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Abstract

We introduce and study some properties of fuzzy Henstock-Kurzweil-Stietljes-<-double integral on time
scales. Also, we state and prove the uniform convergence theorem, monotone convergence theorem and
dominated convergence theorem for the fuzzy Henstock-Kurzweil-Stieltjes-<-double integrable functions on
time scales.
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1. Introduction

In modern day analysis, Henstock [1] and Kurzweil [2] independently introduced
the concepts of Henstock and Kurzweil integration. This later developed into Henstock-
Kurzweil integration which is the generalization of the two integrals for real-valued func-
tions. The generalization of this concept in the fuzzy setting is a rare case. Wu and
Gong [3] introduced Henstock integral of fuzzy-number-valued functions, fuzzy sets and
systems and presented some of its basic properties. Gong and Shao [4] gave the con-
trolled convergence theorems for the strong Henstock integrals of fuzzy-number-valued
functions, fuzzy sets and systems. For other interesting results involving fuzzy Henstock-
Kurzweil integral, see e.g., the papers [3, 4, 5] and references cited therein.

In 1988, the theory of time scales was introduced by Hilger in his Ph.D. thesis [6]. The
aim is to unify and generalize the concept of discrete and continuous dynamical systems.
The Henstock delta integral on time scales was introduced by Allan Peterson and Bevan
Thompson [7], and Henstock-Kurzweil integrals on time scales were studied by Thomson
[8]. Park et al. [9] studied the convergence results for the Henstock delta integral on time
scales. It is clear that most of the properties of a time scale integral can be realized by
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using the techniques tailored to the time scale setting (see [6, 8, 9, 10, 11, 12, 13]) and
references cited therein.

In this paper, we introduce fuzzy Henstock-Kurzweil-Stieltjes-O-double integral on time
scales.

2. Preliminaries

A time scale T is any closed non-empty subset of R, with the topology inherited from
the standard topology on the real numbers IR.
Let a,b € Ty,c,d € Ty, where a < d,c < d, and a rectangle R = [a,b)y, x [c,d)T, =
{t,s) : t € [a,b),s € [c,d),t € Ty,s € Ty}. Let g1,92 : Ty x T, — R be two non-
decreasing functions on [a, b]t, and [c, d]r,, respectively. Let F: T; x T, — R be bounded
on R. Let P; and P, be two partitions of [a, bl, and [c, d]1, such that P; = {tg, t1,...,tn} C
[a, blt, and P, = {sg, 51, ..., sn} C [c, d],. Let {1, &, ..., £n} denote an arbitrary selection of
points from [a, by, with & € [ti_1,ti)T,, 1 =1,2,..,n. Similarly, let {(;, (, ..., (n} denote
an arbitrary selection of points from [c, d]r, with {; € [sj—1, s5)1,, = 1,2,..., k.

Definition 2.1. ([5]) Let « be a real axis, a fuzzy subset of & : R — [0, 1] is called a fuzzy
number if the following conditions occur:

(i) o is normal. That is xg € R exists with o(xg) = 1;

(ii) o is fuzzy convex, i.e. o(kxq + (1 —k)x2) > min{x(x1), ®(x;)} for all x1,x, € R and all
ke (0,1);

(iii) o is upper semi-continuous;

(v) [o]® = {x € R: «(x) > 0} is compact.

We shall denote the space of fuzzy numbers by fr and define the A-level set [a]* by

[ ={x e R: a(x) = AL A € (0,1].

By the conditions (i)-(iv) of Definition 2.1, denote [o]* by [«]* = [o, ®*] and for «q, 0ty €

fr and k € R, we define
[0 + 0] = [og]* + [a]? and [k ® o] = k[oy]?
forall A € [0,1].

Definition 2.2. ([14]) Let (fg, D) be a complete metric space. The Hausdorff distance
between «; and «; is defined by

\ o
D(o, 0z) = sup max{lo] — o}, o — o).
A€[0,1] o

We now introduce Henstock-Kurzweil-Stieltjes->-double integral over versions in Tq x
T,. Let R = [a, b)T, x [c, d)T, be a rectangle, and denote by fR the space of fuzzy numbers
on real line.

Definition 2.3. Let F: [a,b)r, X [c,d)T, — fr be a bounded function on R and let g; and
g2 be increasing functions defined on [a, b)t, X [c, d)r, with partitions P; = {to, t1, ..., tn} C
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[a, b]T, with tag points &; € [ti_1, tilT, fori=1,2,..,n and P, = {so, s1,..., sk} C [c,dlT,
with tag points (; € [sj_1, sjlT, forj =1,2,..., k. Then

n k
S(P1,P2,F,g1,92) = Z Z F(&, G)(g1(ti) — g1(ti—1))(g2(sj) — g2(sj—1))

i=1j=1

is defined as fuzzy Henstock-Kurweil-Stieltjes-O-double sum of F with respect to functions
g1 and gy.

Let P = Py x P, and ©g1,0g2 = (g1(ti) — g1(ti—1))(g2(sj) — ga(sj—1)), then the
Henstock-Kurweil-Stieltjes->-double sum of F with respect to functions g; and g is de-
noted by S(P, F, g) is written as

S(P,F, 91, 92) ZZF&,C]<>91<>92,(1—1 n;j=1,.,k).
i=1j=1

3. Main Results

Definition 3.1. Let F : [a,b)T, x [c,d), — fr be a fuzzy function on R = [a, b)T,
[c,d)T, : t € [a,b)1,,s € [c,d)T,. We say that F is fuzzy Henstock-Kurzweil-Stieltjes-<-
double integrable with respect to non-decreasing functions g;, g, defined on [a, b)T, x
[c, d)T, if there is a number [, a member of R such that for every ¢ > 0, there is a ©-gauge
d (or y) such that

D (S(P,F,g1,92),[) <e

provided that P; = {tg, t1,..., tn} C [a, bly, with tag points &; € [t;_1, tily, fori=1,..,n
and P, = {so, s1,...,sx} C [c, dlT, with tag points {; € [sj_1,sjlT,, ] = 1,2,..., k are d-fine
(or y) partitions of [a, b)r, x [c, d)T,.

A positive function 5(t,s),y(t,s) : [a,b), x [c,d)T, — fr such that 5(t,s) > O for all
t,sin[a, b)T, % [c,d)T, or (y(t,s) > O0forallt,sin [a,b)y, X [c,d)r,) is known as < gauge
on [a,b)t, x [c,d)T,-

We say that [ is the fuzzy Henstock-Kurzweil-Stieltjes-O-double integral of F with respect
to g1 and g, defined on [a, b)T, x [c, d)T,, and write

J jRF(t,s)olgl(t)ozgﬂs) =g

The family of all fuzzy Henstock-Kurzweil-Stieltjes-O-integrable functions on [a, b)r,
[c, d)T, is denoted by EFJ-CJCS[a,b)Tl x[c,d)r,

Lemma 3.2. ([15]) Suppose that « € fRr. Then,

(i) the interval [o]” is closed for A € [0,1];

(i) (™M D [ for 0 < oy < & < 1;

(iii) for any sequence {An} satisfying An < A1 and A, — A € (0, 1], we have

() [ed?

n=1
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Now we state and provide proofs for our theorems.

Theorem 3.3. If F : (a,bly, x (c,dlt, = fr is fuzzy Henstock-Kurzweil-Stieltjes->-double
integrable with respect to two increasing functions gi, g2 on (a, b, x (c, dlt,, then the fuzzy
Henstock-Kurzweil-Stieltjes-<-double integral of F is unique.

Proof. Suppose that ] and [, are both fuzzy Henstock-Kurzweil-Stieltjes->-double inte-
grals of F on [a, b)T, x [c,d)r,. With the assumption that [; and [, are not unique, then
F is said to be fuzzy Henstock-Kurzweil-Stieltjes->-double integrable on (a, bl, x (c, dlr,
if it satisfies the following point wise integrability criterion: for every ¢ > 0 there are
O-gauges b1 and O, (or y; and ;) defined on (a, blr, and (c, d]r, respectively, such that
for every e > 0, there are ©-gauges 8] and 5} (or y1 and v3) for [a, b)y, and 8% and 83 (or
v3 and v3) for [c, d)r, such that

D (S(PLF,g1,92), 1) < % and D (S(P%,F,g1,92), [2) < % for all pairs P! = P} x P] and
P2 = P2 x P of &;-fine (or v1)
and for every e > 0 and i € {1, 2}, there are ©-gauges 8! and &} (or y! and v}) for [a, b)T,

and [c, d)T, respectively such that

D(S(Plr F/ g1, 92)/ I:l) <

N[ ™

provided that P* = P} x P} is a pair of &!-fine (or y}) and 6i-fine (or i) partitions of
[a,b)T, and [c, d)T, respectively.

Let 51 = min{él,f)%} ie. (51)]_ = min{(é%)L, (5%)]_} and (61)R = min{(é%)R, (5%)]3} and

8, = min{8}, 83} i.e. (82)r = min{(8}), (83)1} and (82)r = min{(8})r, (85)r}, 81 and o, are
O-gauges for (a, b, and (c, dlT, respectively, and given a pair P = P; x P, of 8;-fine and
d,-fine partitions of [a, b)y, and [c,d)r,, P1 is a 6%-ﬁne and 5%-ﬁne partition of (a, bly,, P2
is a 53-fine and &3-fine partition of [c, d)r,, hence

D(I:ll I:Z) D((I:lz S(Pr F/ g1, 92) + S(Pz FI g1, 92)/1:2))

D(S(P/ F/ g1, 92)/ I—Nl) + D(S(P/ F/ g1, 92)/ I:Z)
£ £
E + E = £

since for all ¢ > 0, there are ¢-gauges &; and d, (or y; and v,), then it follows that
[ =L,

Hence, the fuzzy Henstock-Kurzweil-Stieltjes-O-double integral of F on [a, b)T, x [c, d)T,
is unique. O

N

VANE/AN

Theorem 3.4. (Bolzano Cauchy Criterion). Let F : (a, bl, x (c, d]T, — fr be a fuzzy-valued
function over a rectangle (a, blt, x (c, dlt, with respect to g1, g2 on (a, bl, x (c, dlT,. Then,
F is fuzzy Henstock-Kurzweil-Stieltjes-O-double integrable on (a, by, x (c, dlT, if and only
if for each ¢ > 0 there exists a positive function & : (a,blr, x (c,dlt, — fr such that
D(S(Ps,,F,91,92),S(Ps,, F,91,92), F, g)) < ¢ for all 5— fine tagged partitions P; and P, on
(a,blp, x (¢, dlT,.
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Proof. Suppose F is fuzzy Henstock-Kurzweil-Stieltjes-O-double integrable on (a, by, x
(c, d]T, with respect to g; and g, , and let

[— ”R F(t, 5)001(1)0ga(s).

Let ¢ > 0. There are ¢-gauges §; and &, for [a, b), and [c, d)T, respectively such that
D(S(P,F,g1,92),0) < % provided that P = Py x P, where P; is a 8; (or ;) fine partition

of [a,b)r, and P is a &, (or ) fine partition of [c, d)y,. Therefore, if P = P; x P, and
P = Pi X Pé are pairs of &; (or ;) fine partition of [a,b)r, and P; is a &, (or v;) fine
partition of [c, d),, then

D(S(P,F, g1, gZ)IS(PllFI g1, 92)) < D(S(P/FI g1, 92)/ f—)

+D(t/ S(Pll F/ g1, 92))
Ctefo,
2 2 7

Conversely, suppose that for all ¢ > 0 there are <-gauges 6; and &, (or y; and vy;) for
[a,b)T, and [c, d)T, respectively such that

D(S(PL,F,g1,92), S(P%, F, g1, 92)) < e for all pairs P! = P! x P} and P? = P? x P5 of &; (or
v1)-fine partitions of [a, b), and &, (or y;)-fine partitions of [c, d)T,.

Let n € IN. Taking ¢ = %, there are <-gauges 61, and 0, (or y1, and y2,) for [a, b),
and [c, d)T, respectively such that

D(S(P',F,g1,92),S(P%F,g1,92)) < e for all pairs P! = P} x P} and P> = P? x P of &,
(or v1,n)-fine partitions of [a, b)r, and 6, (or v, )-fine partitions of [c, d)T,.

By replacing 8; n by min{; 1, 012, ..., di n} With i € {1, 2}, we may assume that §; y 11 < din-
Thus, for all j > n 8;; < d; so any pair P™ = P]* x P3* of &, (or y1,n)-fine partitions
of [a,b)t, and &, (or y2,)-fine partitions of [c,d), is also a pair of 61 (or vy ;)-fine
partitions of [a, b)y, and 8, (or y»;)-fine partitions of [c, d)T,, hence

; 1
D(S(P™,F, g1,92), S(P), F, g1, 92)) < i

This shows that {S(P™, F, g1, g2)}nen is @ Cauchy sequence.

- 2
Let L be the limit of {S(P™,F, g1, g2)}nen- For all ¢ > 0, choosing N > o for ©-gauges
d1,n and & N (or vq,n and yo,n) for [a, b)y, and [c, d)r, respectively,

D(S(Pr FI g1, 92)/]—) < D(S(P/ F/ g1, 92)1 S(PN/FI g1, 92))

—|—D(S(PN,F, 91, 92)/]1)

1 ¢ ¢ ¢
for pair P = Py x P, such that P; is a d;n (or y1,n) fine partition of [a,b)y, and P, is a
dy, N (or yo,n) fine partition of [c, d)r,. O

The following properties are obtained using the definition of fuzzy Henstock-Kurzweil-
Stieltjes->-double integral of F on [a,b)r, x [c,d)T,. The proof of the next theorem is
straightforward and therefore omitted.
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Theorem 3.5. Let F : [a,b), % [c,d)r, — fr be a fuzzy-valued function and let g; and
g2 be non-decreasing functions respectively on [a,b]r, and [c,d]r,. If F is fuzzy Henstock-
Kurzweil-Stieltjes->-double integrable with respect to gi and g, on R = [a,b)r, % [c, d)T,.
Then,

i JLz B<191(1)C292(8) = B(g1(b) —gi(a))(ga(d) — ga(c)), B is a constant;

ii. JJ F(t,5)0191(t)<C292(s) = 0 when gy or gy are constants;
R

i JJRF(tIS)ngl(t)Ozgz(S) — f(a,¢)(g™ (@) — g1(@))(g22(c) — ga(c))

with b = 71 (a) and t(c);

iv. “ BF(t, $)ul0191(£)0202(s)] = J J BLF(t, s)0191 (1) 0202 (s);
R R

B and u are constants.

Theorem 3.6. Let F be a fuzzy-number-valued function, consider a sequence of fuzzy-number-
valued function Fy, : (a,blr, x (¢, dlt, = fr,n € N in fr and increasing functions gy, 9o :
(a,bly, x (¢, dl, = fr. Assume

(D limy o0 Fn(t,s) = F(t,s) holds < a.e.;

(i) G(t,s) < Fn(t,s) < H(t,s) holds © a.e.;

(iii) Fn(t,s), G(t,s), H(t,s) € ?%KS[a’b)Tl x[c,d)t,

Then F(t,s) € ?%:KS[alb)Tl x[c,d)y,- Moreover;

n—oo

lim JJ:R Frn(t,8)0191(t)C2g2(s) = JLQ F(t,s)<191(t)O29g2(s).

The proof of Theorem 3.6 is straightforward following the style of proof in [7].

Theorem 3.7. Let F: [a,b)T, X [c,d)T, = R be a fuzzy-number-valued function and let g,
and g, be non-decreasing functions respectively on [a, bl, and [c, d]r,. Function F(t,s) €
FHXKS[a,b)y, x[c,a)y, If and only if F(t, s)* s F(t, s)A € HKS [a,b)y, x[c,d)y, for all A € [0,1]
uniformly.

Proof. For the necessary condition, let P; and P, be two partitions of [a, b]y, and [c, d],
such that P; = {to,t1,..,tn} C [a,bly, and P» = {sg,s1,..,sn} C [c,dlT,. Let L =
[ [ F(t,8)0191(t)0202(s). Given e > 0, there exists a 5(t, s) such that D (S(Ps, F, g1,92), L) <
¢ for any fine tag partition P; and P,. Then,

sup max {|S(Ps, F, g1, 921" — 1,
A€l01]

S(Ps, Fro1, 021" — |}

Al [S(Ps,ﬁ,g?,gﬁ)]—ﬁ(} <e

— sup max {|IS(Ps, P, g}, g3)] -
A€0,1]

and L
‘[S(Ps,E, a7, 93] —Q’ <¢, ’[S(Pa,FA, g7, g2l —U‘) <e
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for any A € [0, 1] and for partitions P = P; UP,. Thus, F(t,s)?, F(t,s)? € U{TKS[a,b)Tl x[c,d),
uniformly for any A € [0, 1].

Now for sufficient condition, let ¢ > 0. By assumption, there exists a 5(t, s) such that
‘[S(Pélﬂl 9{\1 9%)] - Q’ <g, ’[S(Pélﬁl 9{\/ 9%)] _ﬁ < &€

for any A € [0, 1] and for partitions P = P; U P, where

ﬁzj J F(t, 5)* 0191 (1) 292 (s), U=” Ft, 5)70191(£) 0202 (s).
R R

To prove that { [Q ﬁ} ,LAe [0, 1]} represents a fuzzy number, check that [Q,ﬁ} satis-
fies the conditions (i)-(iii) of Lemma : o
(D) for A € [0,1], if F(t,s)® < F(t, s)?, then L» < [, i.e., the interval [Q,ﬂ is closed.

(i) F(t,s)* and F(t,s)* nondecreasing and nonincreasing functions on [0, 1] respectively.
Forany0 <A <A <1

”RF(t,s)holgltt)ozgz(s)

rr

N

i F(t,5)*20191(t)0292(s)

rr

N

. F(t, s)220191(1)C202(s)

N

F(t, s)M 101 (1)C202(s).

JIx
Thus, [&,ﬁ] D [&E}

(iii) Now, for any {A, } satisfying A, < A1 and A, — A € (0, 1], we have

[F(t, )™ = [F(t,8)]",

n=1

that is,

IDX:

A Frr an] A
1[F(t,s),F(t,s)%} [F(, ) Tt s)17],

n

limn o0 F(t, s)* = F(t, s)* and limn o F(t, s)* = F(t, s)*. Moreover,

F(t,5) < F(t,s)™ < F(t,5)!, F(t,8)! <F(t,s)M < F(t, )0

By Theorem 3.6, we have F(t,s)*,F(t,s)* € HKS[a,b)y, x[c,d)y, a0

Jim [ | Fit s oign(0020205) = || Flt,51 010161026215,

lim J JRF(t,s)Molgl(t)ozgﬂsJ - ”RF(t,s)Aolgl(t)ozgz(s).

n—oo
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Consequently, .
0 5] - [2.5]
Now, T = { |2, %] ,x € 0,11} Thus,

D (S(P,F,g1,92),[) <e¢
for each partitions P = P; U P, and for any n. This ends the proof. O

Definition 3.8. A sequence {F,,(t, s)} of Henstock-Kurzweil-Stieltjes integrable functions is
called uniformly fuzzy Henstock-Kurzweil-Stieltjes-O-integrable on [a, b)r, x [c, d)r, with
respect to increasing functions g; and g; if for each ¢ > 0 there exists a 5(t, s) such that

D (sw,Fn(t,s),gl,gz),”R Fn(t,s)olgl(t)ozgz(s)) <

for any partition P and for any n € IN.

Theorem 3.9. Let F,,(t,s) € ?ﬂ-CJCS[a,b)Tl xlc,d)r,s M= 1,2, ..., satisfy:

(D) limy 0 Fn(t,8) = F(t,s) on [a, b1, x [c,d)T,;

(ii) Fn(t, s) are uniformly fuzzy Henstock-Kurzweil-Stieltjes-<>-integrable on [a, b)T, X [c, d)T,
Then F(t,s) € ?IHIKS[a,b)Tl x[c,d)T, and

n—oo

lim J JR Fa(t, s)0191 (£)022(s) = J jRF(t,s)olgl(t)ozgz(s).

Proof. Let ¢ > 0. There exists a 5(t, s) such that

D (S(P,Fn(tfs),gllgz),J’L Fn(t/5)<>191(t)<>292(8)> <e

for any partition P and for every n. Fix a Py € [a, b)T, X [c, d)T,. From above statement of
Theorem 3.6, there exists N such that Pj = P; x P, where Py is a 6; (or y1) fine partition
of [a,b), and P, is a &, (or y,) fine partition of [c,d), and Py is a & fine partition of
[a,b)T, % [c,d)T,. Then

D (S(Ps,, Fn(t,s),91,92), S(Ps,, Fm(t,8),91,92)) < €

for arbitrary n, m > N. Then,

< a(t:9)0101(002205), | | Fm(t,s)olgl(t)ozgz(s)>
< D (5 Psy, Fn(t,s), 91, 92), JLR Fn(t,8)<>191(t)<>292(5)>
+ D (S(Psy, Fn(t,s), 91, 92), S(Psy, Fm(t, s), 91, 92))
+ D (S(Pay Fm(t,5), g1, 92), ”y Fm(t,s)olgl(t)ozgz(s))
<
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for any n, m > N and, hence, {| [, Fn(t, s)191(t)$292(s)} is a Cauchy sequence. Let

lim JL{ Fr(t,s)0191(t)029g2(s) = L.

n—oo
We now prove that
JJ(R F(t, S)<>191 (t)<>292(s) =L

Let ¢ > 0. By hypothesis, there exists a 5(t, s) such that

D (S(P,Fn(tfs),gllgz),J’L Fn(t/5)<>191(t)<>292(8)> <e

for any partition P and for all n. Choose N satisfying

D (” Fn(t,s)<>191(t)<>zgz(s),f_> <€
R

for all n > N. Let there exists Ny > N satisfying
D (S(Péz FNO(t/ S)/ g1, 92)1 S(Péz F(t/ s)l g1, 92)) <€

Therefore,
D(SPFts g1, 92), f_)
< D (S(Ps,F(t,s),91,92), S(Ps, Fn, (1, 8), 91, 92))

+ D (S Ps, Fn,(t,8), 91, 92), JL{ FNO(tIS)ngl(t)ozgz(S))

LD <JLFNo(t,s)olgl(t)ozgz(s),t)
< 3¢

and the result follows. O

Definition 3.10. ([12]) A function f : [a,b]y — R is called absolutely continuous on
[a, blT, if for each ¢ > 0 there exists 'y > 0 such that

D (i) —flxi )l < e
i=1

whenever [ Ji*[xi_1,xi{lr C [a,blyand }_ ' ; Ax; <y
The following theorem is Dominated convergence theorem.

Theorem 3.11. Let F : [a,b)r, x [c,d)T, — fr be a fuzzy-number-valued function and
let g1 and go be non-decreasing functions respectively on [a,blt, and [c, d]t,. If Fn(t,s) €
??CJCS[a,b)Tl xlc,d)y,s N = 1,2, ..., satisfy:

(l) limn—wo Fn(tr S) = F(t/ S) ae
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(i) G(t,s) < Fa(t,s) < H(t,s) a.e, and G(t,s), H(t,s) € ?}CKS[a,b)Tlx[c,d)Tz:
then sequence {F, (t, s)} is uniformly FHKS-<-integrable. Thus, F(t,s) € FHKS [a,b)r, x[c,d),
and

lim j JR Fa(t, $)0191(1)202(s) = j LF(t,s)olgl(t)ozgz(s).

n—oo

Proof. Let ¢ > 0 and for arbitrary p,q > N, we have

D (Fp(t,s),Fqlt,s) = sup max{[Fp(t,$)* —Fq(t, )| [Fp (6, 5% — F(t, )7}
A€[0,1]

< sup max{JH(t,5)* — G(t,s)", [H(t, 51 — Glt,s)M }
A€[0,1]

= D(H(t,s),G(t,s)).
Then, D (H(t,s), G(t,s)) is Lebesgue-<{-integrable. Let

D(t,s) = ”yD (Hix,y), G(x,y)) G191 (:)0202(y)-

From Definition 3.3, D(t, s) is absolutely continuous on [a, b)T, x [c, d)T,. Let ¢ > 0. Then
there exists y > 0 such that

n k
3
D> > ID(E,G)—D(&i1,Ga)l < (b—a)(d—c)

i=1j=1

whenever (i, [£; 1, &1, C [a, blr, and U] _1[G-1, GlT, C [c, dIrr, and
> 12) 1 F(&, G)(91(t) — g1(ti-1))(g2(sj) — g2(sj—1)) <y. The limit

lim F.(t,s) =F(t,s)

n—oo
holds almost everywhere on [a, b)T, x [c,d)T, and {D (Fn(t,s), F(t,s))} is a sequence of
<-measurable functions. By Egorov’s theorem, there is an open set Q with m(Q) < 6 such
that lim,, , Fn (t,s) = F(t, s) uniformly for t, s € [a, b)T, X [c, d)T,\Q. Thus, there exists

N such that .

(b—a)(d—c)
for any p,q > N and for any t,s € [a, b), x [c, d)T,\Q.
Suppose that 3 is in the set of <-gauge on [a, b)T, x [c, d)T, such that

D (Fp (t/ S)/Fq (t/ S)) <

‘S(D(H(t,s),G(t,s),Pal,gl,gz) _”RD (H(t,5), G(t,5)) 191 (1) 02ga(s)| < €

and

D (S(an,Fn(t,s),gl,gz),”g2 Fn(t,s)olgl(t)ozgz(s)> <

for 1 <n < N and for any partition P. Define §(&, () in the set of <-gauge on [a, b)y, X
[c,d)T, as

6(({ ) _ 51(51 C)/ if EIC € [a,b)']rl X [C, d)Tz\Q
’ min{8, (&, ¢), p((£,¢),Q)), if (£,0) € Q,
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where p((£,0), Q) =inf{|(§, ) — (&, ) : (&',¢) € Q). Fixn > N. We have
D (S(Ps, Fn(t,s), 91,92), S(Ps, Fn(t,8), 91, 92))

n k
(ZZF (£, G5)001(t)ga(s), > > Fnl(&s, &) <>91()gz(s))>

i=1j=1 i=1j=1

+ (Z D Falé, G)0qit)gals), Y Y Fnl(Ei, )0g(t)gals )))

LE€Q GEQ £i€Q GEQ

< E+ Z Z E11,/ C] FN(Evl/ C))) <>91(U92(5)
£EQ GEQ

< e+l ) ) D(H(E, &), GlE, §)Oq(t)gals)
EEQ GEQ

”Q D(H(t,s), G(t,s)0g1(t)g2(s)]

. ’ J J D(H(t,5), G(t,5)0 g1 (t)gals)
Q

< 3¢

for any partition P. Hence,

D <S(P, Fn(t,s),91,92), J JR Fn(t, s)<>191(t)<>292(s)>
D (S(P,Fnl(t,s), g1,92), S(P, Fn(t, s), 91, 92))

+ D (SRt ) g0l | | Pt sion(oans))

N

D(” Fu(t 5)0101 ()02 (s), J J Fn(t,s)olgl(t)ozgz(s))
R R
< 5Se,

which ends the proof of dominated convergence theorem for fuzzy Henstock-Kurzweil-
Stieltjes-O-double integrable functions on time scales. O

We obtain the following monotone convergence theorem as a consequence of domi-
nated convergence theorem. The monotone convergence theorem is stated as follows:

Theorem 3.12. Let F : [a,b)r, x [c,d)T, — fr be a fuzzy-number-valued function and
let g1 and go be non-decreasing functions respectively on [a,blt, and [c, d]T,. If Fn(t,s) €
FHKSq,p) o, xle,d)r,s V= 1,2,..., satisfy:

(D) limp_oo Frn(t,s) = F(t,s) O ace.;

(i) {Fn.(t, s)} is a monotone sequence and Fn (t,s) € ff“fHZKS[alb)Tl x[c,d)1,’
then sequence {F,, (t, s)} is uniformly FHKS-<-integrable. Consequently, F(t,s) € CT"J{UCS[Q,b)Tl x[c,d)t,
and

n—oo

lim JL{ Fn(t, 8)0191(t)02g2(s) = JL F(t,5)0191(t)O2g2(s).
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4. Conclusion

This paper exposed some of the properties of fuzzy Henstock-Kurzweil-Stietljes-<-

double integral on time scales. Uniform convergence theorem and dominated conver-
gence theorem are proved for the fuzzy Henstock-Kurzweil-Stieltjes-O-double integrable
functions on time scales. We also obtained the monotone convergence theorem as a con-
sequence of dominated convergence theorem.
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