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Abstract
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1. Introduction and Preliminaries

Branciari [6] introduced the concept of rectangular metric space as follows:

Definition 1.1. [6]. Let ∆ be a non-empty set, and let d : ∆×∆ → [0,∞) be a mapping
such that for all γ1, ϑ1 ∈ ∆, the following conditions holds:

1. d(γ1, ϑ1) = 0 if and only if γ1 = ϑ1;
2. d(γ1, ϑ1) = d(ϑ1,γ1);
3. d(γ1,η1) ⩽ d(γ1,u1) + d(u1, v1) + d(v1,η1) ∀ distinct points u1, v1 ∈ ∆ \ {γ1,η1}.

Then (∆,d) is called a rectangular or generalized metric space. After that, fixed point
results in rectangular metric spaces have been studied by many authors (see e.g [1, 3, 5,
7, 9, 10, 13, 15, 19, 23, 24, 25, 26, 27]). On the other hand, the concept of b-metric space
was introduced by Bakhtin [4] 1989 and Czerwik [8] 1993, which is defined as:

Definition 1.2. [8]. Let ∆ be a non-empty set and s ⩾ 1 be a given real number. A
function d : ∆× ∆ → [0,∞) is a b-metric on ∆, if for all γ1, ϑ1,η1 ∈ ∆, the following
conditions hold:
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1. d(γ1, ϑ1) = 0 if and only if γ1 = ϑ1;
2. d(γ1, ϑ1) = d(ϑ1,γ1);
3. d(γ1,η1) ⩽ s[d(γ1, ϑ1) + d(ϑ1,η1)].

the pair (∆,d, s) is called a b-metric space, and the number s is called the coefficient
of (∆,d). After that, fixed point results in rectangular metric spaces have been studied by
many authors (see e.g [2, 11, 12, 16, 20, 29, 30, 31, 32]). Recently, George et al. [16]
and Roshan et al. [22] introduced the notion of rectangular b-metric space as follows:

Definition 1.3. [16, 22]. Let ∆ be a nonempty set, s ⩾ 1 be a given real number and let
d : ∆× ∆ → [0,∞) be a mapping such that for all γ1, ϑ1 ∈ ∆, the following conditions
hold:

1. d(γ1, ϑ1) = 0 if and only if γ1 = ϑ1;
2. d(γ1, ϑ1) = d(ϑ1,γ1);
3. d(γ1,η1) ⩽ s[d(γ1,u1) + d(u1, v1) + d(v1,η1)] ∀ distinct points u1, v1 ∈ ∆ \ {γ1,η1}.

Then (∆,d, s) is called a rectangular b-metric space or a generalized b-metric space
and the number s is called the coefficient of (∆,d). For detail see [14, 18, 21, 28]

Definition 1.4. [17] Let ∆ ̸= ∅. Θ : ∆n → ∆, (η1,η2 · · ·ηn) ∈ ∆n, is said to be fixed point
of Θ if

η1 = Θ(η1,η2,η3 · · ·ηn),η2 = Θ(η2,η3,η4 · · ·η1) · · ·ηn = Θ(ηn,η2,η3 · · ·ηn−1).

Definition 1.5. [17] Let ∆ ̸= ∅. Θ : ∆n → ∆ and θ : ∆→ ∆, (η1,η2 · · ·ηn) ∈ ∆n, is said to
be N-tupled coincidence point of θ and Θ if

θ(η1) = Θ(η1,η2,η3 · · ·ηn), θ(η2) = Θ(η2,η3,η4 · · ·η1) · · · θ(ηn) = Θ(ηn,η2,η3 · · ·ηn−1).

In the concerned work, we prove some common N-tupled fixed point theorems for
mappings in a rectangular b-metric. We also discuss the existence and uniqueness of
solutions for a class of nonlinear N-integral equations by using the established result.

2. Main Results

Definition 2.1. Let ∆ ̸= ∅. A mapping Θ : ∆n → ∆ and θ : ∆ → ∆, are said to w-
compatible if θ(Θ(η1,η2,η3 · · ·ηn)) ⊆ Θ(θη1, θη2, θη3 · · · θηn) whenever

η1 = Θ(η1,η2,η3 · · ·ηn),η2 = Θ(η2,η3,η4 · · ·η1) · · ·ηn = Θ(ηn,η2,η3 · · ·ηn−1).

Theorem 2.2. Assume that d1 and d2 be two rectangular b-metrices on ∆ with coefficient
s ⩾ 1 (d2(ζ, ξ) ⩽ d1(ζ, ξ)). Furthermore, Θ : ∆n → ∆ and θ : ∆ → ∆ be two mappings.
Suppose that there exist λ1, λ2 and λ3 ∈ [0, 1) with 0 ⩽ λ1 + λ2 + λ3 < 1 and 0 ⩽ sλ3 < 1
such that the below condition holds

d1(Θ(ζ
1, ζ2, ζ3, .., ζn),Θ(η1,η2,η3, · · · ,ηn))+d1(Θ(ζ

2, ζ3, ζ4, · · · , ζ1)),Θ(η2,η3,η4, · · · ,ηn))+ · · ·
+ d1(Θ(ζ

n, ζ1, ζ2, · · · , ζn−1),Θ(ηn,η1,η2, · · · ,ηn−1))

⩽ λ1
[
d2(θζ

1, θη1) + d2(θζ
2, θη2) + · · ·+ d2(θζ

n, θηn)
]

+ λ2
[
d2(θ(ζ

1),Θ(ζ1, ζ2, ζ3, · · · , ζn)) + d2(θ(ζ
2),Θ(ζ2, ζ3, ζ4, · · · , ζ1)) + · · ·

+ d2(θ(ζ
n),Θ(ζn, ζ2, ζ3, · · · , ζn−1))

]
+ λ3

[
d2(θ(η

1),Θ(η1,η2,η3, · · · ,ηn))

+ d2(θ(η
2),Θ(η2,η3,η4, · · · ,η1)) + · · ·+ d2(θ(η

n),Θ(ηn,η2,η3, · · · ,ηn−1))
]
, (2.1)
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for all (ζ1, ζ2, ζ3, · · · , ζn), (η1,η2,η3, · · · ,ηn) ∈ ∆n. If Θ(∆n) ⊆ θ(∆), θ(∆) is complete,
then θ and Θ have a N-tupled coincidence point (ζ1, ζ2, · · · , ζn) ∈ ∆n, satisfying that

θ(ζ1) = Θ(ζ1, ζ2, ζ3, · · · , ζn), θ(ζ2) = Θ(ζ2, ζ3, ζ4, · · · , ζ1), · · · , θ(ζn) = Θ(ζn, ζ2, ζ3, · · · , ζn−1).

Moreover, if θ and Θ are w-compatible, then θ and Θ have a unique common N-tupled fixed
point of the form (η,η, · · · ,η), which satisfies that η = θη ∈ Θ(η,η, · · · ,η).

Proof. Let ζ1
0, ζ2

0, ζ3
0, · · · , ζn0 ∈ ∆ be arbitrary. SinceΘ(∆n) ⊆ θ(∆) so there exist ζ1

1, ζ2
1, ζ3

1, · · · , ζn1 ∈
∆ such that θζ1

1 = Θ(ζ1
0, ζ2

0, ζ3
0, · · · , ζn0 ), θζ

2
1 = Θ(ζ2

0, ζ3
0, ζ4

0, · · · , ζ1
0), · · · , θζn1 = Θ(ζn0 , ζ1

0, ζ2
0, · · · , ζn−1

0 ).
By a similar way, there exist ζ1

2, ζ2
2, ζ3

2, · · · , ζn2 ∈ ∆. Since Θ(∆n) ⊆ θ(∆), there exist
ζ1

2, ζ2
2, ζ3

2, · · · , ζn2 ∈ ∆ such that θζ1
2 = Θ(ζ1

1, ζ2
1, ζ3

1, · · · , ζn1 )), θζ
2
2 = Θ(ζ2

1, ζ3
1, ζ4

1, · · · , ζ1
1),

· · · θζn2 = Θ(ζn1 , ζ1
1, ζ2

1, · · · , ζn−1
1 ). Repeating the procedure, we can construct n sequences

{ζ1
n}, {ζ

2
n} · · · and {ζnn} we have θζ1

n+1 = Θ(ζ1
n, ζ2

n, ζ3
n, · · · , ζnn), θζ2

n+1 = Θ(ζ2
n, ζ3

n, ζ4
n, · · · , ζ1

n) · · ·
and, θζnn+1 = Θ(ζnn, ζ1

n, ζ2
n, · · · , ζn−1

n ) for n ⩾ 0,
without loss of generality, we can assume that θζ1

n ̸= θζ1
n+1, θζ2

n ̸= θζ2
n+1, · · · , θζnn ̸=

θζnn+1, for all n ⩾ 0. By taking (ζ1, ζ2, · · · , ζn) = (ζ1
n, ζ2

n, · · · , ζnn) and (u1,u2, · · · ,un) =
(ζ1

n+1, ζ2
n+1, · · · , ζnn+1) in (2.1), we obtain

d1(θζ
1
n+1, θζ1

n+2) + d1(θζ
2
n+1, θζ2

n+2) + · · ·+ d1(θζ
n
n+1, θζnn+2)

= d1(Θ(ζ
1
n, ζ2

n, ζ3
n, · · · , ζnn),Θ(ζ

1
n+1, ζ2

n+1, ζ3
n+1, · · · , ζnn+1))

+ d1(Θ(ζ
2
n, ζ3

n, ζ4
n, · · · , ζ1

n),Θ(ζ
2
n+1, ζ3

n+1, ζ4
n+1, · · · , ζ1

n+1))

+ · · ·+ d1(Θ(ζ
n
n, ζ1

n, ζ2
n, · · · , ζn−1

n ),Θ(ζnn+1, ζ1
n+1, ζ2

n+1, · · · , ζn−1
n+1))

⩽ λ1
[
d2(θζ

1
n, θζ1

n+1) + d2(θζ
2
n, θζ2

n+1)+

· · ·+d2(θζ
n
n, θζnn+1)

]
+λ2

[
d2(θ(ζ

1
n),Θ(ζ

1
n, ζ2

n, ζ3
n, · · · , ζnn))+d2(θ(ζ

2
n),Θ(ζ

2
n, ζ3

n, ζ4
n, · · · , ζ1

n))+

· · ·+d2(θ(ζ
n
n),Θ(ζ

n
n, ζ1

n, ζ2
n, · · · , ζn−1

n ))
]
+λ3

[
d2(θ(ζ

1
n+1),Θ(ζ

1
n+1, ζ2

n+1, ζ3
n+1, · · · , ζnn+1))

+ d2(θ(ζ
2
n+1),Θ(ζ

2
n+1, ζ3

n+1, ζ4
n+1, · · · , ζ1

n+1))

+ · · ·+ d2(θ(ζ
n
n+1),Θ(ζ

n
n+1, ζ1

n+1, ζ2
n+1, · · · , ζn−1

n+1))
]

= λ1
[
d2(θζ

1
n, θζ1

n+1)+d2(θζ
2
n, θζ2

n+1)+ · · ·+d2(θζ
n
n, θζnn+1)

]
+λ2

[
d2(θζ

1
n, θζ1

n+1)+d2(θζ
2
n, θζ2

n+1)

+ · · ·+ d2(θζ
n
n, θζnn+1)

]
+ λ3

[
d2(θζ

1
n, θζ1

n+1) + d2(θζ
2
n, θζ2

n+1) + · · ·+ d2(θζ
n
n, θζnn+1)

]
(2.2)

⩽ λ1
[
d1(θζ

1
n, θζ1

n+1)+d1(θζ
2
n, θζ2

n+1)+ · · ·+d1(θζ
n
n, θζnn+1)

]
+λ2

[
d1(θζ

1
n, θζ1

n+1)+d1(θζ
2
n, θζ2

n+1)

+ · · ·+ d1(θζ
n
n, θζnn+1)

]
+ λ3

[
d1(θζ

1
n, θζ1

n+1) + d1(θζ
2
n, θζ2

n+1) + · · ·+ d1(θζ
n
n, θζnn+1)

]
(2.3)

It follows from (2.3) that

d1(θζ
1
n+1, θζ1

n+2) + d1(θζ
2
n+1, θζ2

n+2) + · · ·+ d1(θζ
n
n+1, θζnn+2)

⩽
λ1 + λ2

1 − λ3

[
d(θζ1

n, θζ1
n+1) + d1(θζ

2
n, θζ2

n+1) + · · ·+ d1(θζ
n
n, θζnn+1)

]
. (2.4)
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Taking λ = λ1+λ2
1−λ3

by the condition 0 ⩽ λ1 + λ2 + λ3 < 1, then we have 0 ⩽ λ < 1. (2.4)
implies that

d1(θζ
1
n+1, θζ1

n+2) + d1(θζ
2
n+1, θζ2

n+2) + · · ·+ d1(θζ
n
n+1, θζnn+2)

⩽ λ
[
d1(θζ

1
n, θζ1

n+1) + d1(θζ
2
n, θζ2

n+1) + · · ·+ d1(θζ
n
n, θζnn+1)

]
. (2.5)

By taking δn = d1(θζ
1
n, θζ1

n+1) + d1(θζ
2
n, θζ2

n+1) + · · ·+ d1(θζ
n
n, θζnn+1). Repeating the

above inequality (2.5) n+ 1 times, we obtain,

δn+1 ⩽ λδn ⩽ λ2δn−1 ⩽ · · · ⩽ λn+1δ0. (2.6)

As (ζ1, ζ2, · · · , ζn) = (ζ1
n, ζ2

n, · · · , ζnn) and (u1,u2, · · · ,un) = (ζ1
n+2, ζ2

n+2, · · · , ζnn+2) in
(2.1), also with (2.6), we get

d1(θζ
1
n+1, θζ1

n+3) + d1(θζ
2
n+1, θζ2

n+3) + · · ·+ d1(θζ
n
n+1, θζnn+3)

= d1(Θ(ζ
1
n, ζ2

n, ζ3
n, · · · , ζnn),Θ(ζ

1
n+2, ζ2

n+2, ζ3
n+2, · · · , ζnn+2))

+ d1(Θ(ζ
2
n, ζ3

n, ζ4
n, · · · , ζ1

n),Θ(ζ
2
n+2, ζ3

n+2, ζ4
n+2, · · · , ζ1

n+2)) + · · ·
+ d1(Θ(ζ

n
n, ζ1

n, ζ2
n, · · · , ζn−1

n ),Θ(ζnn+2, ζ1
n+2, ζ2

n+2, · · · , ζn−1
n+2))

⩽ λ1
[
d2(θζ

1
n, θζ1

n+2) + d2(θζ
2
n, θζ2

n+2) + · · ·+ d2(θζ
n
n, θζnn+2)

]
+ λ2

[
d2(θ(ζ

1
n),Θ(ζ

1
n, ζ2

n, ζ3
n, · · · , ζnn)) + d2(θ(ζ

2
n),Θ(ζ

2
n, ζ3

n, ζ4
n, · · · , ζ1

n)) + · · ·
+ d2(θ(ζ

n
n),Θ(ζ

n
n, ζ2

n, ζ3
n, · · · , ζn−1

n ))
]

+ λ3
[
d2(θ(ζ

1
n+2),Θ(ζ

1
n+2, ζ2

n+2, ζ3
n+2, · · · , ζnn+2))

+d2(θ(ζ
2
n+2),Θ(ζ

2
n+2, ζ3

n+2, ζ4
n+2, · · · , ζ1

n+2))+ · · ·+d2(θ(ζ
n
n+2),Θ(ζ

n
n+2, ζ1

n+2, ζ2
n+2, · · · , ζn−1

n+2))
]

⩽ λ1
[
d1(θζ

1
n, θζ1

n+2) + d1(θζ
2
n, θζ2

n+2) + · · ·+ d1(θζ
n
n, θζnn+2)

]
+ λ2

[
d1(θζ

1
n, θζ1

n+1) + d1(θζ
2
n, θζ2

n+1) + · · · . + d1(θζ
n
n, θζnn+1)

]
+ λ3

[
d1(θζ

1
n+2, θζ1

n+3) + d1(θζ
2
n+2, θζ2

n+3) + · · ·+ d1(θζ
n
n+2, θζnn+3)

]
(2.7)

Put δ⋆n = d1(θζ
1
n, θζ1

n+2) + d1(θζ
2
n, θζ2

n+2) + · · ·+ d1(θζ
n
n, θζnn+2).

From λ = λ1+λ2
1−λ3

∈ [0, 1) we have λ1 + λ2 + λ3λ
2 ⩽ λ1 + λ2 + λ3λ. Consequently, by the use

of (2.6) and (2.7), we have

δ⋆n+1 ⩽ λ1δ
⋆
n + (λ2 + λ3λ

2)δn ⩽ (λ1 + λ2 + λ3λ
2)max{δn, δ⋆n} ⩽ λmax{δn, δ⋆n}. (2.8)

It follows from (2.6) and (2.8) that

δ⋆n+1 ⩽ λmax{δn, δ⋆n} ⩽ λmax{λδn−1, λmax{δn−1, δ⋆n−1}}

= λ2 max{δn−1, δ⋆n−1} ⩽ λ
3 max{δn−2, δ⋆n−2} ⩽ · · · ⩽ λn+1 max{δ0, δ⋆0 }. (2.9)

Next, we show that {θζ1
n}, {θζ

2
n} ,· · · ,{θζnn} are Cauchy sequences in θ(∆). For this, we

consider d1(ζn, ζn+p) in two cases.
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Case 1. p is an odd number, assume that p = 2m+ 1.

d1(θζ
1
n, θζ1

n+p) = d1(θζ
1
n, θζ1

n+2m+1)

⩽ s
[
d1(θζ

1
n, θζ1

n+1) + d1(θζ
1
n+1, θζ1

n+2) + d1(θζ
1
n+2, θζ1

n+2m+1)
]

⩽ s
[
d1(θζ

1
n, θζ1

n+1) + d1(θζ
1
n+1, θζ1

n+2)
]

+ s2[d1(θζ
1
n+2, θζ1

n+3) + d1(θζ
1
n+3, θζ1

n+4) + d1(θζ
1
n+4, θζ1

n+2m+1)
]

⩽ s
[
d1(θζ

1
n, θζ1

n+1) + d1(θζ
1
n+1, θζ1

n+2)
]

+ s2[d1(θζ
1
n+2, θζ1

n+3) + d1(θζ
1
n+3, θζ1

n+4)
]

+ s3[d1(θζ
1
n+4, θζ1

n+5) + d1(θζ
1
n+5, θζ1

n+6) + d1(θζ
1
n+6, θζ1

n+2m+1)
]
⩽ · · ·

⩽ s
[
d1(θζ

1
n, θζ1

n+1) + d1(θζ
1
n+1, θζ1

n+2)
]

+ s2[d1(θζ
1
n+2, θζ1

n+3)+d1(θζ
1
n+3, θζ1

n+4)
]
+ s3[d1(θζ

1
n+4, θζ1

n+5)+d1(θζ
1
n+5, θζ1

n+6)
]
+ · · ·

+ sm
[
d1(θζ

1
n+2m−2, θζ1

n+2m−1) + d1(θζ
1
n+2m−1, θζ1

n+2m) + d1(θζ
1
n+2m, θζ1

n+2m+1)
]
.

That is

d1(θζ
1
n, θζ1

n+p) = d1(θζ
1
n, θζ1

n+2m+1)

⩽ s
[
d1(θζ

1
n, θζ1

n+1) + d1(θζ
1
n+1, θζ1

n+2)
]

+ s2[d1(θζ
1
n+2, θζ1

n+3) + d1(θζ
1
n+3, θζ1

n+4)
]

+ s3[d1(θζ
1
n+4, θζ1

n+5) + d1(θζ
1
n+5, θζ1

n+6)
]
+ · · ·

+ sm
[
d1(θζ

1
n+2m−2, θζ1

n+2m−1)+d1(θζ
1
n+2m−1, θζ1

n+2m)
]
+ smd1(θζ

1
n+2m, θζ1

n+2m+1).
(2.10)

We can similarly prove the following result

d1(θζ
2
n, θζ2

n+p) = d1(θζ
2
n, θζ2

n+2m+1)

⩽ s
[
d1(θζ

2
n, θζ2

n+1) + d1(θζ
2
n+1, θζ2

n+2)
]
+ s2[d1(θζ

2
n+2, θζ2

n+3)

+ d1(θζ
2
n+3, θζ2

n+4)
]
+ s3[d1(θζ

2
n+4, θζ2

n+5) + d1(θζ
2
n+5, θζ2

n+6)
]
+ · · ·

+ sm
[
d1(θζ

2
n+2m−2, θζ2

n+2m−1)

+ d1(θζ
2
n+2m−1, θζ2

n+2m)
]
+ smd1(θζ

2
n+2m, θζ2

n+2m+1), (2.11)

· · ·

and

d1(θζ
n
n, θζnn+p) = d1(θζ

n
n, θζnn+2m+1)

⩽ s
[
d1(θζ

n
n, θζnn+1) + d1(θζ

n
n+1, θζnn+2)

]
+ s2[d1(θζ

n
n+2, θζnn+3) + d1(θζ

n
n+3, θζnn+4)

]
+ s3[d1(θζ

n
n+4, θζnn+5) + d1(θζ

n
n+5, θζnn+6)

]
+ · · ·

+ sm
[
d1(θζ

n
n+2m−2, θζnn+2m−1)+d1(θζ

n
n+2m−1, θζnn+2m)

]
+ smd1(θζ

n
n+2m, θζnn+2m+1).

(2.12)
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Combining (2.8), (2.10), (2.11) and (2.12), we have

d1(θζ
1
n, θζ1

n+p) + d1(θζ
2
n, θζ2

n+p) + · · ·+ d1(θζ
n
n, θζnn+p)

= d1(θζ
1
n, θζ1

n+2m+1) + d1(θζ
2
n, θζ2

n+2m+1) + · · ·+ d1(θζ
n
n, θζnn+2m+1)

⩽ s(δn + δn+1) + s
2(δn+2 + δn+3) + · · ·

+ sm(δn+2m−2 + δn+2m−1)) + s
mλn+2m ⩽ s(λn + λn+1)δ0+

+ s2(λn+2 + λn+3)δ0 + · · ·+ sm(λn+2m−2 + λn+2m−1)δ0 + s
mλn+2mδ0

= sλn(1 + λ)
[
1 + (sλ2) + (sλ2)2 + · · ·+ (sλ2)m−1]δ0 + s

mλn+2mδ0, (2.13)

from (2.13) we get

=


sλn(1 + λ)(m)δ0 + s

mλn+2mδ0, if sλ2 = 1,

sλn(1 + λ).
1 − (sλ2)m

1 − sλ2 + smλn+2mδ0, if sλ2 ̸= 1.

⩽


sλn(1 + λ)(m)δ0 + s

mλn+2m max{δ0, δ∗0 }, if sλ2 = 1,
sλn(1 + λ)

1 − sλ2 δ0 + s
mλn+2m max{δ0, δ∗0 }, if sλ2 ̸= 1.

(2.14)

Case 2. p is an even number. Assume that p = 2m.

d1(θζ
1
n, θζ1

n+p) = d1(θζ
1
n, θζ1

n+2m)

⩽ s
[
d1(θζ

1
n, θζ1

n+1) + d1(θζ
1
n+1, θζ1

n+2) + d1(θζ
1
n+2, θζ1

n+2m)
]

⩽ s
[
d1(θζ

1
n, θζ1

n+1) + d1(θζ
1
n+1, θζ1

n+2)
]
+ s2[d1(θζ

1
n+2, θζ1

n+3)

+ d1(θζ
1
n+3, θζ1

n+4) + d1(θζ
1
n+4, θζ1

n+2m)
]
⩽ · · · ⩽ s

[
d1(θζ

1
n, θζ1

n+1)

+ d1(θζ
1
n+1, θζ1

n+2)
]
+ s2[d1(θζ

1
n+2, θζ1

n+3)

+d1(θζ
1
n+3, θζ1

n+4)
]
+ · · ·+ sm−1[d1(θζ

1
n+2m−4, θζ1

n+2m−3)+d1(θζ
1
n+2m−3, θζ1

n+2m−2)
]

+ sm−1d1(θζ
1
n+2m−2, θζ1

n+2m). (2.15)

By similar arguments as above,

d1(θζ
2
n, θζ2

n+p) = d1(θζ
2
n, θζ2

n+2m)

⩽ s
[
d1(θζ

2
n, θζ2

n+1)+d1(θζ
2
n+1, θζ2

n+2)
]
+ s2[d1(θζ

2
n+2, θζ2

n+3)+d1(θζ
2
n+3, θζ2

n+4)
]
+ · · ·

+ sm−1[d1(θζ
2
n+2m−4, θζ2

n+2m−3) + d1(θζ
2
n+2m−3, θζ2

n+2m−2)
]

+ sm−1d1(θζ
2
n+2m−2, θζ2

n+2m), (2.16)

· · ·

d1(θζ
n
n, θζnn+p) = d1(θζ

n
n, θζnn+2m) ⩽ s

[
d1(θζ

n
n, θζnn+1)+d1(θζ

n
n+1, θζnn+2)

]
+ s2[d1(θζ

n
n+2, θζnn+3)

+ d1(θζ
n
n+3, θζnn+4)

]
+ · · ·

+ sm−1[d1(θζ
n
n+2m−4, θζnn+2m−3)

+ d1(θζ
n
n+2m−3, θζnn+2m−2)

]
+ sm−1d1(θζ

n
n+2m−2, θζn+2m). (2.17)
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Combining (2.6), (2.9), (2.15), (2.16) and (2.17), we have

d1(θζ
1
n, θζ1

n+p) + d1(θζ
2
n, θζ2

n+p) + · · ·+ d1(θζ
n
n, θζnn+p) = d1(θζ

1
n, θζ1

n+2m)

+ d1(θζ
2
n, θζ2

n+2m) + · · ·+ d1(θζ
n
n, θζnn+2m)

⩽ s(δn + δn+1) + s
2(δn+2 + δn+3) + · · ·

+ sm−1(δn+2m−4 + δn+2m−3)) + s
m−1δ⋆n+2m−2

⩽ s(λn + λn+1)δ0 + s
2(λn+2 + λn+3)δ0 + · · ·

+ sm−1(λn+2m−4 + λn+2m−3))δ0 + s
m−1λn+2m−2 max{δ0, δ⋆0 }

= sλn(1 + λ)
[
1 + (sλ2) + (sλ2)2 + · · ·+ (sλ2)m−2]δ0 + s

m−1λn+2m−2 max{δ0, δ0∗},

=


sλn(1 + λ)

[
(m− 1)

]
δ0 + s

m−1λn+2m−2 max{δ0, δ0∗}, if sλ2 = 1,

sλn(1 + λ).
1 − (sλ2)m−1

1 − sλ2 δ0 + s
m−1λn+2m−2 max{δ0, δ0∗}, if sλ2 ̸= 1.

⩽


sλn(1 + λ)(m− 1)δ0 + s

m−1λn+2m−2 max{δ0, δ∗0 }, if sλ2 = 1,
sλn(1 + λ)

1 − sλ2 δ0 + s
m−1λn+2m−2 max{δ0, δ∗0 }, if sλ2 ̸= 1.

(2.18)

Since λ ∈ [0, 1), so λn → 0 as n→ ∞. Taking limit as n→ ∞ in (2.14) and (2.18), we get

lim
n→∞

[
d1(θζ

1
n, θζ1

n+p) + d1(θζ
2
n, θζ2

n+p) + · · ·+ d1(θζ
n
n, θζnn+p)

]
= 0.

Which implies that {θζ1
n}, {θζ

2
n} · · · {θζnn} are Cauchy sequences in θ(∆) with respect to

rectangular metric. Since θ(∆) is complete, therefore there exist ζ1, ζ2, · · · ζn ∈ ∆ such
that

lim
n→∞θζ1

n = θζ1, lim
n→∞θζ2

n = θζ2, · · · , lim
n→∞θζnn = θζn.

Implies from (2.1) and (2.6), we have

d1(θζ
1
n+1,Θ(ζ1, ζ2, ζ3, · · · , ζn)) + d1(θζ

2
n+1,Θ(ζ2, ζ3, ζ4, · · · , ζn)) + · · ·

+ d1(θζ
n
n+1,Θ(ζn, ζ1, ζ2, · · · , ζn−1))

= d1(Θ(ζ
1
n, ζ2

n, ζ3
n, · · · , ζnn),Θ(ζ

1, ζ2, ζ3, · · · , ζn))+d1(Θ(ζ
2
n, ζ3

n, ζ4
n, · · · , ζ1

n),Θ(ζ
2, ζ3, ζ4, · · · , ζn))

+ · · ·+ d1(Θ(ζ
n
n, ζ1

n, ζ2
n, · · · , ζn−1

n ),Θ(ζn, ζ1, ζ2, · · · , ζn−1))

⩽ λ1
[
d2(θζ

1
n, θζ1) + d2(θζ

2
n, θζ2) + · · ·+ d2(θζ

n
n, θζn)

]
+ λ2

[
d2(θζ

1
n,Θ(ζ1

n, ζ2
n, ζ3

n, · · · , ζnn)) + d2(θζ
2
n,Θ(ζ2

n, ζ3
n, ζ4

n, · · · , ζ1
n)) + · · ·

+ d2(θζ
n
n,Θ(ζnn, ζ1

n, ζ2
n, · · · , ζn−1

n ))
]

+ λ3
[
d2(θζ

1,Θ(ζ1, ζ2, ζ3, · · · , ζn)) + d2(θζ
2,Θ(ζ2, ζ3, ζ4, · · · , ζn)) + · · ·

+ d2(θζ
n,Θ(ζn, ζ1, ζ2, · · · , ζn−1))

]
⩽ λ1

[
d1(θζ

1
n, θζ1) + d1(θζ

2
n, θζ2) + · · ·+ d1(θζ

n
n, θζn)

]
+ λ2

[
d1(θζ

1
n, θζ1

n+1) + d1(θζ
2
n, θζ2

n+1) + · · ·+ d1(θζ
n
n, θζnn+1)

]
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+λ3
[
d1(θζ

1,Θ(ζ1, ζ2, ζ3, · · · , ζn))+d1(θζ
2,Θ(ζ2, ζ3, ζ4, · · · , ζn))+d1(θζ

n,Θ(ζn, ζ1, ζ2, · · · , ζn−1))
]

⩽ λ1
[
d1(θζ

1
n, θζ1) + d1(θζ

2
n, θζ2) + · · ·+ d1(θζ

n
n, θζn)

]
+ λ2

[
d1(θζ

1
n, θζ1

n+1) + d1(θζ
2
n, θζ2

n+1) + · · ·+ d1(θζ
n
n, θζnn+1)

]
+

λ3
[
d1(θζ

1,Θ(ζ1, ζ2, ζ3, · · · , ζn))+d1(θζ
2,Θ(ζ2, ζ3, ζ4, · · · , ζn))+ · · ·+d1(θζ

n,Θ(ζn, ζ1, ζ2, · · · , ζn−1))
]

= λ1
[
d1(gζ

1
n, θζ1) + d1(θζ

2
n, θζ2) + · · ·+ d(θζnn, θζn)

]
+ λ2δn + λ3

[
d1(θζ

1,Θ(ζ1, ζ2, ζ3, · · · , ζn)) + d1(θζ
2,Θ(ζ2, ζ3, ζ4, · · · , ζn))

+ · · ·+ d1(θζ
n,Θ(ζn, ζ1, ζ2, · · · , ζn−1))

]
⩽ λ1

[
d1(θζ

1
n, θζ1) + d1(θζ

2
n, θζ2) + · · ·+ d1(θζ

n
n, θζn)

]
+ λ2λ

nδ0

+ λ3
[
d1(θζ

1,Θ(ζ1, ζ2, ζ3, · · · , ζn)) + d1(θζ
2,Θ(ζ2, ζ3, ζ4, · · · , ζn)) + · · ·

+ d1(θζ
n,Θ(ζn, ζ1, ζ2, · · · , ζn−1))

]
. (2.19)

Using (2.19) and (2.6) we have

d1(θζ
1,Θ(ζ1, ζ2, ζ3, · · · , ζn))+d1(θζ

2,Θ(ζ2, ζ3, ζ4, · · · , ζn))+ · · ·+d1(θζ
n,Θ(ζn, ζ1, ζ2, · · · , ζn−1))

⩽ s
[
d1(θζ

1, θζ1
n) + d1(θζ

1
n, θζ1

n+1) + d1(θζ
1
n+1,Θ(ζ1, ζ2, ζ3, · · · , ζn))

]
+ s

[
d1(θζ

2, θζ2
n) + d1(θζ

2
n, θζ2

n+1) + d1(θζ
2
n+1,Θ(ζ2, ζ3, ζ4, · · · , ζn))

]
+ · · · . + s

[
d1(θζ

n, θζnn) + d1(θζ
n
n, θζnn+1) + d1(θζ

n
n+1,Θ(ζn, ζ1, ζ2, · · · , ζn−1))

]
= s

[
d1(θζ

1, θζ1
n)+d1(θζ

2, θζ2
n)+ · · ·+d1(θζ

n, θζnn)
]
+ sδn+ s

[
d1(θζ

1
n+1,Θ(ζ1, ζ2, ζ3, · · · , ζn))

+ d1(θζ
2
n+1,Θ(ζ2, ζ3, ζ4, · · · , ζn)) + · · ·+ d1(θζ

n
n+1,Θ(ζn, ζ1, ζ2, · · · , ζn−1))

]
⩽ s(1 + λ1)

[
d1(θζ

1
n, θζ1) + d1(θζ

2
n, θζ2) + · · ·+ d1(θζ

n
n, θζn)

]
+ s(1 + λ2)λ

nδ0 + sλ3
[
d1(θζ

1,Θ(ζ1, ζ2, ζ3, · · · , ζn))

+ d1(θζ
2,Θ(ζ2, ζ3, ζ4, · · · , ζn)) + · · ·+ d(θζn,Θ(ζn, ζ1, ζ2, · · · , ζn−1))

]
. (2.20)

By taking n→ ∞ in the above inequality (2.20), we have

d1(θ(ζ
1),Θ(ζ1, ζ2, ζ3, · · · , ζn)) + d1(θ(ζ

2),Θ(ζ2, ζ3, ζ4, · · · , ζn)) + · · ·
+ d1(θ(ζ

n),Θ(ζn, ζ1, ζ2, · · · , ζn−1))

⩽ sλ3
[
d1(θ(ζ

1),Θ(ζ1, ζ2, ζ3, · · · , ζn)) + d1(θ(ζ
2),Θ(ζ2, ζ3, ζ4, · · · , ζn)) + · · ·

+ d1(θ(ζ
n),Θ(ζn, ζ1, ζ2, · · · , ζn−1))

]
. (2.21)

By the condition 0 ⩽ sλ3 < 1 and (2.21), we can easily obtain that

d1(θ(ζ
1),Θ(ζ1, ζ2, ζ3, · · · , ζn)) + d1(θ(ζ

2),Θ(ζ2, ζ3, ζ4, · · · , ζn)) + · · ·
+ d1(θ(ζ

n),Θ(ζn, ζ1, ζ2, · · · , ζn−1)) = 0.

Which implies that θ(ζ1) ∈ Θ(ζ1, ζ2, ζ3, · · · , ζn), θ(ζ2) ∈ Θ(ζ2, ζ3, ζ4, · · · , ζn), · · · , θ(ζn) ∈
Θ(ζn, ζ1, ζ2, · · · , ζn−1)). Therefore, we conclude that (ζ1, ζ2, ζ3, · · · , ζn) is the N-tupled
coincidence point of θ and Θ. Next, we show the uniqueness of the N-tupled point of
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coincidence of θ and Θ. Assume that (ζ1∗, ζ2∗, · · · , ζn∗) is another N-tupled coincidence
point of mappings θ and Θ. By (2.1), we have

d1(θζ
1, θζ1∗) + d1(θζ

2, θζ2∗) + · · ·+ d1(θζ
n, θζn∗)

= d1(Θ(ζ
1, ζ2, ζ3, · · · , ζn),Θ(ζ1∗, ζ2∗, ζ3∗, · · · , ζn∗))

+ d1(Θ(ζ
2, ζ3, ζ4, · · · , ζ1),Θ(ζ2∗ζ3∗, ζ4∗, · · · , ζn∗)) + · · ·

+ d1(Θ(ζ
n, ζ1, ζ2, · · · , ζn−1),Θ(ζn∗, ζ1∗, ζ2∗ζ(n−1)∗)))

⩽ λ1
[
d1(θζ

1, θζ1∗) + d1(θζ
2, θζ2∗) + · · ·+ d1(θζ

n, θζn∗)
]

+ λ2
[
d1(θζ

1,Θ(ζ1, ζ2, ζ3, · · · , ζn)) + d1(θζ
2,Θ(ζ2, ζ3, ζ4, · · · , ζn))

+ · · ·+ d1(θζ
n,Θ(ζn, ζ1, ζ2, · · · , ζn−1))

]
+ λ3

[
d1(θζ

1∗,Θ(ζ1∗, ζ2∗, ζ3∗, · · · , ζn∗)) + d1(θζ
2∗,Θ(ζ2∗ζ3∗, ζ4∗, · · · , ζn∗))

+ · · ·+ d1(θζ
n∗,Θ(ζn∗, ζ1∗, ζ2∗ζ(n−1)∗))

]
= λ1

[
d1(θζ

1, θζ1∗) + d1(θζ
2, θζ2∗) + · · ·+ d1(θζ

n, θζn∗)
]
. (2.22)

By virtue of 0 ⩽ λ1 ⩽ λ1 + λ2 + λ3 < 1 and (2.22), we deduce

d(θζ1, θζ1∗) + d(θζ2, θζ2∗) + · · ·+ d(θζn, θζn∗) = 0.

This implies that θζ1 = θζ1∗, θζ2 = θζ2∗, · · · ,θζn = θζn∗. So that the N-tupled point of
coincidence of θ and Θ is unique. Next, we show that θζ1 = θζ2 = · · · = θζn it follows
from (2.1) that

d1(θζ
1, θζ2) + d1(θζ

2, θζ3) + · · · . + d1(θζ
n−1, θζn)

= d1(Θ(ζ
1, ζ2, ζ3, · · · , ζn),Θ(ζ2, ζ3, ζ4, · · · , ζn))+d1(Θ(ζ

2, ζ3, ζ4, · · · , ζn),Θ(ζn, ζ1, ζ2, · · · , ζn−1))

+ · · · . + d1(Θ(ζ
n−1, ζ1, ζ2, · · · , ζn),Θ(ζn, ζ1, ζ2, · · · , ζn−1))

⩽ λ1
[
d1(θζ

1, θζ2) + d1(θζ
2, θζ3) + · · · . + d1(θζ

n−1, θζn)
]

+ λ2
[
d1(θζ

1,Θ(ζ1, ζ2, ζ3, · · · , ζn)) + d1(θζ
2,Θ(ζ2, ζ3, ζ4, · · · , ζn)) + · · ·

+ d1(θζ
n−1,Θ(ζn−1, ζ1, ζ2, · · · , ζn))

]
+ λ3

[
d1(θζ

2,Θ(ζ2, ζ3, ζ4, · · · , ζn)) + d1(θζ
3,Θ(ζ3, ζ1, ζ2, · · · , ζn−1)) + · · ·

+ d1(θζ
n,Θ(ζn, ζ1, ζ2, · · · , ζn−1))

]
= λ1

[
d1(θζ

1, θζ2) + d1(θζ
2, θζ3) + · · · . + d1(θζ

n−1, θζn)
]
. (2.23)

By making use of 0 ⩽ λ1 ⩽ λ1 + λ2 + λ3 < 1 and (2.23), we deduce

d1(θζ
1, θζ2) + d1(θζ

2, θζ3) + · · · . + d1(θζ
n−1, θζn) = 0.

This means that
θζ1 = θζ2 = θζ3 = · · · = θζn−1 = θζn.
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Finally, if θ andΘ arew-compatible, then we have θ(Θ(ζ1, ζ2, ζ3, · · · , ζn)) ⊆ Θ(θζ1, θζ2, θζ3, · · · , θζn).
Therefore, by taking u = θζ1, we have

u = θζ1 = Θ(ζ1, ζ2, ζ3, · · · , ζn), θζ2 = Θ(ζ2, ζ3, ζ4, · · · , ζn), · · · , θζn = Θ(ζn, ζ1, ζ2, · · · , ζn−1)),

hence we have θu = θθζ1 = θ(Θ(ζ1, ζ2, ζ3, · · · , ζn)) ⊆ Θ(θζ1, θζ2, θζ3, · · · , θζn) = Θ(u,u, · · · ,u).
Thus, (θu, θu, · · · , θu) is N-tupled point of coincidence of θ and Θ, and by its uniqueness,
we get θu = θζ1. Thus, we obtain u = θu = Θ(u,u, · · · ,u). Therefore, (u,u, · · · ,u) is the
unique common N-tupled fixed point of θ and Θ.

Corollary 2.3. Assume that d1 and d2 be two rectangular b-metrices on ∆ with coefficient
s ⩾ 1 (d2(ζ, ξ) ⩽ d1(ζ, ξ)). and Θ : ∆n → ∆ and θ : ∆→ ∆ be two mappings. Suppose that
there exist λ1, λ2 and λ3 ∈ [0, 1) with 0 ⩽ λ1 + λ2 + λ3 < 1 and 0 ⩽ sλ3 < 1 such that the
following condition holds.

d1(Θ(ζ
1, ζ2, ζ3, .., ζn),Θ(η1,η2,η3, · · · ,ηn))+d1(Θ(ζ

2, ζ3, ζ4, · · · , ζ1),Θ(η2,η3,η4, · · · ,ηn))+ · · ·
+ d1(Θ(ζ

n, ζ1, ζ2, · · · , ζn−1,Θ(ηn,η1,η2, · · · ,ηn−1))

⩽ λ1
[
d2(θζ

1, θη1) + d2(θζ
2, θη2) + · · ·+ d2(θζ

n, θηn)
]

+ λ2
[
d2(θ(ζ

1),Θ(ζ1, ζ2, ζ3, · · · , ζn)) + d2(θ(ζ
2),Θ(ζ2, ζ3, ζ4, · · · , ζ1)) + · · ·

+ d2(θ(ζ
n),Θ(ζn, ζ2, ζ3, · · · , ζn−1))

]
+

λ3
[
d2(θ(η

1),Θ(η1,η2,η3, · · · ,ηn)) + d2(θ(η
2),Θ(η2,η1,η3 · · ·ηn)) + · · ·
+ d2(θ(η

n),Θ(ηn,η2,η3, · · · ,η1))
]
,

for all (ζ1, ζ2, ζ3, · · · , ζn), (η1,η2,η3, · · · ,ηn) ∈ ∆n. If Θ(∆n) ⊆ θ(∆) and θ(∆) is complete,
then θ andΘ have aN-tupled coincidence point (ζ1, ζ2, · · · , ζn) ∈ ∆n, satisfying that θ(ζ1) =
Θ(ζ1, ζ2, ζ3, · · · , ζn), θ(ζ2) = Θ(ζ2, ζ3, ζ4, · · · , ζ1),· · · , θ(ζn) = Θ(ζn, ζ2, ζ3 · · · ζn−1). More-
over, if θ and Θ are w-compatible, then θ and Θ have a unique common N-tupled fixed point
of the form (η,η, · · ·η), which satisfies that η = θη ∈ Θ(η,η, · · ·η).

Let ∆ = R. d1 and d2 be two rectangular b-metrics such that

d1(ζ, ξ) = (ζ− ξ)2

and

d2(ζ, ξ) =
(ζ− ξ)2

N
.

Define Θ : ∆n → ∆ and θ : ∆→ ∆ by

Θ(ζ1, ζ2, ζ3, .., ζn) =
ζ1 + ζ2 + ζ3 + .. + ζn

N
, θ(ζ) = Nζ

where N = 2, 3, 4...

d1(Θ(ζ
1, ζ2, ζ3, · · · , ζn),Θ(η1,η2,η3, · · · ,ηn))

=
(ζ1 + ζ2 + ζ3 + .. + ζn

N
−
η1 + η2 + η3 + .. + ηn

N

)2
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=
(ζ1 − η1

N
+
ζ2 − η2

N
+
ζ3 − η3

N
+ .. +

ζn − ηn

N

)2

⩽ N
[(ζ1 − η1

N

)2
+
(ζ2 − η2

N

)2
+
(ζ3 − η3

n

)2
+ .. +

(ζn − ηn

n

)2]

= N
[(ζ1 − η1

)2

N2 +

(
ζ2 − η2

)2

N2 +

(
ζ3 − η3

)2

N2 + .. +

(
ζn − ηn

)2

N2

]

=

(
ζ1 − η1

)2

N
+

(
ζ2 − η2

)2

N
+

(
ζ3 − η3

)2

N
+ .. +

(
ζn − ηn

)2

N

=
1
N3

[(
Nζ1 −Nη1

)2
+
(
Nζ2 −Nη2

)2
+
(
Nζ3 −Nη3

)2
+ .. +

(
Nζn −Nηn

)2]
=

1
N3

[
d2(θζ

1, θη1) + d2(θζ
2, θη2) + · · ·+ d2(θζ

n, θηn)
]

Which implies

d1(Θ(ζ
1, ζ2, ζ3, · · · , ζn),Θ(η1,η2,η3, · · · ,ηn)) ⩽

1
N3

[
d2(θζ

1, θη1)+d2(θζ
2, θη2)+ · · ·+d2(θζ

n, θηn)
]

By similar process we obtain

d1(Θ(ζ
2, ζ3, ζ4, · · · , ζ1),Θ(η2,η3,η4, · · · ,ηn)) ⩽

1
N3

[
d2(θζ

1, θη1)+d2(θζ
2, θη2)+ · · ·+d2(θζ

n, θηn)
]

...

d1(Θ(ζ
n, ζ1, ζ2, · · · , ζn−1,Θ(ηn,η1,η2, · · · ,ηn−1)) ⩽

1
N3

[
d2(θζ

1, θη1)+d2(θζ
2, θη2)+ · · ·+d2(θζ

n, θηn)
]

Combining the above inequalities, we get

d1(Θ(ζ
1, ζ2, ζ3, .., ζn),Θ(η1,η2,η3, · · · ,ηn))+d1(Θ(ζ

2, ζ3, ζ4, · · · , ζ1),Θ(η2,η3,η4, · · · ,ηn))+ · · ·
+ d1(Θ(ζ

n, ζ1, ζ2, · · · , ζn−1,Θ(ηn,η1,η2, · · · ,ηn−1))

⩽ λ1
[
d2(θζ

1, θη1) + d2(θζ
2, θη2) + · · ·+ d2(θζ

n, θηn)
]
,

by taking λ2 = λ3 = 0 and λ1 = 1
N2 then from theorem (2.2) θ and Θ have common

N-tupled fixed point.

3. Application

In this section, we give an existence theorem for the solution of the system of N-
integral equations. We assume that ∆ = C[κ1, κ2] is the set of all continuous functions.
Define a rectangular b-metric respectively by

d(ζ, ξ) = max |ζ(v1) − ξ(v1)|
k, ∀ζ, ξ ∈ ∆, (k ⩾ 1), v1 ∈ [κ1, κ2].
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Then the coefficient of rectangular b-metric is s = 3k−1. Consider the following non-linear
system of N-integral equations

ζ1(u1) = K(u1) +

∫κ2

κ1

Φ(u1, v1)
[
φ1(u1, ζ1(v1)) +φ2(u1, ζ2(v1)) + · · ·+φn(u1, ζn(v1))

]
dv1,

ζ2(u1) = K(u1) +

∫κ2

κ1

Φ(u1, v1)
[
φ1(u1, ζ2(v1)) +φ2(u1, ζ3(v1)) + · · ·+φn(u1, ζ1(v1))

]
dv1,

· · · ,

ζn(u1) = K(u1) +

∫κ2

κ1

Φ(u1, v1)
[
φ1(u1, ζn(v1)) +φ2(u1, ζ1(v1)) + · · ·+φn(u1, ζn−1(v1))

]
dv1.


(3.1)

Theorem 3.1. Suppose the following hypotheses hold:

1. φ1,φ2, · · ·φn : [κ1, κ2]×∆→ R are N- continuous functions.;
2. K : [κ1, κ2] → R is continuous function, Φ : [κ1, κ2]× [κ1, κ2] → R+ is a continuous

function.;
3. There exist Mi > 0 (i = 1, 2, 3, · · ·n) such that for all ζ, ξ ∈ ∆

|φ1(u1, ζ(v1)) −φ1(u1, ξ(v1))| ⩽M1|ζ− ξ|,
|φ2(u1, ζ(v1)) −φ2(u1, ξ(v1))| ⩽M2|ζ− ξ|,

· · · , |φn(u1, ζ(v1)) −φn(u1, ξ(v1))| ⩽Mn|ζ− ξ|.

4. ( ∫κ2

κ1

Φ(u1, v1)dv1

)k
⩽

1
n2k+1Mk

, where n ⩾ 3. (3.2)

Then under conditions 1-4, the integral equation (3.1) has a unique common solution on
[κ1, κ2].

Proof. Define Θ : ∆n → ∆ and g : ∆→ ∆ respectively by,

Θ(ζ1, ζ2, · · · ζn)(u1) = K(u1) +

∫κ2

κ1

Φ(u1, v1)
[
φ1(u1, ζ1(v1)) +φ2(u1, ζ2(v1))

+ · · ·+φn(u1, ζn(v1))
]
dv1,


g(ζ) = ζ for ζ ∈ ∆. Now, we have∣∣∣d(Θ(ζ1, ζ2, · · · ζn)(u1)) −Θ(η

1,η2, · · ·ηn)(u1)
∣∣∣k

=
∣∣∣K(u1) +

∫κ2

κ1

Φ(u1, v1)
[
φ1(u1, ζ1(v1)) +φ2(u1, ζ2(v1)) + · · ·+φn(u1, ζn(v1))

]
dv1

−K(u1) +

∫κ2

κ1

Φ(u1, v1)
[
φ1(u1,η1(v1)) +φ2(u1,η2(v1)) + · · ·+φn(u1,ηn(v1))

]
dv1

∣∣∣k
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=
∣∣∣ ∫κ2

κ1

Φ(u1, v1)
[
φ1(u1, ζ1(v1))−φ1(u1,η1(v1))

]
+

∫κ2

κ1

Φ(u1, v1)
[
φ2(u1, ζ2(v1))−φ2(u1,η2(v1))

]
+

· · ·+
∫κ2

κ1

Φ(u1, v1)
[
φn(u1, ζn(v1)) −φn(u1,ηn(v1))

]]
dv1

∣∣∣k

⩽ nk−1
∣∣∣ ∫κ2

κ1

Φ(u1, v1)
[
φ1(u1, ζ1(v1)) −φ1(u1,η1(v1))

]∣∣∣k
+
∣∣∣ ∫κ2

κ1

Φ(u1, v1)
[
φ2(u1, ζ2(v1)) −φ2(u1,η2(v1))

]∣∣∣k+
· · ·+

∣∣∣ ∫κ2

κ1

Φ(u1, v1)
[
φn(u1, ζn(v1)) −φn(u1,ηn(v1))

]]
dv1

∣∣∣k

⩽ nk−1Mk
1

∣∣∣max |ζ1(v1) − η
1(v1)|)

∣∣∣k +Mk
2

∣∣∣max |ζ2(v1)) − η
2(v1)|

∣∣∣k+
· · ·+Mk

n

∣∣∣max |ζn(v1)) − η
n(v1)|

∣∣∣k( ∫κ2

κ1

Φ(u1, v1)dv1

)k

⩽ nk−1Mk

[∣∣∣max |ζ1(v1) − η
1(v1)|

∣∣∣k +
∣∣∣max |ζ2(v1)) − η

2(v1)|
∣∣∣k+

· · ·+
∣∣∣max |ζn(v1)) − η

n(v1)|
∣∣∣k]( ∫κ2

κ1

Φ(u1, v1)dv1

)k

⩽ nk−1Mk

[
d(ζ1(v1),η1(v1)) + d(ζ

2(v1)),η2(v1))

+ · · ·+ d(ζn(v1)),ηn(v1))

]( ∫κ2

κ1

Φ(u1, v1)dv1

)k

⩽ nk−1Mk

[
d(ζ1(v1),η1(v1))+d(ζ

2(v1)),η2(v1))+ · · ·+d(ζn(v1)),ηn(v1))

]
1

n2k+1Mk

⩽
1

nk+2

[
d(ζ1(v1),η1(v1)) + d(ζ2(v1)),η2(v1)) + · · · + d(ζn(v1)),ηn(v1))

]
It follows from the above inequality that

d((Θ(ζ1, ζ2, · · · ζn)(u1)),Θ(η1,η2, · · ·ηn)(u1))

⩽
1

nk+2

[
d(ζ1(v1),η1(v1)) + d(ζ

2(v1)),η2(v1)) + · · ·+ d(ζn(v1)),ηn(v1))

]
(3.3)
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By similar arguments as above,

d((Θ(ζ2, ζ3, ζ4, · · · , ζ1)(u1)),Θ(η2,η3,η4, · · · ,η1)(u1))

⩽
1

nk+2

[
d(ζ2(v1),η2(v1)) + d(ζ

3(v1)),η3(v1)) + · · ·+ d(ζ1(v1)),η1(v1))

]
(3.4)

· · ·

d((Θ(ζn, ζ1, ζ2, · · · , ζn−1)(u1)),Θ(ηn,η1,η2, · · · ,ηn−1)(u1))

⩽
1

nk+2

[
d(ζn(v1),ηn(v1)) + d(ζ

1(v1)),η1(v1)) + · · ·+ d(ζn−1(v1)),ηn−1(v1))

]
(3.5)

It follows from (3.3), (3.4) and (3.5)

d(Θ(ζ1, ζ2, · · · ζn),Θ(η1,η2, · · ·ηn))+d((Θ(ζ2, ζ3, ζ4, · · · , ζ1)(u1)),Θ(η2,η3,η4, · · · ,η1)(u1))

+ · · ·+ d((Θ(ζn, ζ1, ζ2, · · · , ζn−1)(u1)),Θ(ηn,η1,η2, · · · ,ηn−1)(u1))

⩽
1

nk+2 [d(ζ
1(v1),η1(v1)) + d(ζ

2(v1)),η2(v1)) + · · ·+ d(ζn(v1)),ηn(v1))
]

By taking λ2 = λ3 = 0 in equation (2.2) and d1 = d2 = d we have that there exists ζ ∈ ∆
such that Θ(ζ, ζ, · · · .ζ) = θζ = ζ. Which implies that ζ is the unique solution of equation
set (3.1).

4. conclusion

We have obtained N-tupled fixed point result in rectangular b-metric. Also, existence
and uniqueness results for non-linear N-integral equations have been given. Our results
can further be applied to the system of fractional differential equations and system of
matrix equations containing N number of equations.
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