08,001, 2,3, CM) + di (087,082, 2, L)) 4
+di(oc e, LB, )]
+As[d1(08%,0(8%, 8, 84, M)+ di(08,0(83, 1, 2 ) 4
+di(ocm, 0, -, )]
=M [d1(8¢},00%) +d1(0C%,08%) + -+ .+ d1(0C™ 1, 0¢™)]. (2.23)

By making use of 0 < A\ < A1+ A2+ A3 < 1and (2.23), we deduce
d,(0¢%,00%) +di (862,083 +--- . +di (6™, 8¢ =0.

This means that
6(:1 _ GCZ — ec3 — ... :ecnfl _ GCTL
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Finally, if 8 and © are w-compatible, then we have 0(@(¢!, %, 3,---, () € ©(0¢!, 002,083, --,00™).
Therefore, by taking u = 0(!, we have

u=0(' =0(c, % C, -, CM), 02 =0, o, M), 0Ct =0, L e, T,

hence we have 0u = 00¢! = 0(0(¢!, 3,33, ---,C™)) € O(0¢1, 003,08, --,0C") =O(u,u,--- ,u).
Thus, (6w, 6, - - -, 0u) is N-tupled point of coincidence of 6 and ©, and by its uniqueness,
we get Ou = 0¢!. Thus, we obtain u = Ou = ©(u, u, - - - ,u). Therefore, (u,u,--- ,u) is the
unique common N-tupled fixed point of 0 and ©. O

Corollary 2.3. Assume that dy and d; be two rectangular b-metrices on A with coefficient
s>1(da(¢ &) <di((,€)). and ©® : A™ — Aand 0 : A — A be two mappings. Suppose that
there exist A\,Ap and A3 € [0,1) with 0 < A1 + A2 + A3 < 1 and 0 < sAs < 1 such that the
following condition holds.

(e, 2, ¢, cm,em i, M) +di (03, 3, ), emEnnt - ™))+
+dier, A o hemmnt - ot h)
<M [d2(0C,0n") + d2(6C%,6n%) + - - + do (6™, B0™)]
+A2[da(6(CH), 08, 2,3, TM) + da(6(27), 0%, &, ¢, 7))+
+da(0(CM), O™, 2,8, )]+
As[d2(0(mY), @M%, ™)+ d2(0(m?), OMmAnt,n® - n™) 4
+d2(6(n™), M™% n’, - ,m)],
forall (¢!, 2,¢3,---,¢™), (M558, - ,n™) € A™ IFO(A™) C 8(A) and 6(A) is complete,
then 8 and © have a N-tupled coincidence point ({', (%, --- , (™) € A™, satisfying that 0((') =
o, e, -, 0% =03, ), -, 0 =0, 2,8 1), More-

over, if © and © are w-compatible, then 6 and © have a unique common N-tupled fixed point
of the form (n,m, - - -n), which satisfies thatn = 0n € ©(n,n,- - -1n).

Let A = R. d; and d; be two rectangular b-metrics such that

di(GE) =(C—§&)?
and
(3

da(C, &) = N

Define® : A™ - Aand 0: A — Aby

P+
B N

e, &, 8,.,Mm ,0(0) =N¢

where N =2,3,4...
dl(®(cll C2/ C3/ Tty Cn)/ ®(n1/n2/n3/ T /Tln))

_ <C1+CZ+CS+..+C“ _n1+n2+n3+..+nn)2
B N N
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N + N + N +..+ N

:(Clnl - -7 C“*T\“)Z

- % (N _NT‘l)z + (NCZ—NHZ>2+ (NC3—NH3>2+..+ (N —Nn“ﬂ

1
=G [dz(ecl, ') +da (0%, 0m) +--- + dz(ec“,en“)}

Which implies

d(0(¢, & ¢, ¢, 0m mEnd e ™) < 15 | da(0¢], 0n') + d2(8C2, 0n%) +- -+ da(0C™, On™)|

L
N3
By similar process we obtain

1

G(O(¢ ¢, ¢, )0, ™) < 5 [da(0¢!, 0n') + da (0%, On?) +- -+ d2(6C™, On™)|

(O™, -, L eMmn L2, -, ) < [dz(ecl on') +d2(0%,0n?) +- - - +da (0™, On™ )}

< 1
N3
Combining the above inequalities, we get
aied, e, m,em i, M) +di(e,C, -, d),emEndnt e M)+
+di(e, A, L emn 2, ™)
< M [d2(08",0n') + A2 (027, 0n%) + - - + d2 (™, 6n™)],

by taking A, = A3 = 0 and A = ﬁ then from theorem (2.2) 6 and ® have common
N-tupled fixed point.
3. Application

In this section, we give an existence theorem for the solution of the system of N-
integral equations. We assume that A = Clky, kp] is the set of all continuous functions.
Define a rectangular b-metric respectively by

d(¢, &) = max|¢(vi) — E(W)[, VL, E € A, (k= 1),v1 € [k, Kal.
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Then the coefficient of rectangular b-metric is s = 3*~!. Consider the following non-linear
system of N-integral equations

K2

¢Mur) = K(w) +J @ (g, v1) [@1(ur, H(v1)) + @a(ur, E(v1)) + -+ + @n(ug, I (v1))]dvy,

K1

(w) = K(w) +J 2 @ (u,v1) [@1(ur, (v1)) + @2(ur, G (v1) + -+ + @n(ur, ¢ (vi))] dvy,
(" (w) = K(ug) +J 2 @ (ug,v1) [@1(ug, (1)) + @2(ur, & (v1)) + -+ + @n (g, T (v1))] dvi.

(3.1)
Theorem 3.1. Suppose the following hypotheses hold:

1. @1, 92, - @n : [k1, k2] X A — R are N- continuous functions.;

2. K : [k, k2] = R is continuous function, @ : [kq, ka] x [k1, k2] — R™ is a continuous
function.;

3. There exist My >0 (1=1,2,3,---n) such that for all (,& € A

lp1(ug, ¢(v1)) — @1(ug, E(vi))l < MylC—¢],
lp2(ur, ¢(v1)) — @2(ug, E(vi))l < MalC— &,
wlen(ug, C(vi)) — @nlug, E(vi))l < MalC— &l

Ko k 1
(Ll (D(u1,v1)dv1> < 2 INE where n > 3. (3.2)

Then under conditions 1-4, the integral equation (3.1) has a unique common solution on
[Kk1, Kal.

Proof. Define ©® : A™ — A and g : A — A respectively by,

K2

e, &, ™) (w) = K(w) +J @ (g, v1)[@1(ur, ¢H(v1)) + @2 (ug, (v1))

K1

4.+ (pn(ulf Cn(vl))] dVl,
g(¢) = C for ¢ € A. Now, we have

@&, 2, ) w) O’ ()|
= [Ktua)+ | @Gt 1) o, € 00) + (1, 20) -+, 1) v
)+ [ Ol v) o1 (a0 (00) + (P01 )) - o 7 1)) |

K1
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= || @t v 1, ) = onua, o))+ |0, v1)[atan, Ev) = @2l 2 (vr))]+
|0 [onlun, ) = @l )|
K2 k
< [ o) [r ) = r ' )|

+

| @) 02, 201)) ~ @atua o))+

K1

o J 2 @ (ug,vi) [@n(ug, ¢ (v1)) — @n(um“(\)l))]]dvl‘k

K1

k k
< nIME | max | () —nt(v))| -+ ME| max | (v)) — 2wl +

e M]?L‘ max | (vq)) n“(vl)‘k(J : CD(ul,m)d\n)k
<nk1,\4k[’mx|cl(vl)—111(V1)|\k+\mxmz(m)—nz(v1)|\k+
e ’ max | (v1)) —n“(vl)l’k (rz (D(u1,\11)dv1)k
<MK [d(Cl(w),nl(w)) +d(C(v1)),m*(v1))
K2 k
+---+d(Cn(V1)),ﬂn(V1))](J d)(ul,\’l)dvl)

1

< nk-1MK !d(Cl(Vl),T]l(Vl)) +d((v)), M (v)) +- -+ d(C“(Vl)),ﬂn(Vl))] RTINE

< nk1+2 [d(Cl(vl),nl(w)) + ()P v) + -+ d(C“(vl)),ﬂ“(w))]

It follows from the above inequality that

d(e(d', &,--- M) (w)),em', - n™)(w))

< wn [d(cl(vn,nl(vm FAUC )+ d(C”(w)),n“(w))] (33
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By similar arguments as above,

d((Q(CZI C3/ C4/ Tty Cl)(ul))/g(n2/n3/n4l T rnl)(ul))

< klﬂ d((v),m*(vi)) + d(C(v), P (vi) + -+ d(d (v) ' (v1)) | BA)
n

d((@(cn/ Clz CZ/ Tty Cn_l)(ul))r @(ﬂn/nlzﬂzf T /ﬂn_l)(ul))

< m [d(cn(vl),nn(vm F A )N )+t d(&“l(vl)),n“(vl))] (3.5)

It follows from (3.3), (3.4) and (3.5)

d(g(cll CZ/ to Cn)/ ®(T]1/T]2/' : ﬂn)) +d((®(C2/ CS/ C4/ Tty Cl)(ul))/@(ﬂzzﬂ3/ﬂ4/ e /ﬂl)(ul))
+oed(eet, ¢, e, W), mtnt n? - T (w)

< A ), () + AR ), ) 4+ A ), 0 ()]
n

By taking A, = A3 = 0 in equation (2.2) and d; = d, = d we have that there exists { € A
such that ©(¢, ¢, - - - .() = 8¢ = ¢. Which implies that ( is the unique solution of equation
set (3.1).

O

4. conclusion

We have obtained N-tupled fixed point result in rectangular b-metric. Also, existence
and uniqueness results for non-linear N-integral equations have been given. Our results
can further be applied to the system of fractional differential equations and system of
matrix equations containing N number of equations.
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