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Abstract

In this article, the q— differential operator for harmonic function related with Mittag-Leffler function is
described to familiarise a new class of complex-valued harmonic functions which are orientation preserving,
univalent in the open unit disc . We conquer certain significant aspects, such as distortion limits, preservation
of convolution and convexity constraints, which are also addressed. Furthermore, with the use of sufficiency
criteria, we calculate sharp bounds of the real parts of the ratios of harmonic functions to its sequences of
partial sums. Besides, some of the interesting consequences of our investigation are also included.
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1. Introduction and Definitions

Let h = u+ iv is continuous and complex- valued harmonic function in Q a complex
domain whenever u and v are real and harmonic in Q. In ID C Q any simply-connected
domain, we uniquely represent h = §+ g, where f and g are analytic in ID. We call f the
analytic part and g the co-analytic part of h. Also § is locally univalent and sense preserving
in D if and only if |[{'(z)| > |g’(z)| in D (see [11]). Symbolize by H the family of functions

h=f+3 (1.1)

which are harmonic, univalent and sense preserving in the open unit disc U ={z : |z| < 1}
so that § is normalized by hz(0) = ,(0) —1 = 0. Thus, for h = f+ g € H, the functions f
and g analytic in U can be articulated in the ensuing forms:

flz) =z+ Z anz", glz) = Z bnz™ (0< by <1),
n=2 n=1
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and h(z) is then given by
b(z) =z+ ) anz™+ ) bnz' (0<by<1). (1.2)
n=2 n=1

We annotate the family H{ = 8 if g = 0. Denote by H the subfamily of H consisting of
harmonic functions of the form

h(z) =z— ) anz™+ ) bnz" (0< by <1). (1.3)

n=2 n=1

teremed the class of harmonic functions with negative coefficients (see [33]).
For h € H assumed as in (1.1) and $ € H assumed by

Hz)=F2)+&(z) =z+ Zunz“—i- Zvnz“, (1.4)
n=2 n=1
we evoke the Hadamard product (or convolution) of h and $ by

(h+9)(z) =2+ ) anunz™+ Y bpvnz (z€U). (1.5)

n=2 n=1

We concisely evoke here the concept of g-operators i.e. g-difference operator fascinated
and inspired many scholars due its use in various areas of the quantitative sciences. The
application of g-calculus was initiated by Jackson [16] (also see [8, 23, 38] ). Kanas and
Raducanu [21] have used the fractional g-calculus operators in investigations of certain
classes of functions which are analytic in U.

For 0 < q < 1 the Jackson’s g-derivative of a function f € 8§ is, by definition, given as
follows [16]

f(z) —f(qz)
Dojfz)={ (—qz O 70 (1.6)
§/(0) for z=0,

and DZf(z) = Dq(Dqf(2)). From (1.6), we have Dqf(z) = 1+ i nlanz™ ! where
n=2

n] = 11*_ q qn, is sometimes called the basic number n. If ¢ — 17, [n] — n. For a function

f(z) = z™, we obtain qu(z) =Dqz™ = %}qﬂzmq — mJz™L, and

qliﬁrrlh Dqflz) = qli%nlli ([m]szl) =mz™ ! =§(2),

where §' is the ordinary derivative.
Research work in linking with function theory and q— theory together was first pre-

sented by Ismail et al. [15]. Till now only non-significant interest in this area was shown
although it deserves more attention. The q—difference operator related to the q—calculus
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was introduced by Andrews et al. (see[9], Ch. 10). Now we recall the well Mittag-Leffler
function My (z) studied by Mittag-Leffler [25] and given by

HZ_OH}nH (ze C,R()>0).

A more universal function My , generalizing My (z) was familiarised by Wiman [39, 40]
and defined by

My, (2 nZorﬁ“*p (z,9,p € C, ®() >0, R() >0). (1.7)

Recent attention has been drawn to Mittag-Leffer function research, as this kind of func-
tion can be widely applied across engineering, chemical and biological sciences, physics
and in applied science. Various factors in applying such functions are evident within
chaotic, stochastic and dynamic systems, fractional differential equations, and distribution
of statistics. The geometric characteristics such as convexity, close-to-convexity and star-
likeness, of the functions investigated here have been broadly examined by many authors.
Several properties of Mittag-Leffler function and generalized Mittag-Leffler function can
be found e.g. in [6, 10, 13, 23].Observe that Mittag-Leffler function £y , does not belong
to the family A. Therefore, we consider the following normalization of the Mittag-Leffler
function (see,[10, 30])

Ep,plz) = T(p)zMy,p(2)

z", (1.8)

where z,9,p € C;p # 0,—1,—2,--- and R() > 0, R() > 0. Whilst formula (1.8) holds
for complex-valued 3, p and z € C, however in this paper, we shall restrict our attention
to the case of real-valued 9, p and z € U. Observe that the function 9ty , contains many
well-known functions as its special case, for example

My1(z) = zcosh vz, My2(z) = \/zsinh /z, My 3(z) = 2[cosh /z— 1] and

My 4(z) = 6[sinh /z —/zl|/ f Now we define the following new linear operator based
on convolution (or Hadamard) product. In 2014 Sharma and Jain [37] introduced the
g-analogue of generalized Mittag-Leffler function

- e (@%qn Tl 4
€9olz,q) = ZO ) Tontp)” (al<1 (1.9)

where I'g (n) is the q—gamma function and ¢ — 1~ and I';(n) = I'(n). The g—analogue
of the Pochhammer symbol (q—shifted factorial) is defined by (see [14])

_ (1—k)(1—kq)...(1—kq™!) for n=1,23,..,
(K,q)n—{ 1 for m—0, (1.10)

Further, the q— gamma function I'q (z) satisfies the functional equation (see [5, 14]) )

Fafn+1) = S=ETyn) = lgFy(n)
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Also,
~ (1=q)"Tq(A+n)

A
= EN

(q (n>0).

We define

M§ o(z,q) = T(p)zMy (2 q)

B — (4% q)n—1 (p) n
=zt ) (@@ TOM—1)+p)

n=2

(1.11)

For real parameters 9, p, with 9,p,¢ {0,—1,—-2,...} and &€y, be given by (1.8), we
define the linear operator Ay ,, : A — A with the aid of the convolution product

o0

Ag,pf(z) = f(Z) * Mg,p(z, q) =z Z (qo; q)n—l I'(p)

()1 TAM—1) +p)an2”, zeD, (1.12)

n=2

and

o0

% 4)n— r
A p0(z) = ale)+ MG oz a) = ) ((qq; qq))nll rdm £p1)) +p)

bnz™, zeD, (1.13)

n=1

where *x denote the convolution or Hadamard product of two series. Lately,Abdeljawad
and Baleanu[1] have studied the q— analogue Mittag-Leffler function, a nabla guan-
tum analogue of a Mittag-Leffler function with two parameters,and Caputo q—fractional
derivatives are introduced and studied in recent past (refer to [2, 3]and references cited
therin) for different perspective. For the determination of this article, we familarize a new
operator

z2Dq(A§,b(2)) = 2Dq(A§ ,f(2)) —zDq(A§ ,08(2)) (1.14)

and describe a subclass of J{ symbolized by H85C (A, v) which comprises the convolution
(1.5) and consist of all functions of the form (1.1) sustaining the inequality:

zDq(AZ b(z zDq (AT f(z)) —zDq(AS gz
/ ql g,ph(g)) % ql ?,pf( ) 2( S 08(2)) SE (L15)
Az'+ (1—p)(Ag ,h(z)) nz' + (1 —p)(Ag ;b(z))
where z € U, 0 < p < 1and z/ = %z = re'® where 0 = 0 < 27 Also denote

TS5 g (1, &) = HSY T (1, &) NTH.

We deem it appropriate to remark underneath some of the function classes which
transpire from the function class fHSg:g(u, &) defined above. Indeed, we observe that if
we fix the parameters u suitably and q — 1. Denote the reliable reducible new classes of
%Sg,’g(p, £), as illustrated below:

(1) If p =0 we let 5{83:5(0, &) = J-ng,’g(a) satisfying the criteria

zDq(A§ ,b(2))
”( AF5(2) )2‘5'
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(i) If p = 1 we let J{Sg,’g(l, g) = Nﬂ-fg:g(a) satisfying the criteria
R (Dg(AS,h(2)) > &
(iii) Letting q — 1 we let MJ(§ , satisfying the criteria

z(Ag ,b(z)) S E
uz' +(1—wAg hlz) | = 7

(iv) Letting q — 1, we let Mg ,(0,&) = U{Sg:g(i) [18] satisfying the criteria

2(AS ,h(2))’
R < AZb(2) ) &

(v) Letting ¢ — 1 and taking u = 1, we let J{SQ:S(O, &) = R%g,p(u, &) satisfying the
criteria
/
R (A§eh(2) > &

Stirred by the prior works (see [7, 11,17, 18, 19, 20, 22, 27, 28, 29, 33]) on the subject
of harmonic functions, in this paper we obtain a sufficiency criteria for functions h given
by (1.2) to be in the class %Sg:g(u, &). It is shown that this criteria is also necessary for

bmg,’g (w, &). Further, distortion limits, convexity conditions,extreme points and partial
sums problems f € ﬁg,’g (u, &) are also obtained.

2. Coefficient bounds
For the sake of brevity we denote
(9% 9)n—1 I'p)
(4; q)n—1 TOM—1) +p)

throughout our study unless otherwise stated.
In the following theorem, we obtain a sufficient criteria for h € %Sgl’g(u, £). Let
h = f+ g be given by (1.2). If

2.1

1yg,p (n, q) =

— [mlg —(1—wg§ Mg+ (1—pE .
; [qla|a“|+qlg|bn| Y5 ,(n,q) <2 (2.2)

where a; =1land 0< & < 1,thenh € J{Sgl’g(p, £).

Proof. In order to achieve the result,it is sufficient to determine h € }ng’g(p, &) validates
the relationship (2.2) . From (1.15) we can write

o [FPaA8ef(2) g AT 0
(1— Wz’ + u(Ag h(2))

. (A(z)> St

B(z)



G.M.S.Moorthy, T. Abdeljawad / Harmonic functions with a q—Mittag-Leffler... 104

where

Alz) = zD (Agpf( z)) —zDq(A§ 50(2))

(e ¢]

= z+ Z ‘i’sp n,q)anz™ — Z[n]qwg,p(n,q)gnin

n=1

and B(z) = uz +(1— )(/\{),pb( z))

= z+ ) (1—p¥§,(nqlanz™+ Y (1—w¥§,(n, q)baz".

n=2 n=1
Consuming the fact that Re {w} > & if and only if [1 — & +w| > |1 + & —w|, it suffices to
show that
A(z) +(1—=&)B(z)[—|A(z) — (1 + &)B(z)| = 0. (2.3)
Bartering for A(z) and B(z) in (2.3), we get

A(z) + (1 —&)B(z)[ - |A(z) — (1+ &)B(z]]

= | @2- awi nlg+ (1 =81 —wI¥g ,(n, q)anz™ i J(1—)I¥g 5 (n, q)bn 2™ |
n=1
— | £z+§ —(1+ &)1 —pW¥g o(n, q)anz™ i +(1+&)( )]wg,p(n,q)anM
n=1
> @28l i g + (1~ £ — W, (n, lanlz™ — 3 linlq — (1~ E)(1 — WI¥S o (m, q)lbwl 21"
n=2 n=1
gzl i[[n]q 4B W (n, lanl I — 3 g+ (14 £ — ¥, (n, )b
n n=1
> 201 |z|{z ni[ W1+ M T(_la‘”)‘ﬂbm]wg,p(n,q)|z|“1}
> { i [)| anl+ Pt E= e wg,p(n,q)}.

The above condition is non negative by (2.2), and so f € Hsgjg(p, £).

The harmonic function

- n n n 2.
? Z+§2([Tl]q—5(1—p))\l’glp( b +Z nlq + 01— W)Y (n,q) )" 24

oo [o.¢]
where > |xn|+ >_ lynl =1 shows that the coefficient bound given by (2.2) is sharp.

n=2 n=1

The functions of the form (2.4) are in }(S‘g:g(u, Z) because
ad —(1-pévg (n,q) (nlg + (1 —-w&VY (n,q)
Z 02 2 a4 — Y2 o
n=1 1-§ 1-¢

oo
- 1+Z penl+ 3 lynl =2
n=2 n=1
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O

Next theorem launches that such coefficient constraints cannot be enhanced further.
Foraj=1land0<&<1,h=f+g¢c ﬁg,’g(u,&) if and only if

S [P e S v <2 @)

n=1

Proof. Since ﬁg,’g (W, &) C %Sg:g(u, &), we only essential to prove the "only if" part of the
theorem. To this end, for h € f of the form (1.3), we sign that the condition

2Dq(A§0(2) —2Dq(AF 082D | ;
(1—w)z’ + u(Ag  bh(z)) g

Equivalently,
(1—8z— 3 (g — (1—WEYS, (N, anz — 3 [Mlq + (1— WEWS,,(n, )bnz"
R n=2 _ - n=1 > 0
z— Z_ (1—w¥g ,(n, q)anz™ + Z (1—pVv (n,q)BnZ“

2 n=1

The above mandatory condition must hold for all values of z in U. Upon taking the values
of z on the positive real axis where 0 < z = r < 1, we must have

Z —(1—awg (n,qlant™ = 3 ([nlg + (1 — )&V (n, q)bpr™
n=2 n=1 > 0.
1— 5 (1—w¥g,nqlant™ 1+ 3 (1—w¥g, (n,q)onrn
n=2 n=1
(2.6)

If the condition (2.5) does not hold, then the numerator in (2.6) is negative for r sufficiently close
to 1. Hence, there exist zg = 1 in (0,1) for which the quotient of (2.6) is negative. This contradicts
the required condition for ) € G{Sg:g (u, &). This completes the proof of the theorem. O

3. Distortion bounds and Extreme Points

The subsequent theorem provides the distortion limits for functions in %“;;g (W, &)
which yields a covering result for the class ﬁg,’g (u, &).
Leth ¢ ﬁg,’g(u, &). Then for |z| = v < 1, we have

(1=bu)r rq(p)[cf]q([z] ——wge [z]q—(l—u)a*“)T < Izl
rq(ﬁlp) 1_Ev . 1+E. 2
S Qb Tl ([z] - [z]q—(l—u)a‘”)“
when for n =2 in (2.1) we get
o _ (qo-;q)n—l r(p) WO _ rq(ﬁrp)
Yool a) = o Tem=-Drp) V=R (e, @
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Proof. We only show the right hand inequality. Taking the absolute value of h(z), we
obtain

hz)) = |z+ ) anz™+ ) buz"
n=2 n=1

(1+b)lzl+ ) (an+bn)lz™

n=2

N

=  (1+by)r+ Z(an+bn)r2
n=2

(1—E)Tg(9,p)
(21— (1— WE)Tq(p)lolq

© (R2lg— (1—waT(p)olg  (2lq—(1—w&)Tq(p)lolq ) ,

. Zi( (I—8ry(d,0) ™ A-or,0,0 )"

(1—&)ry(®,p) O 1+%0#

(2lq —(1—p&Tq(p)lolq \ 1—&

Fq(d, p) < 1-§ 1+& > 2
1+by)r+ — — by | %
o ooty \ 2l — (- wE By 1-we™)"
The proof of the left hand inequality follows on lines similar to that of the right hand
side inequality. ]

= (1+4+byr+

n=2

= (1+b1)T+

A

The covering result follows from the left hand inequality given in Theorem 3. If
h € F8y (1, &), then

{ (2q —1—-weV¥g ,(2,9) —(1-8&) ([2q—(1—-weV¥§ ,(2,q)—(1+8)
w:w| <

(2lq —(1—p)E)¥§ ,(2,q) a (2lg —(1—wEVg ,(2,q) bl'} <o)

when for n =2 we let
lyg,p (21 q) =

Proof. Using the left hand inequality of Theorem 3 and letting r — 1, we prove that

1 1-¢ 146
u—bn—quzq)<mquum-¢ﬂqupmbO
1
TS 2,q) (@, (1 -wg b e
(1-b1)¥§ (2, q)([2]q — (1= WE&) — (1 — &) + (14 &)by
vg ,(2,q)(12lq — (1 - n)E)
{(Mq_fL—MawgJZq%—ﬂ—ﬁ)_Hﬂq_u_ﬂ”angzq%%1+amn@.
(2lq—(1— u)E)‘Pg,p(Z,q) (2]q —(1— H)E)‘Pgrp(Z,q)
C h(U).

= (1—-1by)

O
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Next we regulate the extreme points of closed convex hulls of J{Sg,’g (u, &) symbolized
—q,c
by clcoHSy, (1, &).
A function h € 9{53;3 (w, &) if and only if

nhn +Yngn( ))
n=1
where
fi(z) =z, fn(z) =z — 1-¢6 z"; (n>2) (3.2)
’ (g —(1—wewg (n,q)" ’ ’
gnlz) =2+ 1=& ™ (n>2), (3.3)

(Inlg + (1 —w&)YS ,(n, q)

o0 R
> Xn+Yn)=1, X5y 20 and Y, > 0. In particular, the extreme points of %Sg,’g (W, &)

re () and {gn.

Proof. We annotate that for h as in above theorem , we may state

bz) = ) (Xnfnl(z)+ Yngn(z))
n=1
= (Xn +Yn) Xz
nzl " ;([n]q—(l—u)a)wg,p(n,q) -
- 1-¢ _
Y.z™.
*;(mqm—u)a)wgp(mq) ‘
Then
© (g —(1—w&a¥s,n,q) © ([nlg + (1—wEeWS,(n, q)
nZ_z - |an|+nZ_1 - [on|
=) Xn+) Yn
n=2 n=1
=1-X <1,

andso h € clcoﬁgl’g(u, £).
Conversely, suppose that b € clcoﬁglp(u, £) Setting

(g — (1= WY, (n,q)

Xn_ 1-¢ |an|/ (ngn<1/n>2)
Mg+ (1— WS (n,
Ynz( at (1= WES, | q)|bn|, 0<Yn<,n>1)

1-¢
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(e ) o0
and X;=1— > Xn— ) Yn.
n=2 n=1
Therefore ,h can be rewritten as

o0 o0
h(z) = z— Z anz™ + Z bnz"
n=2 n=1

(%) 1_£ 0 1_((-,
— 7 Xnz™
=) (g — (1—Wa¥g,(nq) ™ +;([n]q—(1—u)a)wg,p(n,q)

n=2

Ynz™

= z+ ) (fn(@)—2)Xn+ D (gnl(z) —2)¥n
n=2 n=1

=Zl—=) Xn—) Yal+ ) fn(@Xn+ D on(z)¥n
n=2 n=1 n=2 n=1

= i(xnfn(z)—i—Yngn(z)) as required.

n=1

4. Inclusion Results

Now we inspect convinced closure properties for f € J{ngg (u, &) below convex com-
binations and integral transform.
. =50,0 . . .
The family %Sg,p (u, &) is closed under convex combinations.

Proof. Fori=1,2,..., suppose that b; € ﬁg,’g(u, ) where

00 00
hi(Z) =z— Z airnz“ + Z Ei,nin.
n=2 n=2

Then, by Theorem 2

= ([nlqg —(1—w&VY§ ,(n, q) = (g +(1—w&)V¥g (n,q)
Z 1—& Ain + Z 1—¢ bi,n <1 (41)

n=2 n=1

o0
For } 1y =1, 0 < 7; <1, the convex combination of h; may be written as
i=1

ZTihi(Z) =Z— Z ( Tiai,n> Zn + Z (Z Tibi,n> Zn.
i=1 n i=1 n=1 \i=1

=2
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Using the inequality (2.5), we obtain

Z ([n]q _(1 1)(;)\1/{)[) n, q (ZTlaln> N Z H)i)‘i’g,p(n, q) (Z Tibi,n>

n=2 1
i = (Inlqg —(1—pEV¥§ ,(n,q) — ey ,(n,q)

_ZTi'(Zz 1—5, e atn+Z 1_£ e bi,n
i=1 n=

< ZTi =1,
i=1

00 ——q,0
and therefore ) Tih; € H8g, (1, &).
i=1

Now,let the generalized q— Bernardi-Libera -Livingston integral operator( (h) be

defined by

ﬁq,K(h)Z[K;ﬂq UtK Lt(t) dqt+JtK —1g(t) ] (k > —1).
0 0

Let h € HSy'y (1, &). Then L (h(z)) € FSgp (1, &),

Proof. From the representation of £ (h(z)) € %g,’g (W, &), it follows that

Canlh) = L8 [0 50+ 970 at
0
_ Kk +K”q JtK_l (t— i ant“> dqt—l-Jt‘(l (i bnt“> dqt
z 0 n=2 0 n=1

Using the inequality (2.5), we get

) [n]q_(l—u)i [K+1q [n]q+(1_u)£ [K+1]q .
nZl( =t egnlg T 1% ([K+n]q|bn|))wa,p(n,q)

< 3 (Maglot ), Mat 0oty ) ug g

—
< 2(1-§), since h(z) € HSy o (1, &).

3

Hence by Theorem 2, £4,«(h(z)) € ﬁg,’g(u, g). O

For 0 < 8§ < & <1 leth € T8y, (&) and H € HSy g (1,&). Then h(z) *

HSy s (1, &) C HSGg (1,8).

H(z) €
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Proof. leth € i]-TSS/’g(LL, &) and $H(z) € TSg:g(u, 5). Then h(z) x $H(z) is given by (1.5).
For h(z) * H(z) € %g:g(u,é) we note that un,| < 1 and |vi,| < 1. Now by Theorem 2
we have

e g —(1—p)d e g —(1—p)d
> Wealan] unl+ ) W o, q)lba vl
n=2 n=1
[o¢] oo
nlg —(1—p)d nlg —(1—p)d
< Y T oER nqllanl+ Y T RS )bl
n=2 n=1
andsince0 < 6 < &< 1
E [n]q—(1—p)§ — Mlq—(1—w§
< Z qlfa\yg,p(nl q)lan\ + Z qlfa‘i’g,p(n, q)lbnl <1,
n=2 n=1
by Theorem 2 , we get desired result. O

5. Partial Sums results

Many researchers studied and indiscriminate the results on partial sums for various
classes of analytic functions based on the results given by Silvia [37], Silverman [35] but
analogues results on harmonic functions have not explored in the literature. Lately, in [31]
Porwal fill this gap by inspecting exciting results on the partial sums of starlike harmonic
univalent functions (see[32]) . In this section we investigate the partial sums results for
h e HEy, (&),

Let ﬁ;‘;j (1, &) denote the subclass of H consisting of functions h = §+ g of the
form(1.2) which satisfy the inequality

ZMn‘an|+ZQn|bn| <1 (5.1
n=2 n=1
where g — (1 wE [lq + (1 wE
_ Mg U—H _ Mg —H
M, = T—% and Q,, = 1—%

unless otherwise stated.
Now, we discuss the ratio of a function of the form (1.5) with b; = 0 are

4 00
h@(z) =z+ Z anZn + Z ann
n=2 n=1
0 k
hk(Z‘) =z+ Z anZn + Z ann
n=2 n=2

m k
bex(z) =z+ Z anz™ + Z bnzm.
n=2 n=2
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We first obtain the sharp bounds for R {;’l((zz)) } . If b of the form (1.5) with b; = 0
satisfies the condition (5.1), then

h(z) } Mg —(1-8)
R > , (zeU (5.2)
{be(z) M )
where
1-¢, if n=23,...,¢
Mn >{Mm, i n=0+1,0+2,....
Qn>1-%, if n=2,3,...
The result (5.2) is sharp with the function given by
1-& i
(z) =z 4+ ——2z"h, (5.3)
" L\ ]

Proof. Define the function w(z) by

1+w(z) _ Moo [ blre®®) _Me+1—(1—€)}
T-w(z) ~ 1-& [hm(re?) Mot

14 . o . M 00 .
1+ Z anrnflel(nfl)ﬂ_’_ Z bnrnflefl(nJrl)e_% Z anrnflel(nfl)e
n={+1

[4
1+ Z anrn—lei(n—l)Q + f Ern—le—i(n—o—l)e
n=2 n=2

(5.4
It suffices to show that |w(z)| < 1. Now, from (5.4) we can write

Z an _rnl i(n—1)6
n={+1

IVIS

w(z) = - -
2+2<Z aprn—letn—1)0 bnrle— 1(n+1)9> _1_1‘1’[5&1 ( S aprnlein-1)0

n=2 n:2

Hence we obtain

oo

M

1@;}( S |an|>
n=0+1

4 oo M
_2[2 lan|+ > |bn|] — Mew
n=2 n=2

= .
Z lan|

n=~0+1

Now |w(z)| < 1if

0]

o0 o0 M

4
Z|an|+z|bn|+1_+g > lanl<1
n=2 n=2

n=~{+1

From the condition (5.1), it is sufficient to show that

Z|an|+z|bn|+M”1 S |n|\Z1

n=2 n€+1

n

|0—n|
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which is equivalently to
4 00
- Qn B ) M,, — Mn+1
Eﬁ ( > lan|+ E ( |bn|+n§e+l ? lan| >0

To see that the function given by (5.3) gives the sharp result, we observe that for z =
T.ew'm/n

h(z) - & A 1-¢§
I 1—
Hm(z) 0+1 - Mg
MHiVI_gS —& whenrt — 17.

O

We next determine bounds for R {h(z)/b(z)}. If b of the form (1.5) with by = 0
satisfies the condition (5.1), then

- {be(l)} o My ’ (zeU) 5.5)

hz) | 7 Mgq+1-¢
where
1-¢&, if n=273,...,¢
>
Mn {Mm, i n=0+1,0+2,....
Bo>1-§, if n=23,... (5.6)

The result (5.5) is sharp with the function given by

h(z) =z+ M, i e (5.7)
+

Proof. Define the function w(z) by

T+w(z) Mg +1-¢& [he(Teie) . My ]
1-w(z)  1-¢§ b(re®) My +1-¢

{4 . © ) M 00
1+ Z anrn—lel(n—l)e_i_ Z bnrnflefl(nJrl)e_l%El Z e lei(n—1)0

n=2 n=2 n={+1

[4
1+ Z anrn—lei(n—l)Q_i_ f Ern—le—i(n—o—l)e

n=2 n=2

Hence we obtain

Mg +1-§& i lan
1—
& n=~0+1

[4 00 0
(1—
2 Z|an|+z|bn|}—w 5 Janl
n=2 n=2

n=L£+1

<1

w(z)l <
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The last inequality is equivalent to

14 [ M 0
241
E lan| + E [bn |+ 1—¢ E lan| < 1.
n=2 n=2

n=~L{+1

Making use of (5.1) and the condition (5.6) we obtain (5). Finally equality holds in (5.5)
for the extremal function h(z) given by (5.7). O

We next turns to ratios for the for R {b/(z)/h;(z)} and R {hé(z)/h/(z)} . If b of the
form (1.5) with by = 0 satisfies the condition (5.1), then

h'(z) M — (E+1)(1—§)
R ; P , (zeU) (5.8)
{be(z) I\
where
1—¢, if n=23...,10
M“>{ My,  if n=0+1,042,....
Q. >1-¢, if n=2,3,...

The result (5.8) is sharp with the function given by h(z) = z+ ﬁz“l.

Proof. Define the function w(z) by

1+w(z)  Men |f(z2) Meg—(+1)1-8)
T—w(z)  (+1D1—E |f)(2) Mo,
{4 . 00 _ . M x .
1+ Z nanrn—lel(n—l)ﬁ + Z nbnrn—le—l[n—o—l)e _ (€+1eﬁlf£ Z nanrn—lel(n—l)e
n=2 n=2 n=4{+1

[4 ©  __
1+ Z nanrnflei(nfl)e _ Z nbnrnflefi(rwrl)@

The result(5.8) follows by using the techniques as used in Theorem 5. O

Proceeding exactly as in the proof of Theorem 5, we can prove the following theorem
. If b of the form (1.5) with b, = 0 satisfies the condition (5.1), then

hy(z) M1
" {h/(z)} “Merernaog FeY &9

The result is sharp for h(z) =z + ﬁz“l.
We next determine bounds for R {h(z)/bhx(z)} and R {hx(z)/b(z)}. If b of the form (1.5)

with by = 0 satisfies the condition (5.1), then

%{ h(z) }2 Qyy1—(1-8)

p U .10
b (z) Q11 (zeU) (>-10)
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where
1-¢, if n=23,...,k
>
Qn/{ Ox+1, if n=k+1,k+2,....
Mn>1*£, lf n:2,3,

The result (5.10) is sharp with the function given by h(z) = z+ é%flik“. If b of the form
(1.5) with b; = 0 satisfies the condition (5.1), then

R {hk(z)} o Qe (zeU) (5.11)

h(z) J 7 Qe +1-¢
where
1§, if n=23,...,k
>
Qn = { Qui1,  if n=k+1Lk+2,....
M, >1-§, if n=23,...
The result (5.11) is sharp with the function given by h(z) =z + é%flik“.

Proof. Define the function w(z) by

1+w(z) _ Oxi1+1-¢§ |:fk(T'eie) B Qi1
1—w(z) 1-¢& f(ret®) Qi +1-¢
- 1,i 1) £ — 1,—i 1) Q Kt — 1,—i 1)0
14 Z Anr" et(n=1)0 o Z b e—tn+1) _ﬁ Z b e—i(n—1)
_ n=2 n=2 n=2
= - —
1+ Y aprm—leitn=16 4 5 p yn—le—i(n+1)0
n=2 n=2
We omit the details of proof ,because it runs parallel to that from Theorem 5. O

If § of the form (1.5) with b; = 0 satisfies the condition (5.1), then

b(z) } Mg —(1-8)
R > , U 5.12
{he,k(l) Mg (zeU) (5.12)
where
1-¢, if n=23,...,({+1

>
Mn/{Mg_H, if n=0+1,0+2,....

1-¢, if n=273,...,¢
>
Qn/{Mngl, if n=0+1,0+2,....

The result (5.12) is sharp with the function given by h(z) = z + ﬁz‘{“. If h of the form
(1.5) with b; = 0 satisfies the condition (5.1), then

9%{ h(z) } Qi1 —(1-8)

> , 5.13
bex(z) > Qi1 (zel) (>.13)

where
1-—¢&, if n=2,3,...,k
>
Q”/{ Qx+1, if n=k+1,k+2,....
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1-8¢, if n=2,3,...,k
>
M“/{ Oy 11, if n=k+1,k+2,....

If b of the form (1.5) with by = 0 satisfies the condition (5.1), then

bex(z) Mg
b { oG } CMocioe eV (5.14)

If  of the form (1.5) with b; = 0 satisfies the condition (5.1), then

Bex(z) } Q11
N antte eV 619

The result(5.15)is sharp with the function given by h(z) = z + é;—flik“. If b of the form
(1.5) with by = 0 satisfies the condition (5.1), then

h'(z) | - Mey1—(E+1)(1—§)
R {4 > , (z € U) (5.16)
{he(z) Mg 1
where
1—§&, if n=23,...,0
M“>{ My,  if n=0+1,042,....

1-¢, if n=273,...,¢
>
Q“/{MH], if n=0+1,0+2,....

The result (5.16) is sharp with the function given by h(z) = z+ ﬁz”l. If b of the form
(1.5) with by = 0 satisfies the condition (5.1), then

R {h“‘(z)} > M1 (z € U). (5.17)

h'(z) [ 7 M+ (+1)(1-8)

The result (5.17) is sharp with the function given by h(z) =z + ﬁz“l.

6. Integral Means Inequalities

__In this section, we obtain integral means inequalities for the functions in the family
J—(Sg,’g (i, &) due to Dziok[12]and Silverman [34]. [24] If the functions ¢ and ¢ are
analytic in ID with ¢ < ¢, then forn >0,and0<r <1,

27

27
J l(rei®)|" do < J |b(ret®)|" de. (6.1)
0 0

Due to recent work of Dziok [12], we suppose h € ﬁglp(u, On>00<u<l,
0 < & <1, and f,(z) is defined by

_ 1-¢& 2
RE = Ao wag, g M
1-¢& 2.

(20q + (1 —Wav¥g,2,q)

m(z) = z+ (n>2).
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where ¥§ (2, q) is given by (3.1). Since

z z z z

by Lemma 6 we have

2 * n 2 * n

J N T J B g0, (z=ret®)
z Z

0 0

27t . n 27t _ n 27t . n

J gn(z) do = J gn(z) do g/J fz(z) dG, (Z:Tele)
z z z

0 0 0

Thus we have the following result: Let 0 < r < 1,1 > 0. Then

27 27

% J Fr(ret®)"do < % J i5(ret®)|"do, (n=1,2,3,")
o o

2%: J g (re'®)|Td0 = 2%: J i5(ret®)|"de, (n=2,3,4,-).
0 0

where f; and g}, are defined by (3.2) and (3.3). By Lemma 6 and Theorem 3 we have the
following : Let0 <t < 1,n > 0. Then

27 27t
% J [h(ret)["do < %t J 73(ret®)|"do, (n=1,2,3,")
% J |Dq(AS h(ret®))["do = % J | Dq(AS f5(re®))]"do, (n=2,34,-).
0 0

where 3 and g}, are defined by (3.2) and (3.3).

Concluding Remarks: For appropriate selections of p, as we piercing out the ﬁgﬁ (W, &).
When n =0 and q — 17, as the many results existing in this paper would afford motivat-
ing extensions and simplifications of those deliberated earlier simpler harmonic function
classes(see [19, 20, 27]) linked with Mittag-Leffler functions. Correspondingly by fixing
i = 1 one can provide interesting results for Noshiro-type harmonic functions studied in
[7]. The facts intricate in the origins of such specialism of the significance obtainable in
this paper are fairly straight- forward, hence omitted. By making use of the generalized
struve functions(see[4] and references cited therein) one can study certain inclusion re-
sults for h € HS also results on subordination involving polynomials induced by lower
triangular matrices(see[26]).
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