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Abstract

Analytical solution of thermo diffusion effect on magnetohydrodynamics flow of fractionalized Casson
fluid over a vertical plate immersed in a porous media is obtained. Moreover, in the model of the prob-
lem, additional effects, like a chemical reaction, heat source/sink, and thermal radiation are also considered.
The model is solved by three approaches, namely, Atangana-Baleanu, Caputo-Fabrizio, and Caputo fractional
derivative of non-integer order γ. The governing dimensionless equations for temperatures, concentrations,
and velocities are solved using Laplace transform method and compared graphically. The effects of differ-
ent parameters like fractional parameter γ, Thermo diffusion Sr, and magnetic parameter M are discussed
through numerous graphs. Furthermore, comparisons among ordinary and fractionalized velocity fields are
also drawn. It is found that the velocity obtained with Atangana-Baleanu fractional derivative is less than that
obtained by Caputo, Caputo-Fabrizio, or ordinary derivatives.

Keywords: Casson fluid, Free convection, Chemical reaction, Heat generation, Thermo diffusion,
Caputo(C), Caputo-Fabrizio(CF), Atangana-Baleanu(AB) fractional derivative.

1. Introduction

Convection flow in the presence of porosity has numerous important applications such
as flows in soils, solar power collectors, heat transfer correlated with geothermal systems,
the heat source in the field of the agricultural storage system, heat transfer in nuclear
reactors, heat transfer in aerobic and anaerobic reactions, heat evacuation from nuclear
fuel detritus, and heat exchangers for a porous material.
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Convection flow of MHD fluid has many implementations in meteorology, the distilla-
tion of gasoline, boundary layer control, energy generators, geophysics, accelerators, the
petroleum industry, astrophysics, polymer technology, aerodynamics, and in material pro-
cessing such as metal forming, glass fiber drawing, extrusion, and casting wire. The flow
past through a perpendicular plate with heat and mass transfer is examined by Swamy
et al. [1]. The combined effect of heat and mass diffusion on fluid flow through a plate
has been observed by Chaudhary and Jain [2]. The analytical solution for magnetohydro-
dynamics flow through a perpendicular plate in the existence of porosity is obtained by
Sivaiah et al. [3]. Das and Jana [4] discussed the solution for MHD flow through a plate
in the presence of porous media.

Rajesh [5] highlighted the free convection flow of MHD fluid in the existence of poros-
ity. The convection flow of magnetohydrodynamics fluid immersed in a porous medium
has been studied on [6, 7, 8, 9, 10]. Authors in [11] investigated the mathematical mod-
eling and forecasting of COVID-19 in Saudi Arabia. They also discussed the solution for
time-dependent concentration and temperature. Convection flow through a surface in the
presence of porous media is discussed in [12, 13, 14].

Toki [15] presented the phenomenon of convection flow over a perpendicular plate.
Rajesh and Varma [16] analyzed the MHD flow through an exponentially accelerated
plate. MHD flow through an accelerated surface in the existence of porous media is dis-
cussed by Chaudhary and Jan [17]. The authors also analyzed the solution of the velocity
field graphically. Ramzan et al. [18] analyzed the solution of magnetohydrodynamics of
convection flow. Pal and Talukdar [19] obtained the solution of a viscous fluid with ther-
mal radiation on magnetohydrodynamics flow, whereas, the solution for convection flow
with non-uniform temperature through a moving plate is obtained by Seth et al. [20].
Khan et al. [21] have investigated the problem of hall current effects on convection flow.

This phenomenon plays a vital role in the cooling of the nuclear reactor, tabular reactor,
chemical industry, mixture of terracotta material, petroleum industry, and decomposition
of rigid materials. Seddeek et al. [22] obtained the solution of MHD fluid flow through
porous media with thermal radiation and chemical reaction. An intensive study of first
order chemical reactions with heat generation/absorption has been analyzed by Shah et
al. [23]. Alharbi et al. [24] investigated the MHD visco-elastic fluid flow over a stretching
sheet. The study of fluid has attained great importance due to its practical significance
in numerous fields of industry and applied engineering. Experimental and theoretical
investigations on fluid have been made in [25, 26, 27, 28, 29, 30, 31, 32, 33].

The aim of this paper is to study the comparison of Caputo-Fabrizio, Caputo, and
Atangana-Baleanu fractional derivative with Soret effects on Magnetohydrodynamics free
convection flow of Casson fluid over a plate immersed in a porous media with a heat source
and thermal radiation. An analytical solution is obtained via Laplace transform and using
a special function. Various graphs are plotted and discussed for different parameters,
which are used in the model and found that Atangana-Baleanu fractional derivative is the
best choice for controlled fluid velocity.

2. Mathematical Formulation of the Problem

A cartesian coordinate system for the study of the MHD viscous flow of a Casson fluid
with mass diffusion and heat source over an infinite vertical plate is considered. The plate
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lies along the x-axis and the z-axis is taken outward normal to it. The fluid flows in the
upward direction along the x-axis. A uniform magnetic field is applied in the direction
perpendicular to the flow. The length of the plate is infinite, so all physical quantities
depend on time t́ and the y-axis. At time t́ = 0, both fluid and plate are at the same
concentration Ć∞ and temperature t́∞ for all the points in the flow. At time t́ = 0+, the
plate moves in xz-plane with velocity f(t́) in x-direction. Under these assumptions and
using Boussinesq’s approximation, a set of equations for Casson fluid are as follows:

∂u0(z, t́)
∂t́

= ν(1 +
1
β
)
∂2u0(z, t́)
∂z2 −

σβ2
0
ρ
u0(z, t́) −

νϕ

k1
u0(z, t́) + gβT´(T´− T´∞)

+gβC´(Ć − Ć∞), (2.1)

∂T (́z, t́)
∂t́

=
K

ρCp

∂2T (́z, t́)
∂z2 +Q0(T

´− T´∞), (2.2)

∂Ć(z, t́)
∂t́

= D0
∂2Ć(z, t́)
∂z2 +

DmKT´

T´
r

∂2C(y, t)
∂z2 − R0(Ć − Ć∞) , (2.3)

The initial and boundary conditions of the flow model are

u0(z, 0) = 0, T (́z, 0) = T´∞, Ć(z, 0) = Ć∞, z ⩾ 0, (2.4)

u0(0, t́) = U1f(t́), T (́0, t́) = T´
w, Ć(0, t́) = Ćw, t́ ⩾ 0, (2.5)

u0(z, t́) → 0, T (́z, t́) → 0, Ć(z, t́) → 0, t́ > 0. (2.6)

We introduced the following dimensionless variables and parameters for the flow model

w∗ =
u0

U1
, z∗ =

z

U1t0
, t∗ =

t́

t0
, ϑ∗ =

T´− T´∞
T´
w − T´∞ , Pr∗ =

ρCp

k
,

Gr∗ =
νgβT´(T´

w − T´∞)

U3
1

, ϖ∗ =
Ć − Ć∞
Ćw − Ć∞ ,

Gm∗ =
νgβC´(Ćw − Ć∞)

U3
1

, M∗ =
β2

0νσ

ρU2
0

, Sr∗ =
DmKT´(T´

w − T´∞)
T´
rν(Ćw − Ć∞)

,

1
K

∗
=

νϕ

K1U
2
1

, Q∗ =
Q0ν

2

kU2
1

, R∗ =
R0ν

U2
1

, Sc∗ =
ν

D0
. (2.7)

Using non-dimensional variables of Eq. (2.7) into Eq. (2.1-2.6), we obtain the following
problem (dropping stars)

∂w(z, t)
∂t

= A
∂2w(z, t)
∂z2 − (M+

1
K
)w(z, t) +Grϑ(z, t) +Gmϖ(z, t), (2.8)

∂ϑ(z, t)
∂t

=
1
Pr
∂2ϑ(z, t)
∂z2 +Qϑ(z, t), (2.9)
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∂ϖ(z, t)
∂t

=
1
Sc
∂2ϖ(z, t)
∂z2 − Rϖ(z, t) + Sr

∂2ϑ(z, t)
∂z2 , (2.10)

w(z, 0) = 0, ϑ(z, 0) = 0, ϖ(z, 0) = 0, z ⩾ 0, (2.11)

w(0, t) = f(t), ϑ(0, t) = 1, ϖ(0, t) = 1, t ⩾ 0, (2.12)

w(∞, t) → 0, ϑ(∞, t) → 0, ϖ(∞, t) → 0, t > 0, (2.13)

where A = (1+ 1
β), and Pr, Sc,K,M, Sr, Gm, Gr,Q,R, and γ represent the Prandtl number,

Schmidt number, Porosity, magnetic field, Sorret number, mass Grashof number, thermal
Grashof number, heat source, chemical reaction, and fraction parameter respectively.

3. Generalization of Local Model

The local model defined in equations (2.8-2.13) has been generalized by converting or-
dinary derivatives with Caputo-Fabrizio, Caputo, and Atangana-Baleanu fractional deriva-
tive of order γ.

D
γ
tw(z, t) = A

∂2w(z, t)
∂z2 −Mw(y, t) −

1
k
w(z, t) +Grϑ(z, t) +Gmϖ(z, t), (3.1)

D
γ
t ϑ(z, t) =

1
Pr
∂2ϑ(z, t)
∂z2 +Qϑ(z, t), (3.2)

D
γ
tϖ(z, t) =

1
Sc
∂2ϖ(z, t)
∂z2 + Sr

∂2ϑ(z, t)
∂z2 − Rϖ(z, t) , (3.3)

w(z, 0) = 0, ϑ(z, 0) = 0, ϖ(z, 0) = 0, z ⩾ 0, (3.4)

w(0, t) = f(t), ϑ(0, t) = 1, ϖ(0, t) = 1, t ⩾ 0, (3.5)

w(∞, t) → 0, ϑ(∞, t) → 0, ϖ(∞, t) → 0, t > 0, (3.6)

where Dγ
tw(z, t) represents the Caputo time-fractional derivative of w(z, t)

D
γ
tw(z, t) =

{
1

Γ(1−γ)

∫t
0

1
(t−p)γ

∂w(z,p)
∂p dp, 0 ⩽ γ < 1;

∂w(z,t)
∂t , γ = 1.

(3.7)

Now Caputo-Fabrizio fractional derivative is defined as

D
γ
tw(z, t) =

1
(1 − γ)

∫t
0
e

−γ(t−p)
1−γ

∂w(z,p)
∂p

dp, 0 ⩽ γ ⩽ 1. (3.8)

Also Atangana Baleanu time-fractional derivative is given as

D
γ
tw(z, t) =

M(γ)

(1 − γ)

∫t
0
Eγ

(
− γ

(t− p)γ

1 − γ

)
∂w(z,p)
∂p

dp. (3.9)
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4. Solution of Problem

Now we solve the flow model by applying Laplace transform technique. We can
solve Eq. (3.2) for the temperature profile, Eq. (3.3) for the concentration profile, and Eq.
(3.1) for the velocity profile respectively.

4.1. Calculation of Temperature With Caputo
By taking the Laplace transform on Eq. (3.2), we obtain

Prpγϑ̄(z,q) =
∂2ϑ̄(z,q)
∂z2 + PrQϑ̄(z,q), (4.1)

Boundary conditions are

ϑ̄(0,q) =
1
q

, ϑ̄(z,q) → 0, z→ ∞. (4.2)

The solution of partial differential Eq. (4.1), by using conditions given in Eq. (4.2) is

ϑ̄(z,q) =
1
q
e−z

√
Pr(qγ−Q). (4.3)

Eq. (4.3) can be written in a suitable form as

ϑ̄(z,q) =
[
qγ −Q

q

]
e−z

√
Pr
√

(qγ−Q)

qγ −Q
. (4.4)

Taking the inverse Laplace transform of Eq. (4.4), we have

ϑ(z, t) =
∫t

0
F1(z, t− p)

[
p−γ

Γ(1 − γ)
−Q

]
dp, (4.5)

where

F1(z, t) =
∫∞

0
eQwErfc

(
z
√

Pr
2
√
w

)
t−1

(
0,−α,−wt−α

)
dw. (4.6)

4.2. Nusselt Number
In order to find the Nusselt number, we use Eq. (4.4) in the following relation

Nu = −
∂ϑ

∂z

∣∣∣∣
z=0

= −L−1
{
∂ϑ̄

∂z

∣∣∣∣
z=0

}
=

√
Pr

∫t
0

(
(t− p)−γ

Γ(1 − γ)
−Q

)
p

γ
2 −1E

1
2
γ,γ2

(Qpγ)dp.(4.7)
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4.3. Calculation of Temperature With Caputo-Fabrizio
By taking the Laplace transform on Eq. (3.2), we obtain

Prq
(1 − γ)q+ γ

ϑ̄(z,q) =
∂2ϑ̄(z,q)
∂z2 + PrQϑ̄(z,q), (4.8)

The solution of partial differential Eq. (4.8), by using conditions given in Eq. (4.2) is

ϑ̄(z,q) =
1
q
e
−z

√
(q−a3)
(q+a1)

a2
. (4.9)

The inverse Laplace transform of Eq. (4.9) is

ϑ(z, t) = ϕ1(z, t), (4.10)

where

ϕ1(z, t) = e−z
√
a2 −

z
√
a2

√
−a3 − a1

2
√
π

∫∞
0

∫t
0

1√
t
e(−a1t−

z2a2
4w −w)

×I1(2
√
(−a3 − a1)wt)dtdw. (4.11)

4.4. Nusselt Number
From Eq. (4.9), the Nu can be calculated in the same way as in Eq. (4.7) and is given

by

Nu =

√
−a2a3a1

a1
. (4.12)

4.5. Calculation of Temperature With Atangana-Baleanu
By taking the Laplace transform on Eq. (3.2), we find

Prqγ

(1 − γ)qγ + γ
ϑ̄(z,q) =

∂2ϑ̄(z,q)
∂z2 + PrQϑ̄(z,q), (4.13)

The solution of partial differential Eq. (4.13), by using initial and boundary conditions
are

ϑ̄(z,q) =
1
q
e
−z

√
(qγ−a3)
(qγ+a1)

a2
. (4.14)

Eq. (4.14) can also be written as

ϑ̄(z,q) =
1

q1−γ

1
qγ
e
−z

√
a2

√
(qγ−a3)
(qγ+a1) . (4.15)

Taking the inverse Laplace transform on Eq. (4.15), we develop the following form of
solution

ϑ(z, t) =
∫t

0
φ1(z, t− p)

p−γ

Γ(1 − γ)
dp, (4.16)

where

φ1(z, t) =

∫∞
0

[
e−z

√
a2 −

z
√
a2

√
−a3 − a1

2
√
π

∫∞
0

∫t
0

1√
t
e(−a1t−

z2a2
4w −w) ×

I1(2
√
(−a3 − a1)wt)dtdw

]
t−1ψ(0,−γ,−xt−γ)dx. (4.17)
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4.6. Nusselt Number
From Eq. (4.15), the Nu can be calculated in the same way as in Eq. (4.7) and is given

by

Nu =

√
−a2a3a1

a1
. (4.18)

4.7. Calculation of Concentration With Caputo
By taking the Laplace transform on Eq. (3.3), we obtain

Scqγϖ̄(z,q) =
∂2ϖ̄(z,q)
∂z2 + SrSc

∂2ϑ̄(z,q)
∂z2 − RScϖ̄(z,q). (4.19)

The boundary conditions satisfying Eq. (4.19) are

∂ϖ̄(0,q)
∂z

=
1
q

, ϖ̄(z,q) → 0, z→ ∞. (4.20)

The solution of partial differential Eq. (4.19), by using conditions given in Eq. (4.20) is

ϖ̄(z,q) =
1
q
e−z

√
Sc(qγ+R) −

a4(q
γ −Q)

q[qγ − a5]

(
e−z

√
Sc(qγ+R) − e−z

√
Pr(qγ−Q)

)
. (4.21)

Eq. (4.21) can also be written in the following form

ϖ̄(z,q) =

(
1 + a4 +

a6

(qγ − a5)

)
(qγ + R)

q

e−z
√

Sc
√

(qγ+R)

qγ + R
−

(
a4 +

a6

(qγ − a5)

)
×

(qγ −Q)

q

e−z
√

Pr
√

(qγ−Q)

qγ −Q
. (4.22)

Taking the inverse Laplace transform of Eq. (4.22), we obtain

ϖ(z, t) =

∫t
0
F2(z, t− p)

(
(1 + a4)

(
p−γ

Γ(1 − γ)
+ R

)
+ a6Eγ(a5p

γ)

−
Ra6(1 − Eγ(a5p

γ))

(a5)

)
dp−∫t

0
F1(z, t− p)

(
a4

(
p−γ

Γ(1 − γ)
−Q

)
+ a6Eγ(a5p

γ)

+
−Qa6

(a5)
(1 − Eγ(a5p

γ))

)
dp, (4.23)

where

F2(z, t) =
∫∞

0
e−RwErfc

(
z
√

Sc
2
√
w

)
t−1

(
0,−α,−wt−α

)
dw. (4.24)
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4.8. Sherwood Number
In order to find the rate of mass transfer, we use Eq. (4.22) in the following relation

Sh = −
∂ϖ

∂z

∣∣∣∣
z=0

= −L−1
{
∂ϖ̄

∂z

∣∣∣∣
z=0

}
=

∫t
0

(
(1 + a4)

(t− p)−γ

Γ(1 − γ)
+ R+ a6E

1
γ,0(a5(t− p)

γ) +

a6REγ,γ(a5(t− p)
γ)

)
p

γ
2 −1E

1
2
γ,γ2

(−Rpγ)dp−

∫t
0

(
a4

(t− p)−γ

Γ(1 − γ)
−Q+

a6E
1
γ,0(a5(t− p)

γ) − a6QEγ,γ(a5(t− p)
γ)

)
p

γ
2 −1E

1
2
γ,γ2

(Qpγ)dp. (4.25)

4.9. Calculation of Concentration With Caputo-Fabrizio
By taking the Laplace transform on Eq. (3.3), we obtain

Scq
(1 − γ)q+ γ

ϖ̄(z,q) =
∂2ϖ̄(z,q)
∂z2 + SrSc

∂2ϑ̄(z,q)
∂z2 + ScRϖ̄(z,q). (4.26)

The solution of Eq. (4.26), by using conditions of Eq. (4.20) is

ϖ̄(z,q) =
1
q
e
−z

√
(q+a8)
(q+a1)

a7
+

SrSc(q− a3)a2

q

[
(q− a3)a2 − (q− a8)a7

]
(
e
−z

√
(q+a8)
(q+a1)

a7
− e

−z

√
(q−a3)
(q+a1)

a2
)

. (4.27)

Eq. (4.27) can also be written as

ϖ̄(z,q) =
[
(1 + a11)

q
+

a12

q− a10

]
e
−z

√
(q+a8)
(q+a1)

a7
−

[
a11

q
+

a12

q− a10

]
e
−z

√
(q−a3)
(q+a1)

a2
.(4.28)

Taking the inverse Laplace transform of Eq. (4.28), we find the following expression

ϖ(z, t) = (1 + a11)ϕ2(z, t) + a12ϕ3(z, t) − (a11)ϕ1(z, t) + a12ϕ4(z, t), (4.29)

where

ϕ2(z, t) = e−z
√
a7 −

z
√
a7

√
a8 − a1

2
√
π

∫∞
0

∫t
0

1√
t
e(−a1t−

z2a7
4w −w)

I1(2
√
(a8 − a1)wt)dtdw, (4.30)

ϕ3(z, t) = ea10te−z
√
a7 −

z
√
a7

√
a8 − a1

2
√
π

∫∞
0

∫t
0

ea10t

√
t
e(−a10t−a1t−

z2a7
4w −w) ×

I1(2
√
(a8 − a1)wt)dtdw, (4.31)

ϕ4(z, t) = ea10te−z
√
a2 −

z
√
a2

√
−a3 − a1

2
√
π

∫∞
0

∫t
0

ea10t

√
t
e(−a10t−a1t−

z2a2
4w −w) ×

I1(2
√
(−a3 − a1)wt)dtdw. (4.32)
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4.10. Sherwood Number
From Eq. (4.28), Sh can be calculated in the same way as in Eq. (4.25) and is given

by

Sh = (1 + a11)e1 + a12e2e
a10t − a11e3 − a12e4e

a10t. (4.33)

4.11. Calculation of Concentration With Atangaba-Baleanu
By taking the Laplace transform on Eq. (3.3), we obtain

Scqγ

(1 − γ)qγ + γ
ϖ̄(z,q) =

∂2ϖ̄(z,q)
∂z2 + SrSc

∂2ϑ̄(z,q)
∂z2 + ScRϖ̄(z,q). (4.34)

The solution of Eq. (4.34), by using conditions given in Eq. (4.20), we have

ϖ̄(z,q) =
1
q
e
−z

√
(qγ+a8)
(qγ+a1)

a7
+

SrSc(qγ − a3)a2

q

[
(qγ − a3)a2 − (qγ − a8)a7

]
(
e
−z

√
(qγ+a8)
(qγ+a1)

a7
− e

−z

√
(qγ−a3)
(qγ+a1)

a2
)

. (4.35)

Eq. (4.35) can also be written as

ϖ̄(z,q) =
[
(1 + a9)q

γ

q
+

a13q
γ

q(qγ − a10)

]
e
−z

√
(qγ+a8)
(qγ+a1)

a7

qγ

−

[
a9q

γ

q
+

a13q
γ

q(qγ − a10)

]
e
−z

√
(qγ−a3)
(qγ+a1)

a2

qγ
. (4.36)

Taking the inverse Laplace transform of Eq. (4.36), we obtain

ϖ(z, t) =

∫t
0
φ2(z, t− p)

(
(1 + a9)p

−γ

Γ(1 − γ)
+ a13Eγ(a10p

γ)

)
dp−∫t

0
φ1(z, t− p)

(
a9p

−γ

Γ(1 − γ)
+ a13Eγ(a10p

γ)

)
dp, (4.37)

where

φ2(z, t) =

∫∞
0

[
e−z

√
a7 −

z
√
a7

√
a8 − a1

2
√
π

∫∞
0

∫t
0

1√
t
e(−a1t−

z2a7
4w −w) ×

I1(2
√
(a8 − a1)wt)dtdw

]
t−1ψ(0,−γ,−zt−γ)dz. (4.38)

4.12. Sherwood Number
From Eq. (4.36), Sh can be calculated in the same way as in Eq. (4.25) and is given

by

Sh = (1 + a9)e1 + a13e2
(1 − Eγ(a10t

γ))

a10
− a9e3 − a13e4

(1 − Eγ(a10t
γ))

a10
. (4.39)
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4.13. Calculation of Velocity With Caputo
By taking Laplace transform on Eq. (3.1), we find

qγw̄(z,q) =
∂2w̄(z,q)
∂z2 −Mw̄(z,q) −

1
k
w̄(z,q) +Grϑ̄(z,q) +Gmϖ̄(z,q), (4.40)

Boundary conditions satisfying Eq. (4.40) is

w̄(0,q) =
1

q− a
, w̄(z,q) → 0, z→ ∞. (4.41)

The solution Eq. (4.40), by using condition of Eq. (4.41), is

w̄(z,q) =
1

q− a
e
−z

√
qγ+H

A +

(
Gr
q

−
a4Gm(qγ −Q)

q(qγ − a5)

)
1

b1(qγ − b2)

(
e
−z

√
qγ+H

A −

e−z
√

Pr(qγ−Q)

)
+

(
Gm
q

+
a4Gr(qγ −Q)

q(qγ − a5)

)
1

b3(qγ + b4)(
e
−z

√
qγ+H

A − e−z
√

Pr(qγ+R)

)
. (4.42)

Eq. (4.42) can be written in suitable form as

w̄(z,q) =
(qγ +H)

q− a

e
−z√
A

√
qγ+H

qγ +H
+

[
b17

q
+

b18

q(qγ − b2)
−
b19

q
−

b20

q(qγ − a5)

−
b21

q(qγ − b2)
+
b22

q
+

b23

q(qγ + b4)
+
b24

q
+

b25

q(qγ − a5)
+

b26

q(qγ + b4)

]
e

−z√
A

√
qγ+H

qγ +H

−

[
b17

q
+

b27

q(qγ − b2)
−
b19

q
−

b28

q(qγ − a5)
−

b29

q(qγ − b2)

]
e−z

√
Pr(qγ−Q)

(qγ −Q)

−

[
b22

q
+

b30

q(qγ + b4)
+
b24

q
+

b31

q(qγ − a5)
+

b32

q(qγ + b4)

]
e−z

√
Sc(qγ+R)

(qγ + R)
. (4.43)

Taking inverse Laplace transform of Eq. (4.43), we have

w(z, t) =

∫t
0

[
F3(z, t− p)

[
g1(p) +He

at + b17 − b19 + b22 + b24 + (b18 − b21)g2(p) +

(b25 − b20)g3(p) + (b23 + b26)g4(p)

]
− F1(z, t− p)

[
(b17 − b19)

+(b27 − b29)g2(p) − b28g3(p)

]
− F2(z, t− p)

[
(b22 + b24)

+b31g3(p) + (b30 + b32)g4(p)

]]
dp, (4.44)

where

F3(z, t) =
∫∞

0
e−HwErfc

(
z

2
√
Aw

)
t−1

(
0,−α,−wt−α

)
dw, (4.45)

g1(p) = −pγE1,1−γ (ap), (4.46)
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g2(p) =
−1
b2

(1 − Eγ(b2p
γ)), (4.47)

g3(p) =
−1
a5

(1 − Eγ(a5p
γ)), (4.48)

g4(p) =
1
b4

(1 − Eγ(−b4p
γ)). (4.49)

4.14. Skin Friction
In order to find the skin friction, we use Eq. (4.43) in the following relation

τ = −
∂w

∂z

∣∣∣∣
z=0

= −L−1
{
∂w̄

∂z

∣∣∣∣
z=0

}
=

∫t
0

[
g1(p) +He

at + b17 − b19 + b22 + b24 +

(b18 − b21)g2(p) + (b25 − b20)g3(p) + (b23 + b26)g4(p)]
1√
A
(t− p)

γ
2 −1E

1
2
γ,γ2

(−H(t− p)γ) −[
(b17 − b19) + (b27 − b29)g2(p) − b28g3(p)

]√
Pr(t− p)

γ
2 −1E

1
2
γ,γ2

(Q(t− p)γ) −[
(b22 + b24) + b31g3(p) + (b30 + b32)g4(p)

]√
Sc(t− p)

γ
2 −1

E
1
2
γ,γ2

(−R(t− p)γ)

]
dp. (4.50)

4.15. Calculation of Velocity With Caputo-Fabrizio
By taking the Laplace transform on Eq. (3.1), we obtain

q

(1 − γ)q+ γ
w̄(z,q) =

∂2w̄(z,q)
∂z2 −Mw̄(z,q) −

1
k
w̄(z,q)

+Grϑ̄(z,q) +Gmϖ̄(z,q), (4.51)

with boundary conditions

w̄(0,q) =
1

q− a
, w̄(z,q) → 0, z→ ∞. (4.52)

The solution of partial differential Eq. (4.51), by using conditions given in Eq. (4.52), we
have

w̄(z,q) =
1

q− a
e
−z

√
(q+c2)c1
(q+a1)A +

[
Gr
q

−
Gma9(q− a3)

q(q− a10)

][
q+ a1

Aa2(q− a3) − c1(q+ c2)

]
×[

e
−z

√
(q+c2)c1
(q+a1)A − e

−z
√

q−a3
(q+a1)

a2

]
+

[
Gm
q

+
Gma9(q− a3)

q(q− a10)

]
[

q+ a1

Aa7(q− a3) − c1(q+ c2)

][
e
−z

√
(q+c2)c1
(q+a1)A − e

−z
√

q+a8
(q+a1)

a7

]
. (4.53)
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The suitable form of Eq. (4.53) is

w̄(z,q) =
1

q− a
e
−z

√
(q+c2)c1
(q+a1)A +

[
c7

q
+

c8

q− c4
−
c9

q
−

c10

q− a10
−

c11

q− c4

][
e
−z

√
(q+c2)c1
(q+a1)A −

e
−z

√
q−a3
(q+a1)

a2

]
+

[
c12

q
+

c13

q+ c6
+
c14

q
+

c15

q− a10
+

c16

q+ c6

]
×[

e
−z

√
(q+c2)c1
(q+a1)A − e

−z
√

q+a8
(q+a1)

a7

]
. (4.54)

Taking the inverse Laplace transform of Eq. (4.54), we have

w(z, t) = ϕ5(z, t) + (c7 − c9 + c12 + c14)ϕ6(z, t) + (c8 − c11)ϕ7(z, t)
+(c15 − c10)ϕ8(z, t) + (c13 + c16)ϕ9(z, t)

−

[
(c7 − c9)ϕ1(z, t) − c10ϕ4(z, t) + (c8 − c11)ϕ10(z, t)

]
−

[
(c12 + c14)ϕ2(z, t) + c15ϕ3(z, t) + (c13 + c16)ϕ11(z, t)

]
, (4.55)

where

ϕ5(z, t) = eate−z
√

c1
A −

z
√
c1
√
c2 − a1

2
√
A
√
π

∫∞
0

∫t
0

eat√
t
e(−at−a1t−

z2c1
4Aw−w)

I1(2
√
(c2 − a1)wt)dtdw, (4.56)

ϕ6(z, t) = e−z
√

c1
A −

z
√
c1
√
c2 − a1

2
√
A
√
π

∫∞
0

∫t
0

1√
t
e(−a1t−

z2c1
4Aw−w)

I1(2
√
(c2 − a1)wt)dtdw, (4.57)

ϕ7(z, t) = ec4te−z
√

c1
A −

z
√
c1
√
c2 − a1

2
√
A
√
π

∫∞
0

∫t
0

ec4t

√
t
e(−c4t−a1t−

z2c1
4Aw−w)

I1(2
√
(c2 − a1)wt)dtdw, (4.58)

ϕ8(z, t) = eb10te−z
√

c1
A −

z
√
c1
√
c2 − a1

2
√
A
√
π

∫∞
0

∫t
0

eb10t

√
t
e(−b10t−a1t−

z2c1
4Aw−w)

I1(2
√
(c2 − a1)wt)dtdw, (4.59)

ϕ9(z, t) = e−c6te−z
√

c1
A −

z
√
c1
√
c2 − a1

2
√
A
√
π

∫∞
0

∫t
0

e−c6t

√
t
e(c6t−a1t−

z2c1
4Aw−w)

I1(2
√
(c2 − a1)wt)dtdw, (4.60)

ϕ10(z, t) = ec4te−z
√
a2 −

z
√
a2

√
−a3 − a1

2
√
π

∫∞
0

∫t
0

ec4t

√
t
e(−c4t−a1t−

z2a2
4w −w)

I1(2
√

(−a3 − a1)wt)dtdw, (4.61)

ϕ11(z, t) = e−c6te−z
√
a7 −

z
√
a7

√
a8 − a1

2
√
π

∫∞
0

∫t
0

e−c6t

√
t
e(c6t−a1t−

z2a7
4w −w)

I1(2
√
(a8 − a1)wt)dtdw. (4.62)
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4.16. Skin Friction
From Eq. (4.54), the τ can be calculated in the same way as in Eq. (4.50) and is given

by

τ = e5e
at + (c7 − c9 + c12 + c14)e6 + (c8 − c11)e7e

c4t + (c15 − c10)e8e
a10t +

(c16 − c11)e9e
−c6t − (c7 − c9)e3 − (c8 − c11)e10e

c4t + c10e4e
a10t −

(c12 + c14)e1 − c15e2e
a10t − (c13 + c16)e11e

−c6t. (4.63)

4.17. Calculation of Velocity With Atangana-Baleanu
By taking the Laplace transform on Eq.(3.1), we obtain

qγ

(1 − γ)qγ + γ
w̄(z,q) =

∂2w̄(z,q)
∂z2 −Mw̄(z,q) −

1
k
w̄(z,q)

+Grϑ̄(z,q) +Gmϖ̄(z,q), (4.64)

with boundary conditions

w̄(0,q) =
1

q− a
, w̄(z,q) → 0, z→ ∞. (4.65)

The solution of partial differential Eq. (4.64), by using conditions given in Eq. (4.65), we
have

w̄(z,q) =
1

q− a
e
−z

√
(qγ+c2)c1
(qγ+a1)A +

[
Gr
q

−
Gma9(q

γ − a3)

q(qγ − a10)

][
qγ + a1

Aa2(qγ − a3) − c1(qγ + c2)

]
×[

e
−z

√
(qγ+c2)c1
(qγ+a1)A − e

−z

√
qγ−a3
(qγ+a1)

a2
]
+

[
Gm
q

+
Gma9(q

γ − a3)

q(qγ − a10)

]
×[

qγ + a1

Aa7(qγ − a3) − c1(qγ + c2)

][
e
−z

√
(qγ+c2)c1
(qγ+a1)A − e

−z

√
qγ+a8
(qγ+a1)

a7
]

. (4.66)

Rearrangement of Eq. (4.66) is

w̄(z,q) =
1

q− a
e
−z

√
(qγ+c2)c1
(qγ+a1)A +

[
d1

q

(
1 +

a1 + c4

qγ − c4

)
+
d2a9

q

(
1 +

d6(q
γ − d7)

(qγ − a10)(qγ − c4)

)]
×[

e
−z

√
(qγ+c2)c1
(qγ+a1)A − e

−z

√
qγ−a3
(qγ+a1)

a2
]
+

[
d3

q

(
1 +

a1 − c6

qγ
+ c6

)
+

d3a9

q

(
1 +

d8(q
γ + d9)

(qγ − a10)(qγ + c6)

)][
e
−z

√
(qγ+c2)c1
(qγ+a1)A − e

−z

√
qγ+a8
(qγ+a1)

a7
]

. (4.67)

The suitable form of Eq. (4.67) is

w̄(z,q) =
qγ

q− a

e
−z

√
(qγ+c2)c1
(qγ+a1)A

qγ
+

[
d10q

γ

q1+γ
+

d11

q(qγ − c4)
−

d12

q(qγ − a10)

][
e
−z

√
(qγ+c2)c1
(qγ+a1)A −

e
−z

√
qγ−a3
(qγ+a1)

a2
]
+

[
d13q

γ

q1+γ
+

d14

q(qγ + c6)
+

d15

q(qγ − a10)

]
×[

e
−z

√
(qγ+c2)c1
(qγ+a1)A − e

−z

√
qγ+a8
(qγ+a1)

a7
]

. (4.68)



M Ramzan et al. / Thermo-diffusion effect on magnetohydrodynamics ... 21

Taking the inverse Laplace transform of Eq. (4.68), we have

w(z, t) =

∫t
0

[
g1(p)φ3(z, t− p) + (d10 + d13)φ3(z, t− p)

p−γ

Γ(1 − γ)
+φ4(z, t− p)d11 +

φ5(z, t− p)(d15 − d12) +φ6(z, t− p)d14 − d10φ1(z, t− p)
p−γ

Γ(1 − γ)
−

φ7(z, t− p)d11 +φ8(z, t− p)d12 − d13φ2(z, t− p)
p−γ

Γ(1 − γ)

−φ9(z, t− p)d14 −φ10(z, t− p)d15

]
dp, (4.69)

where

φ3(z, t) =

∫∞
0

[
e−z

√
c1
A −

z
√
c1
√
c2 − a1

2
√
A
√
π

∫∞
0

∫t
0

1√
t
e(−a1t−

z2c1
4Aw−w) ×

I1(2
√
(c2 − a1)wt)dtdw

]
× t−1ψ(0,−γ,−xt−γ)dx. (4.70)

φ4(z, t) =

∫∞
0

[
ec4te−z

√
c1
A −

z
√
c1
√
c2 − a1

2
√
A
√
π

∫∞
0

∫t
0

ec4t

√
t
e(−c4t−a1t−

z2c1
4Aw−w) ×

I1(2
√
(c2 − a1)wt)dtdw

]
t−1ψ(0,−γ,−xt−γ)dx, (4.71)

φ5(z, t) =

∫∞
0

[
ea10te−z

√
c1
A −

z
√
c1
√
c2 − a1

2
√
A
√
π

∫∞
0

∫t
0

ea10t

√
t
e(−a10t−a1t−

z2c1
4Aw−w) ×

I1(2
√
(c2 − a1)wt)dtdw

]
t−1ψ(0,−γ,−xt−γ)dx, (4.72)

φ6(z, t) =

∫∞
0

[
e−c6te−z

√
c1
A −

z
√
c1
√
c2 − a1

2
√
A
√
π

∫∞
0

∫t
0

e−c6t

√
t
e(c6t−a1t−

z2c1
4Aw−w) ×

I1(2
√

(c2 − a1)wt)dtdw

]
t−1ψ(0,−γ,−xt−γ)dx, (4.73)

φ7(z, t) =

∫∞
0

[
ec4te−z

√
a2 −

z
√
a2

√
−a3 − a1

2
√
π

∫∞
0

∫t
0

ec4t

√
t
e(−c4t−a1t−

z2a2
4w −w) ×

I1(2
√
(−a3 − a1)wt)dtdw

]
t−1ψ(0,−γ,−xt−γ)dx, (4.74)

φ8(z, t) =

∫∞
0

[
ea10te−z

√
a2 −

z
√
a2

√
−a3 − a1

2
√
π

∫∞
0

∫t
0

ea10t

√
t
e(−a10t−a1t−

z2a2
4w −w) ×

I1(2
√
(−a3 − a1)wt)dtdw

]
t−1ψ(0,−γ,−xt−γ)dx, (4.75)
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φ9(z, t) =

∫∞
0

[
e−c6te−z

√
a7 −

z
√
a7

√
a8 − a1

2
√
π

∫∞
0

∫t
0

e−c6t

√
t
e(c6t−a1t−

z2a7
4w −w) ×

I1(2
√
(a8 − a1)wt)dtdw

]
t−1ψ(0,−γ,−xt−γ)dx, (4.76)

φ10(z, t) =

∫∞
0

[
ea10te−z

√
a7 −

z
√
a7

√
a8 − a1

2
√
π

∫∞
0

∫t
0

ea10t

√
t
e(−a10t−a1t−

z2a7
4w −w) ×

I1(2
√
(a8 − a1)wt)dtdw

]
t−1ψ(0,−γ,−xt−γ)dx. (4.77)

4.18. Skin Friction
From Eq. (4.68), the τ can be calculated in the same way as in Eq. (4.50) and is given

by

τ = e5e
at + (d10 + d13)e6 + d11e7

(1 − Eγ(c4t
γ))

−c4
+ (d15 − d12)e8

(1 − Eγ(a10t
γ))

−a10
+

d14e9
(1 − Eγ(−c6t

γ))

c6
− d10e3 − d11e10

(1 − Eγ(c4t
γ))

−c4
+ d12e2

(1 − Eγ(a10t
γ))

−a10
−

d13e1 − d14e2
(1 − Eγ(a10t

γ))

−a10
+ d16e11

(1 − Eγ(−c6t
γ))

c6
. (4.78)

5. Results and Discussion

The exact solutions for the comparison among fluid models are obtained through
Caputo-Fabrizio, Caputo, and Atangana-Baleanu fractional derivatives. MHD Casson fluid
flow through a vertical plate with mass diffusion has been discussed in this work. The
effect of various flow parameters is plotted graphically.

Fig. 1 represents the effect of Gr on the velocity of the fluid, it is examined that an
increasing value of Gr accelerates the fluid velocity. Gr is the ratio of buoyancy forces due
to temperature gradient to viscous hydrodynamics forces, therefore growth in buoyancy
forces rise the convectional effects. Similarly, growth in buoyancy forces due to concen-
tration gradient Gm also rise the convectional effects as shown in Fig. 2.

Fig. 3 shows the impact of M on velocity fields. From this graph, it is clear that an
increasing value of magnetic parameter M slows down the velocity profile due to Lorentz’s
force. The effect of the permeability of porosity K on the velocity profile is shown in Fig. 4.
It is noted that for increasing the velocity profile, we need to increase the value of K due
to increased drag force. The effect of Pr on the velocity profile is highlighted in Fig. 5. It
is analyzed that increasing the value of Pr decreases the velocity profile. It is due to larger
momentum and thermal diffusion, which slows down the fluid motion. Fig. 6 shows the
effect of Sr on velocity profiles. Hence, it is depicted that increasing value of Sr enhanced
the fluid motion due to growth in the molecular diffusivity. Fig. 7 shows the effect of
the Casson parameter on fluid motion. From this Fig. it is found that velocity increases
with increasing value of Casson parameter β. Fig. 8 part (a) represents that ordinary
fluid moves faster as compared to ordinary and fractionalized Casson fluid. Part (b) of
Fig. 8 and part (a) of Fig. 9 gives the comparison of the present work with Olisa [32] by
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taking f(q) = 0. If we take f(q) = R = Sc = Gm = 0, Sr = 1,K = β = ∞, and γ→ 1, then
observed identical results with Olisa [32] which shows the validation of present work. Part
(b) of Fig. 9 and Fig. 10 gives a comparison of the present work with Nehad et al. [33].
If we put M = R = Q = Sc = Gm = 0, Sr = 1, and K= Casson parameter β = ∞, then
the fluid velocity with Caputo-Fabrizio and Caputo fractional derivatives are identical of
present work and Nehad et al [33] but the fluid velocity with Atangana-Baleanu fractional
derivative is slower as compared to Caputo-Fabrizio and Caputo fractional derivatives as
shown in part (a) of Fig. 10. If we take fractional parameter γ → 1 then velocity profiles
become the same as shown in part (b) of Fig. 10.

6. Conclusion

In this paper, the model of Casson’s fluid is generalized to the fractional model of
order γ. Comparative analysis of the fractional model has been made among CF, C, and
AB approaches. The most significant remarks of the study can be summarized as follow:

• Fluid velocity increases with increasing values of Sorret effect Sr.
• Fluid velocity becomes faster with increasing values of Gr, Gm, and K.
• Fluid velocity slows down with increasing values of M,Pr.
• Fluid velocity increases with increasing value of fractional parameter γ.
• Atangana-Baleanu fractional derivative is the best approach to obtain control fluid

velocity.
• The Advantage of fractional derivative over usual the derivative is that the usual

derivative can not be used for fractional number.
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Figure 1: w(z, t) for different valves of Gr where the values of other parameters are K = 2.4, Gm = 6,β =
0.35,Q = 0.4,M = 0.6, Sc = 2.5,γ = 0.5, Sr = 0.2, Pr = 2, t = 0.5,R = 0.4.



M Ramzan et al. / Thermo-diffusion effect on magnetohydrodynamics ... 25

Figure 2: w(z, t) for different valves of Gm where the values of other parameters are Gr = 12,β = 0.35,Q =
0.4, t = 0.5,M = 0.6,K = 2.4, Sc = 2.5,γ = 0.5, Sr = 0.2, Pr = 2,R = 0.4.
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Figure 3: w(z, t) for different valves of M where the values of other parameters are Gr = 12,β = 0.35, Gm =
6,Q = 0.4, t = 0.5,K = 2.4, Sc = 2.5,γ = 0.5, Sr = 0.2, Pr = 2,R = 0.4.
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Figure 4: w(z, t) for different valves of K where the values of other parameters are Gr = 12,β = 0.35, Gm =
6,Q = 0.4, t = 0.5, Sc = 2.5,γ = 0.5, Sr = 0.2, Pr = 2,R = 0.4.
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Figure 5: w(z, t) for different valves of Pr where the values of other parameters are Gr = 12,β = 0.35, Gm =
6,Q = 0.4, t = 0.5,K = 2.4, Sc = 2.5,γ = 0.5, Sr = 0.2,R = 0.4.
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Figure 6: Velocity profile against z due to Sr where the values of other parameters are Gr = 12, Gm = 6,β =
0.35,Q = 0.4, t = 0.5,K = 2.4, Sc = 2.5,γ = 0.5, Pr = 2,R = 0.4.
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Figure 7: w(z, t) for β where the values of other parameters are Gr = 12, Gm = 6,Q = 0.4, t = 0.5,K =
2.4, Sc = 2.5,γ = 0.5, Sr = 0.2, Pr = 2,R = 0.4.
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Figure 8: Profile of velocity comparison against z

Figure 9: Profile of velocity comparison against z
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Figure 10: Profile of velocity comparison against z

[9] Rahman MM, and Sattar MA (2006). Magnetohydrodynamic convective flow of a micropolar fluid past
a continuously moving vertical porous plate in the presence of heat generation/absorption, Journal of
Heat Transfer, 128: 142-152. https://doi.org/10.1115/1.2136918

[10] Rajesh V, and Varma SVK (2010). Radiation effects on MHD flow through a porous medium with vari-
able temperature or variable mass diffusion, International Journal of Applied Math and Mechanics, 6:
39-57.

[11] Jeelani MB, Alnahdi AS, Abdo MS, Abdulwasaa MA, Shah K, and Wahash HA (2021). Mathematical
modelling and forecasting of COVID-19 in Saudi Arabia under fractal-fractional derivative in Caputo
sense with power law, axioms, 10: 1-23. https://doi.org/10.3390/axioms10030228

[12] Rees DAS, and Pop I (1995). Free convection induced by a vertical wavy surface with uniform heat flux
in a porous medium, Journal of Heat Transfer, 117: 547-550. https://doi.org/10.1115/1.2822565

[13] Acharya M, Dash GC, and Singh IP (2000). Magnetic field effects on the free convection and mass
transfer flow through porous medium with constant suction and constant heat flux, Indian Journal of
Pure and Applied Mathematics, 31: 1-18.

[14] Cheng CY (2000). Natural convection heat and mass transfer near a vertical wavy surface with constant
wall temperature and concentration in a porous medium, International Communications in Heat and
Mass Transfer, 27: 1143-1154. https://doi.org/10.1016/S0735-1933(00)00201-3

[15] Toki CJ (2008). Free convection and mass transfer flow near a moving vertical porous plate: an analyt-
ical solution, Journal of Applied Mechanics, 75: 110-118.

[16] Rajesh V, and Varma SVK (2010). Heat source effects on MHD flow past an exponentially accelerated
vertical plate with variable temperature through a porous medium, International Journal of Applied
and Mathematics and Mechanics, 6: 68-78.

[17] Chaudhary RC, and Jain A (2010). An exact solution of magnetohydrodynamic convection flow past an
accelerated surface embedded in a porous medium, International Journal of Heat and Mass Transfer,
53: 1609-1611. https://doi.org/10.1016/j.ijheatmasstransfer.2009.12.002

[18] Ramzan M, Nazar M, Nisa ZU, Ahmad M, and Shah NA (2021). Unsteady free convective magnetohydro-
dynamics flow of a Casson fluid through a channel with double diffusion and ramp temperature and con-
centration, Mathematical Methods in the Applied Sciences, 1-20. https://doi.org/10.1002/mma.7293

[19] Pal D, and Talukdar B (2010). Buoyancy and chemical reaction effects on MHD mixed convection heat
and mass transfer in a porous medium with thermal radiation and ohmic heating, Communications in
Nonlinear Science and Numerical Simulations, 15: 2878-2893. https://doi.org/10.1016/j.cnsns.

https://doi.org/10.1115/1.2136918
https://doi.org/10.3390/axioms10030228
https://doi.org/10.1115/1.2822565
https://doi.org/10.1016/S0735-1933(00)00201-3
https://doi.org/10.1016/j.ijheatmasstransfer.2009.12.002
https://doi.org/10.1002/mma.7293
https://doi.org/10.1016/j.cnsns.2009.10.029
https://doi.org/10.1016/j.cnsns.2009.10.029


M Ramzan et al. / Thermo-diffusion effect on magnetohydrodynamics ... 33

2009.10.029
[20] Seth GS, Ansari MS, and Nandkeolyar R (2011). MHD natural convection flow with radiative heat

transfer past an impulsively moving plate with ramped wall temperature, Heat and Mass Transfer,
47:551-561. 10.1007/s00231-010-0740-1

[21] Khan I, Ali F, Shafie S, and Mustapha N (2011). Effects of hall current and mass transfer on the unsteady
magnetohydrodynamic flow in a porous channel, Journal of the Physical Society of Japan, 80: 164-176.
http://dx.doi.org/10.1143/JPSJ.80.064401

[22] Seddeek MA, Darwish AA, and Abdelmeguid MS (2007). Effects of chemical reaction and variable
viscosity on hydromagnetic mixed convection heat and mass transfer for hiemenz flow through porous
media with radiation, Communications in Nonlinear Science and Numerical Simulation, 12: 195-213.
https://doi.org/10.1016/j.cnsns.2006.02.008

[23] Shah NA, Zafar AA, and Akhtar S (2018). General solution for MHD free convection flow over a vertical
plate with ramped wall temperature and chemical reaction, Arabian Journal of Mathematics, 7: 49-60.
https://doi.org/10.1007/s40065-017-0187-z

[24] Alharbi S, and Bazid MS (2010). Elgendy Heat and mass transfer in MHD visco-elastic fluid flow through
a porous medium over a streching sheet with chemical reaction, Applied Mathematics, 1: 446-458.
10.4236/am.2010.16059

[25] Shateyi S, and Motsa S (2011). Unsteady magnetohydrodynamic convective heat and mass transfer past
an infinite vertical plate in a porous medium with thermal radiation, heat generation/absorption and
chemical reaction, Advanced Topics in Mass Transfer, 145-162.

[26] Kasim ARM, Mohammad NF, and Shafie S (2013). Unsteady MHD mixed convection flow with heat and
mass transfer over a vertical plate in a micropolar fluid-saturated porous medium, Journal of Applied
Science and Engineering, 16: 141- 150. 10.6180/jase.2013.16.2.05

[27] Ali F, Khan I, Shafie S, and Musthapa N (2013). Heat and mass transfer with free convection MHD flow
past a vertical plate embedded in a porous medium. Mathematical Problems in Engineering, 3: 1-14.
https://doi.org/10.1155/2013/346281

[28] Dash K, Mehta K, and Jayaraman G (1996). Casson fluid flow in a pipe filled with a homogeneous
porous medium, International Journal of Engineering Science, 34: 1145-1156. https://doi.org/10.
1016/0020-7225(96)00012-2

[29] Ramzan M, Nisa ZU, Ahmad M, and Nazar M (2021). Flow of Brinkman fluid with heat generation and
chemical reaction, Complexity, 1-11. https://doi.org/10.1155/2021/5757991.

[30] Sharp MK (1993). Shear-argumented dispersion in non-Newtonian fluids, Ann Biomed Engineering, 21,
407-415.

[31] Nadeem S, and Haq RU (2012). Lee C, MHD flow of Casson fluid over an exponentially shirking sheet,
Scientia Iranica B, 19: 1550-1563.

[32] Olisa J (2017). Transient laminar MHD free convective heat transfer past a vertical plate with heat
generation, International journal of engineering and Science, 6: 08-13.

[33] Shah, N.A., Imran, M.A., Miraj, F. (2017). Exact solution of time fractional free convection flow of
viscous fluid over an isothermal vertical plate with Caputo and Caputo-Fabrizio derivatives, Journal of
Prime Research in Mathematics, 13: 56-74.

https://doi.org/10.1016/j.cnsns.2009.10.029
https://doi.org/10.1016/j.cnsns.2009.10.029
http://dx.doi.org/10.1143/JPSJ.80.064401
https://doi.org/10.1016/j.cnsns.2006.02.008
https://doi.org/10.1007/s40065-017-0187-z
10.4236/am.2010.16059
10.6180/jase.2013.16.2.05
https://doi.org/10.1155/2013/346281
https://doi.org/10.1016/0020-7225(96)00012-2
https://doi.org/10.1016/0020-7225(96)00012-2
https://doi.org/10.1155/2021/5757991


M Ramzan et al. / Thermo-diffusion effect on magnetohydrodynamics ... 34

7. Appendix

a1 =
γ

(1 − γ)
, a2 =

Pr− PrQ(1 − γ)

(1 − γ)
, a3 =

γQPr
Pr− PrQ(1 − γ)

, a4 =
SrPrSc
Pr− Sc

,

a5 =
PrQ+ ScR

Pr− Sc
,a6 = a4[a5 −Q], a7 =

Sc+ ScR(1 − γ)

(1 − γ)
, a8 =

γRSc
Sc+ ScR(1 − γ)

,

a9 =
Sra2Sc
a2 − a7

, a10 =
a2a3 + a7a8

a2 − a7
,a11 =

a3a9

a10
, a12 =

a9[a10 − a3]

a10
,

a13 = a9[a10 − a3], b1 = APr− 1, b2 =
APrQ+H

APr− 1
, b3 = ASc− 1

b4 =
AScR−H
ASc− 1

, b5 = b2 +H, b6 = H− b4, b7 = H−Q+ b2 + a5, b8 = HQ+ a5b2,

b9 = H−Q− b4 + a5, b10 = a5b4 −HQ, b11 = b2 −Q, b12 = a5 + b2 − 2Q,
b13 = Q2 − a5b2, b14 = R− b4, b15 = R−Q+ a5 − b4, b16 = a5b4 − RQ,

b17 =
Gr
b1

, b18 =
Grb5

b1
, b19 =

Gma4

b1
, b20 =

b19[a5b7 − b8]

a5 − b2
,b21 =

b19[b2b7 − b8]

b2 − a5
,

b22 =
Gm
b3

, b23 =
Gmb6

b3
, b24 =

Gma4

b3
, b25 =

b24[a5b9 + b10]

a5 + b4
,

b26 =
b24[b4b9 − b10]

a5 + b4
, b27 =

Grb11

b1
, b28 =

b19[a5b12 + b13]

a5 − b2
, b29 =

b19[b2b12 + b13]

b2 − b5
,

b30 =
b14Gm

b3
, b31 =

b24[a5b15 + b16]

a5 + b4
, b32 =

b24[b4b15 − b16]

a5 + b4
, c1 =

1 +H(1 − γ)

(1 − γ)
,

c2 =
Hγ

1 +H(1 − γ)
, c3 = Aa2 − c1, c4 =

Aa2a3 + c1c2

c3
, c5 = Aa7 − c1,

c6 =
Aa7a8 − c1c2

c5
, c7 =

a1Gr
−c3c4

, c8 =
Gr(a1 + c4)

c3c4
, c9 =

−a1a3Gm
a10c3c4

,

c10 =
Gm(a10 − a3)(a10 + a1)

a10(a10 − c4)c3
, c11 =

Gm(c4 − a3)(a1 + c4)

c4(c4 − a10)c3
, c12 =

a1Gm

c5c6
,

c13 =
Gm(c6 − a1)

c5c6
, c14 =

a1a3Gm
a10c5c6

, c15 =
Gm(a10 − a3)(a10 + a1)

a10(a10 + c6)c5
,

c16 =
Gm(c6 + a3)(c6 − a1)

c5(c6 + a10)c6
, d1 =

Gr
c3

, d2 =
Gm
c3

,

d3 =
Gm
c5

, d4 = d1(a1 + c4), d5 = d3(a1 − c6), d6 = a1 − a3 + a10 + c4,

d7 =
a1a3 + a10c4

d6
,d8 = a1 − a3 + a10 − c6, d9 =

a10c6 − a1a3

d8
,

d10 = d1 − d2a9, d11 = d4 −
(d2d6a9)(c4 − d7)

c4 − a10
,d12 =

d2d6a9(a10 − d7)

a10 − c4
,
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d13 = d3 + a9d3, d14 =
d3d8a9(a10 + d9)

a10 + c6
, d15 = d5 +

d3d8a9(c6 − d9)

a10 + c6
,

e1 =

√
a7a8

a1
, e2 =

√
a7(a10 + a8)√
a10 + a1

, e3 =

√
−a2a3

a1
,

e4 =

√
a2(a10 − a3)√
a10 + a1

, e5 =

√
c1(a+ c2)

a+ a1

,

e6 =

√
c1c2

a1
, e7 =

√
c1(c4 + c2)√
c4 + a1

, e8 =

√
c1(a10 + c2)√
a10 + a1

, e9 =

√
c1(−c6 + c2)√
−c6 + a1

,

e10 =

√
a2(c4 − a3)√
c4 + a1

, e11 =

√
a7(−c6 + a8)√
−c6 + a1

.

Nomenclature

K: Thermal conductivity of fluid
C∞: Fluid concentration level far away from the plate
Sr: Non-Dimensional Soret number
Gm: Grashof number,[βTw]
ρ: Density of fluid
K1: Permeability of fluid
Ć: Concentration of fluid
ξ: Fluid temperature
ϖ: Fluid concentration
Tw: Wall temperature at the wall
γ: Fractional parameter
Q :Non-Dimensional heat source
M: Magnetic parameter
ν: Kinematic viscosity
β : Casson parameter
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