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Abstract

In this paper, we define and investigate a new generalized exponential type convex function called
exponentially s–convex function, which embraces the exponential type convex function given by İ̧s can in
[1]. To support this newly introduced idea, we attained some of its algebraic properties and presented some
examples. Furthermore, to enhance the paper we have explored and attained several novel refinements
of Ostrowski type inequalities in the frame of simple calculus whose first derivatives in absolute value are
exponentially s–convex. Several special cases of the obtained results are deduced as well. Finally, in the last
section, few consequences of the results including application to special means are pointed out.

Keywords: Ostrowski type inequality, Hölder’s inequality, Power mean inequality, Exponentially s–convex
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1. Introduction

During the last few decades, the theory of convexity has played crucial and consequen-
tial role in the extension and generalizations of theory of inequalities. This theory presents
an active and amazing field of research and also played significant and magnificent role in
many areas, such as optimization, management science, economics, finance, engineering,
game theory and mathematical inequalities. In the field of inequalities, many famously
and well-known results in the support of this theory are investigated. The terms convexity
and inequalities have a wide range of applications in the growth of variants branches of
pure and applied mathematics as well as in different areas of pure and applied sciences.
The initiative works and significant contributions of these two terminologies can be found
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in the literature, see the references [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17].
In 1938, Ostrowski [18], developed a significant integral inequality connected with differ-
entiable functions. Mathematically this inequality

(
see [19], page:468

)
is given by

Let φ : J ⊆ R → R be a differentiable mapping on Jo, the interior of the interval J, such
that φ ∈ L[κ1, κ2], where κ1, κ2 ∈ J with κ2 > κ1. If |φ ′(z)| ⩽ M, for all z ∈ [κ1, κ2], then
the following inequality holds:∣∣∣∣φ (z) −

1
κ2 − κ1

∫κ2

κ1

φ (u)du

∣∣∣∣ ⩽ M (κ2 − κ1)

[
1
4
+

(
z− κ1+κ2

2

)2

(κ2 − κ1)
2

]
(1.1)

holds.
This integral inequality has elegant and effective importance in numerical integration, op-
timization theory, integral operator theory, information, probability, statistics and stochas-
tic process. During the last few decades, many mathematicians and research scholars
concentrated their great contributions and attentions on the study of this inequality. In
1997, this inequality was explored by Dragomir and Wang [20] in terms of the lower
and upper bounds of the first derivative. In 2001, Barnett et al. [21] investigated this
inequality for twice differentiable functions in terms of the upper and lower bounds. For
the current results and their associated and connected variants, extensions and general-
izations concerning Ostrowski inequality

(
see [22, 23, 24, 25, 26]

)
.

The main objective and aim of this work is to define and investigate a new family of
exponentially convex functions namely exponentially s–convex function. In support of
this newly introduced idea, we attain the algebraic properties and examples of this func-
tion, and furthermore, in the frame of simple calculus, we explore and attain the novel
refinements of Ostrowski type inequalities. To the best of our knowledge, a comprehensive
investigation of exponentially convex functions in the manner of newly introduced defini-
tion namely exponentially s–convex function in the present paper is new. The growth of
research on big data analysis and deep learning has recently increased interest in infor-
mation theory involving exponentially convex functions.

We construct the paper in the following way, first in Section 2, we will give some nec-
essary known definitions and literature. Second in section 3, we will explore the concept
of exponentially s–convex function. In addition, some algebraic properties and examples
in the manner of this newly introduced definition are elaborated. Further, in Section 4, we
investigate some refinements of the Ostrowski type inequality. Finally, we will give some
applications and a conclusion.

2. Preliminaries

In this section, we recall some known concepts.

Definition 2.1. [27] Let φ : I → R be a real valued function. A function φ is said to be
convex, if

φ (χκ1 + (1 − χ) κ2) ⩽ χφ (κ1) + (1 − χ)φ (κ2) , (2.1)

holds for all κ1, κ2 ∈ I and χ ∈ [0, 1].
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Definition 2.2. [28] Let s ∈ (0, 1], then φ : [0,+∞) → R is known as s–convex in the
second sense, if

φ (χκ1 + (1 − χ) κ2) ⩽ χ
sφ (κ1) + (1 − χ)sφ (κ2) (2.2)

holds ∀ κ1, κ2 ∈ [0,+∞) and χ ∈ [0, 1].

In 1978, W. W. Breckner 1st time developed a new family of convex functions which is
called s–convex in the second sense in the published article [29] and discussed variants
form and associations related with s–convexity in the first sense in the published article
[30]. Dragomir et al. investigated and explored a novel version of Hadamard’s inequality
in the manner of s–convex functions in the second sense in the published article [31].

3. Exponentially s–Convex Function and its Properties

Next, due to afore-mentioned research activities we are able and capable to introduce
the generalized form of exponential type convexity which is called exponentially s–convex
functions. Further we will try to discuss and explore its properties.

Definition 3.1. Let s ∈ [ln 2.4, 1]. Then φ : J ⊂ R → R is known to be exponentially
s–convex function, if

φ (χκ1 + (1 − χ) κ2) ⩽ (esχ − 1)φ (κ1) +
(
es(1−χ) − 1

)
φ (κ2) , (3.1)

holds ∀κ1, κ2 ∈ J and χ ∈ [0, 1].

Remark 3.2. In above Definition 3.1, if s = 1, then we get exponential type convexity given
by İ̧scan in [1].

Remark 3.3. The range of the exponentially s–convex functions for some fixed s ∈ [ln 2.4, 1]
is [0,+∞).

Lemma 3.4. For all χ ∈ [0, 1] and for some fixed s ∈ [ln 2.4, 1] the following inequalities
(esχ − 1) ⩾ χ and (es(1−χ) − 1) ⩾ (1 − χ) hold.

Proof. The rest of the proof is clearly seen.

Lemma 3.5. For all χ ∈ [0, 1] and for some fixed s ∈ [ln 2.4, 1] the following inequalities
(esχ − 1) ⩾ χs and (es(1−χ) − 1) ⩾ (1 − χ)s hold.

Proof. The rest of the proof is clearly seen.

The above lemmas clearly show that, the new class of exponentially s–convex function
is very larger with respect to the known class of functions like convex and s–convex. This
is an advantage of the newly proposed definition 3.1.

Proposition 3.6. Every nonnegative convex function is an exponentially s–convex function
for s ∈ [ln 2.4, 1].
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Proof. Applying Lemma 3.4 and s ∈ [ln 2.4, 1], we have

φ (χκ1 + (1 − χ) κ2) ⩽ χφ (κ1) + (1 − χ)φ (κ2)

⩽ (esχ − 1)φ (κ1) +
(
e(1−χ)s − 1

)
φ (κ2) .

Proposition 3.7. Every nonnegative s–convex function is an exponentially s–convex function
for s ∈ [ln 2.4, 1].

Proof. Applying Lemma 3.5 and s ∈ [ln 2.4, 1], we have

φ (χκ1 + (1 − χ) κ2) ⩽ χ
sφ (κ1) + (1 − χ)sφ (κ2)

⩽ (esχ − 1)φ (κ1) +
(
e(1−χ)s − 1

)
φ (κ2) .

Now we will makes some examples in the support of newly introduced definition
namely exponentially s–convex function.

Example 3.8. If φ(x) = ex, x > 0 is a nonnegative convex function. By using Proposition
3.6, it is also exponentially s–convex function for s ∈ [ln 2.4, 1].

Example 3.9. If φ(x) = c is a nonnegative convex function on R for any c ⩾ 0. By using
Proposition 3.6, it is also exponentially s–convex function for s ∈ [ln 2.4, 1].

Example 3.10. If φ(x) = 1
x for all x > 0, is a nonnegative convex function. By using

Proposition 3.6, it is also exponentially s–convex function for s ∈ [ln 2.4, 1].

Example 3.11. φ(x) = q
s+qx

s
q+1 for s > 1, is a nonnegative convex function. By using

Proposition 3.6, it is also exponentially s–convex function for s ∈ [ln 2.4, 1].

Example 3.12. Great mathematician Dragomir clearly investigated and proved that in
published article [31], the function φ(x) = xls, x > 0 is s–convex function, for the all
mentioned conditions s ∈ (0, 1) and 1 ⩽ l ⩽ 1

s . But using Proposition 3.7, it is also
exponentially s–convex function for s ∈ [ln 2.4, 1].

Theorem 3.13. Let ψ,φ : [κ1, κ2] → R. If ψ and φ are exponentially s–convex functions and
s ∈ [ln 2.4, 1] then
(i) ψ+φ is exponentially s–convex function.
(ii) For nonnegative real number c, cψ is exponentially s–convex function.
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Proof. (i) Let ψ and φ be exponentially s–convex functions, then

(ψ+φ)

[
(χκ1 + (1 − χ) κ2)

]
= ψ (χκ1 + (1 − χ) κ2) +φ (χκ1 + (1 − χ) κ2)

⩽ (esχ − 1)ψ (κ1) +
(
e(1−χ)s − 1

)
ψ (κ2)

+ (esχ − 1)φ (κ1) +
(
e(1−χ)s − 1

)
φ (κ2)

= (esχ − 1) [ψ (κ1) +φ (κ1)] +
(
e(1−χ)s − 1

)
[ψ (κ2) +φ (κ2)]

= (esχ − 1) (ψ+φ) (κ1) +
(
e(1−χ)s − 1

)
(ψ+φ) (κ2) .

(ii) Let ψ be exponentially s–convex function, then

(cψ)

[
(χκ1 + (1 − χ) κ2)

]
= c

[
ψ (χκ1 + (1 − χ) κ2)

]
⩽ c

[
(esχ − 1)ψ (κ1) +

(
e(1−χ)s − 1

)
ψ (κ2)

]
= (esχ − 1) cψ (κ1) +

(
e(1−χ)s − 1

)
cψ (κ2)

= (esχ − 1) (cψ) (κ1) +
(
e(1−χ)s − 1

)i
(cψ) (κ2) .

Remark 3.14. If we choose s = 1 in above Theorem (3.13), then we get Theorem (2.1) in
[1].

Theorem 3.15. Let φi : [κ1, κ2] → R be an arbitrary family of exponentially s–convex
functions for the same fixed s ∈ [ln 2.4, 1] and let φ(κ) = supiφi(κ). If P = {κ ∈ [κ1, κ2] :
φ(κ) < +∞} ̸= ∅, then P is an interval and φ is exponentially s–convex function on P.

Proof. For all κ1, κ2 ∈ P and χ ∈ [0, 1], and for the same fixed numbers s ∈ [ln 2.4, 1], we
have

φ (χκ1 + (1 −φ) κ2) = sup
i

φi (χκ1 + (1 − χ) κ2)

⩽ sup
i

[
(esχ − 1)φi (κ1) +

(
e(1−χ)s − 1

)
φi (κ2)

]
⩽ (esχ − 1) sup

i

φi (κ1) +
(
e(1−χ)s − 1

)
sup
i

φi (κ2)

= (esχ − 1)φ (κ1) +
(
e(1−χ)s − 1

)
φ (κ2) < +∞.

This shows simultaneously that P is an interval, since it contains every point between any
two of its points, and that φ is exponentially s–convex function on P.



M. Tariq, J. Nasir, S.K. Sahoo, A.A. Mallah / Ostrowski inequalities via Exponential.... 6

Remark 3.16. If we choose s = 1 in above Theorem (3.15), then we get Theorem (2.3) in
[1].

Theorem 3.17. If the function φ : [κ1, κ2] → R is exponentially s–convex for some fixed
s ∈ [ln 2.4, 1], then φ is bounded on [κ1, κ2].

Proof. Let L = max
{
φ(κ1),ψ (κ2)

}
and x ∈ [κ1, κ2] be an arbitrary point. Then there

exists χ ∈ [0, 1] such that x = χκ1 + (1 − χ)κ2. Thus, since esχ ⩽ es and e(1−χ)s ⩽ es for
some fixed s ∈ [ln 2.4, 1], we have

φ(x) = φ(χκ1 + (1 − χ)κ2) ⩽ (esχ − 1)φ (κ1) +
(
e(1−χ)s − 1

)
φ (κ2)

⩽ (es − 1)L+ (es − 1)L = L(es − 1) = M.

We have shown that φ is bounded above from real number M. Interested reader can also
prove the fact that φ is bounded below using the same idea as in Theorem 2.4 in [1].

Remark 3.18. If we choose s = 1 in above Theorem (3.15), then we get Theorem (2.4) in
[1].

Theorem 3.19. Suppose s ∈ [ln 2.4, 1], α ∈ (0, 1], κ2 > κ1 and φ : J = [κ1, κ2] → R is
exponentially s–convex function such that φ ∈ L[κ1, κ2]. Then one has

1
2
(
e

s
2 − 1

)φ(κ1 + κ2

2

)
⩽

1
κ2 − κ1

∫κ2

κ1

φ (u) du (3.2)

⩽

(
es − s− 1

s

)[
φ (κ1) +φ (κ2)

]
.

4. Refinements of Ostrowski type inequality via exponentially s–convex functions

The main objective of this section is to attain some refinements of Ostrowski type inequal-
ity in the manner of exponentially s–convex functions. In order to attain the results, we
need to state the following Lemma as given in [32].

Lemma 4.1. Suppose a mapping φ : J ⊆ R→ R is differentiable on Jo, where κ1, κ2 ∈ J with
κ1 < κ2. If φ ′ ∈ L[κ1, κ2], then the following equality holds:

φ (z) −
1

κ2 − κ1

∫κ2

κ1

φ (χ)dχ

=
(z− κ1)

2

κ2 − κ1

∫ 1

0
χ φ′ (χz+ (1 − χ) κ1) dχ−

(κ2 − z)
2

κ2 − κ1

∫ 1

0
χ φ′ (χz+ (1 − χ) κ2) dχ, (4.1)

for each z ∈ [κ1, κ2].

Theorem 4.2. Suppose a mapping φ : J ⊆ R → R is differentiable on Jo, where κ1, κ2 ∈ J
with κ1 < κ2. If |φ ′| is exponentially s–convex on [κ1, κ2] for some s ∈ [ln 2.4, 1],φ ′ ∈ L[κ1, κ2]
and |φ ′(z)| ⩽ M, for all z ∈ [κ1, κ2], then the following inequality holds:
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∣∣∣∣φ (z) −
1

κ2 − κ1

∫κ2

κ1

φ (χ)dχ

∣∣∣∣
⩽

M

(κ2 − κ1)

[
(z− κ1)

2
{(

2 + 2 (s− 1) es − s2

2s2

)
+

(
2es − s2 − 2s− 2

2s2

)}
(4.2)

+ (κ2 − z)
2
{(

2 + 2 (s− 1) es − s2

2s2

)
+

(
2es − s2 − 2s− 2

2s2

)} ]
,

for each z ∈ [κ1, κ2].

Proof. From Lemma 4.1 and |φ ′| is exponentially s–convexity and |φ ′| ⩽ M , we have∣∣∣∣φ (z) −
1

κ2 − κ1

∫κ2

κ1

φ (χ)dχ

∣∣∣∣
⩽

(z− κ1)
2

κ2 − κ1

∫ 1

0
χ
∣∣φ′ (χz+ (1 − χ) κ1)

∣∣ dχ+ (κ2 − z)
2

κ2 − κ1

∫ 1

0
χ
∣∣ φ′ (χz+ (1 − χ) κ2)

∣∣ dχ
⩽

(z− κ1)
2

κ2 − κ1

∫ 1

0
χ

{
(esχ − 1)

∣∣φ′ (z)
∣∣+ (es(1−χ) − 1

) ∣∣φ′ (κ1)
∣∣} dχ

+
(κ2 − z)

2

κ2 − κ1

∫ 1

0
χ

{
(esχ − 1)

∣∣φ′ (z)
∣∣+ (es(1−χ) − 1

) ∣∣φ′ (κ2)
∣∣} dχ

⩽
(z− κ1)

2

κ2 − κ1

[ ∣∣φ′ (z)
∣∣ ∫ 1

0
χ (esχ − 1) dχ+

∣∣φ′ (κ1)
∣∣ ∫ 1

0
χ
(
es(1−χ) − 1

)
dχ

]
+

(κ2 − z)
2

κ2 − κ1

[ ∣∣φ′ (z)
∣∣ ∫ 1

0
χ (esχ − 1) dχ+

∣∣φ′ (κ2)
∣∣ ∫ 1

0
χ
(
es(1−χ) − 1

)
dχ

]
⩽

M (z− κ1)
2

(κ2 − κ1)

{(
2 + 2 (s− 1) es − s2

2s2

)
+

(
2es − s2 − 2s− 2

2s2

)}
+

M (κ2 − z)
2

(κ2 − κ1)

{(
2 + 2 (s− 1) es − s2

2s2

)
+

(
2es − s2 − 2s− 2

2s2

)}

=
M

(κ2 − κ1)

[
(z− κ1)

2
{(

2 + 2 (s− 1) es − s2

2s2

)
+

(
2es − s2 − 2s− 2

2s2

)}
+ (κ2 − z)

2
{(

2 + 2 (s− 1) es − s2

2s2

)
+

(
2es − s2 − 2s− 2

2s2

)}]
.

This is the required proof.

Corollary 4.3. Under the similar consideration in Theorem 4.2, by choosing s = 1, we obtain∣∣∣∣φ (z) −
1

κ2 − κ1

∫κ2

κ1

φ (u)du

∣∣∣∣
⩽

M

(κ2 − κ1)

[
(z− κ1)

2
{(

1
2

)
+

(
2e− 5

2

)}
+ (κ2 − z)

2
{(

1
2

)
+

(
2e− 5

2

)}]
.
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Also we have

1. If we choose z = κ1+κ2
2 in Corollary 4.3, then we have the following mid-point

inequality∣∣∣∣φ(κ1 + κ2

2

)
−

1
κ2 − κ1

∫κ2

κ1

φ (u) du

∣∣∣∣ ⩽ M
(κ2 − κ1)

2

{(
1
2

)
+

(
2e− 5

2

)}
.

2. If we choose z = κ1 in Corollary 4.3, then we have the following inequality∣∣∣∣φ (κ1) −
1

κ2 − κ1

∫κ2

κ1

φ (u) du

∣∣∣∣ ⩽ M (κ2 − κ1)

{(
1
2

)
+

(
2e− 5

2

)}
.

3. If we choose z = κ2 in Corollary 4.3, then we have the following inequality∣∣∣∣φ (κ2) −
1

κ2 − κ1

∫κ2

κ1

φ (u) du

∣∣∣∣ ⩽ M (κ2 − κ1)

{(
1
2

)
+

(
2e− 5

2

)}
.

Theorem 4.4. Suppose a mapping φ : J ⊆ R → R is differentiable on Jo, where κ1, κ2 ∈ J
with κ1 < κ2. If |φ ′|q is exponentially s–convex on [κ1, κ2] for some s ∈ [ln 2.4, 1], q > 1,
q−1 = 1 − p−1, φ ′ ∈ L[κ1, κ2] and |φ ′(z)| ⩽ M, for all z ∈ [κ1, κ2], then the following
inequality holds:

∣∣∣∣φ (z) −
1

κ2 − κ1

∫κ2

κ1

φ (χ)dχ

∣∣∣∣
⩽

2
1
q M

(κ2 − κ1)

(
1

p+ 1

) 1
p
[
(z− κ1)

2
{(

es − s− 1
s

)} 1
q

+ (κ2 − z)
2
{(

es − s− 1
s

)} 1
q
]

,

(4.3)

for each z ∈ [κ1, κ2].

Proof. From Lemma 4.1 and famous Hölder’s inequality, we have∣∣∣∣φ (z) −
1

κ2 − κ1

∫κ2

κ1

φ (χ)dχ

∣∣∣∣
⩽

(z− κ1)
2

κ2 − κ1

∫ 1

0
χ
∣∣φ′ (χz+ (1 − χ) κ1)

∣∣ dχ+ (κ2 − z)
2

κ1 − κ1

∫ 1

0
χ
∣∣ φ′ (χz+ (1 − χ) κ2)

∣∣ dχ
⩽

(z− κ1)
2

κ2 − κ1

(∫ 1

0
χpdχ

) 1
p
(∫ 1

0

∣∣φ′ (χz+ (1 − χ) κ1)
∣∣q dχ) 1

q

+
(κ2 − z)

2

κ2 − κ1

(∫ 1

0
χpdχ

) 1
p
(∫ 1

0

∣∣φ′ (χz+ (1 − χ) κ2)
∣∣q dχ) 1

q

. (4.4)
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Since |φ ′|q is exponentially s–convexity and |φ ′(z)| ⩽ M, we obtain∫ 1

0

∣∣φ′ (χz+ (1 − χ) κ1)
∣∣q dχ =

∫ 1

0

{
(esχ − 1)

∣∣φ′ (z)
∣∣q +

(
es(1−χ) − 1

) ∣∣φ′ (κ1)
∣∣q}

dχ

⩽ Mq

(
es − s− 1

s

)
+ Mq

(
es − s− 1

s

)
⩽ 2Mq

(
es − s− 1

s

)
(4.5)

and∫ 1

0

∣∣φ′ (χz+ (1 − χ) κ2)
∣∣q dχ =

∫ 1

0

{
(esχ − 1)

∣∣φ′ (z)
∣∣q +

(
es(1−χ) − 1

) ∣∣φ′ (κ2)
∣∣q}dχ

⩽ Mq

(
es − s− 1

s

)
+ Mq

(
es − s− 1

s

)
⩽ 2Mq

(
es − s− 1

s

)
. (4.6)

By connecting (4.5) and (4.6) with (4.4), we get (4.3). This is the required proof.

Corollary 4.5. Under the similar consideration in Theorem 4.4, by choosing s = 1, we obtain∣∣∣∣φ (x) −
1

κ2 − κ1

∫κ2

κ1

φ (u)du

∣∣∣∣
⩽

2
1
q M

(κ2 − κ1)

(
1

p+ 1

) 1
p
[
(z− κ1)

2
{
(e− 2)

} 1
q

+ (κ2 − z)
2
{
(e− 2)

} 1
q
]

.

Also we have

1. If we choose z = κ1+κ2
2 in Corollary 4.5, then we have the following mid-point

inequality∣∣∣∣φ(κ1 + κ2

2

)
−

1
κ2 − κ1

∫κ2

κ1

φ (u) du

∣∣∣∣ ⩽ 2
1
q−1

M (κ2 − κ1)

(
1

p+ 1

) 1
p
{
(e− 2)

} 1
q

.

2. If we choose z = κ1 in Corollary 4.5, then we have the following inequality∣∣∣∣φ (κ1) −
1

κ2 − κ1

∫κ2

κ1

φ (u) du

∣∣∣∣ ⩽ 2
1
q M (κ2 − κ1)

(
1

p+ 1

) 1
p
{
(e− 2)

} 1
q

.

3. If we choose z = κ2 in Corollary 4.5, then we have the following inequality∣∣∣∣φ (κ2) −
1

κ2 − κ1

∫κ2

κ1

φ (u) du

∣∣∣∣ ⩽ 2
1
q M (κ2 − κ1)

(
1

p+ 1

) 1
p
{
(e− 2)

} 1
q

.
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Theorem 4.6. Suppose a mapping φ : J ⊆ R → R is differentiable on Jo, where κ1, κ2 ∈ J
with κ1 < κ2. If |φ ′|q is exponentially s–convex on [κ1, κ2] for some s ∈ [ln 2.4, 1], q ⩾ 1,
q−1 = 1 − p−1, φ ′ ∈ L[κ1, κ2] and |φ ′(z)| ⩽ M, for all z ∈ [κ1, κ2], then the following
inequality holds:

∣∣∣∣φ (z) −
1

κ2 − κ1

∫κ2

κ1

φ (χ)dχ

∣∣∣∣
⩽

M

(κ2 − κ1) 21− 1
q

[
(z− κ1)

2
{(

2 + (2s− 2) es − s2

2s2

)
+

(
2es − s2 − 2s− 2

2s2

)} 1
q

(4.7)

+ (κ2 − z)
2
{(

2 + (2s− 2) es − s2

2s2

)
+

(
2es − s2 − 2s− 2

2s2

)} 1
q
]

,

for each z ∈ [κ1, κ2].

Proof. From Lemma 4.1 and power mean inequality, we have∣∣∣∣φ (z) −
1

κ2 − κ1

∫κ2

κ1

φ (χ)dχ

∣∣∣∣
⩽

(z− κ1)
2

κ2 − κ1

∫ 1

0
χ
∣∣φ′ (χz+ (1 − χ) κ1)

∣∣ dχ+ (κ2 − z)
2

κ2 − κ1

∫ 1

0
χ
∣∣ φ′ (χz+ (1 − χ) κ2)

∣∣ dχ
⩽

(z− κ1)
2

κ2 − κ1

(∫ 1

0
χ dχ

)1− 1
q
(∫ 1

0
χ
∣∣φ′ (χz+ (1 − χ) κ1)

∣∣q dχ) 1
q

+
(κ2 − z)

2

κ2 − κ1

(∫ 1

0
χ dχ

)1− 1
q
(∫ 1

0
χ
∣∣φ′ (χz+ (1 − χ) κ2)

∣∣q dχ) 1
q

. (4.8)

Since |φ ′|q is exponentially s−convexity and |φ ′(z)| ⩽ M, then we obtain∫ 1

0
χ
∣∣φ′ (χz+ (1 − χ) κ1)

∣∣q dχ =

∫ 1

0
χ

{
(esχ − 1)

∣∣φ′ (z)
∣∣q +

(
es(1−χ) − 1

) ∣∣φ′ (κ1)
∣∣q}

dχ

⩽ Mq

(
(2s− 2) es − s2 + 2

2s2

)
+ Mq

(
2es − s2 − 2s− 2

2s2

)
(4.9)

and∫ 1

0
χ
∣∣φ′ (χz+ (1 − χ) κ2)

∣∣q dχ =

∫ 1

0
χ

{
(esχ − 1)

∣∣φ′ (z)
∣∣q +

(
es(1−χ) − 1

) ∣∣φ′ (κ2)
∣∣q}

dχ

⩽ Mq

(
(2s− 2) es − s2 + 2

2s2

)
+ Mq

(
2es − s2 − 2s− 2

2s2

)
. (4.10)

By connecting (4.9) and (4.10) with (4.8), we get (4.7). This is the required proof.
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Corollary 4.7. Under the similar consideration in Theorem 4.6, by choosing s = 1, we obtain∣∣∣∣φ (z) −
1

κ2 − κ1

∫κ2

κ1

φ (u)du

∣∣∣∣
⩽

M

(κ2 − κ1) 21− 1
q

×
[
(z− κ1)

2
{(

1
2

)
+

(
2e− 5

2

)} 1
q

+ (κ2 − z)
2
{(

1
2

)
+

(
2e− 5

2

)} 1
q
]

.

Also we have

1. If we choose z = κ1+κ2
2 in Corollary 4.7, then we have the following mid-point

inequality∣∣∣∣φ(κ1 + κ2

2

)
−

1
κ2 − κ1

∫κ2

κ1

φ (u) du

∣∣∣∣ ⩽ M

2
(κ2 − κ1)

21− 1
q

{(
1
2

)
+

(
2e− 5

2

)} 1
q

.

2. If we choose z = κ1 in Corollary 4.7, then we have the following inequality∣∣∣∣φ (κ1) −
1

κ2 − κ1

∫κ2

κ1

φ (u) du

∣∣∣∣ ⩽ M
(κ2 − κ1)

21− 1
q

{(
1
2

)
+

(
2e− 5

2

)} 1
q

.

3. If we choose z = κ2 in Corollary 4.7, then we have the following inequality∣∣∣∣φ (κ2) −
1

κ2 − κ1

∫κ2

κ1

φ (u) du

∣∣∣∣ ⩽ M
(κ2 − κ1)

21− 1
q

{(
1
2

)
+

(
2e− 5

2

)} 1
q

.

Theorem 4.8. Suppose a mapping φ : J ⊆ R → R is differentiable on Jo, where κ1, κ2 ∈ J
with κ2 > κ1. If |φ ′|q is exponentially s–concave on [κ1, κ2], for some s ∈ [ln 2.4, 1], φ ′ ∈
L[κ1, κ2], p,q > 1, q−1 + p−1 = 1, then the following inequality holds:

∣∣∣∣φ (z) −
1

κ2 − κ1

∫κ2

κ1

φ (u)du

∣∣∣∣ ⩽ 1
κ2 − κ1

(
1

p+ 1

) 1
p

(
1

2
(
e

s
2 − 1

)) 1
q

(4.11)

×
{
(z− κ1)

2
∣∣∣∣φ′
(
z+ κ1

2

)∣∣∣∣+ (κ2 − z)
2
∣∣∣∣φ′
(
z+ κ2

2

)∣∣∣∣}.

Proof. Suppose p > 1, by Lemma 4.1 and using the Hölder inequality, we obtain

∣∣∣∣φ (z) −
1

κ2 − κ1

∫κ2

κ1

φ (u)du

∣∣∣∣ ⩽ (z− κ1)
2

κ2 − κ1

(∫ 1

0
χpdχ

) 1
p
(∫ 1

0

∣∣φ′ (χz+ (1 − χ) κ1)
∣∣q dχ) 1

q

(4.12)

+
(κ2 − z)

2

κ2 − κ1

(∫ 1

0
χpdχ

) 1
p
(∫ 1

0

∣∣φ′ (χz+ (1 − χ) κ2)
∣∣q dχ) 1

q
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|φ ′|q is exponentially s–concave and using the left hand side of (3.2) inequality, we obtain

∫ 1

0

∣∣φ′ (χz+ (1 − χ) κ1)
∣∣q dχ ⩾

(
1

2
(
e

s
2 − 1

)) ∣∣∣∣φ′
(
z+ κ1

2

)∣∣∣∣q (4.13)

and

∫ 1

0

∣∣φ′ (χz+ (1 − χ) κ2)
∣∣q dχ ⩾

(
1

2
(
e

s
2 − 1

)) ∣∣∣∣φ′
(
z+ κ2

2

)∣∣∣∣q . (4.14)

By connecting the (4.13), (4.14) with (4.12),we get (4.11). This is the required proof.

Corollary 4.9. Under the similar consideration in Theorem 4.8, by choosing s = 1, we obtain

∣∣∣∣φ (z) −
1

κ2 − κ1

∫κ2

κ1

φ (u)du

∣∣∣∣ ⩽ 1
κ2 − κ1

(
1

p+ 1

) 1
p

(
1

2
(
e

1
2 − 1

)) 1
q

×
{
(z− κ1)

2
∣∣∣∣φ′
(
z+ κ1

2

)∣∣∣∣+ (κ2 − z)
2
∣∣∣∣φ′
(
z+ κ2

2

)∣∣∣∣}.

5. Applications

Consider the following special means for different positive real numbers κ1, κ2 and κ1 < κ2
as follows:

1. The arithmetic mean:
A(κ1, κ2) =

κ1 + κ2

2
.

2. The Harmonic mean:
H(κ1, κ2) =

2κ1κ2

κ1 + κ2
, κ1, κ2 > 0.

3. The log-mean:

L = L (κ1, κ2) =
κ2 − κ1

ln κ2 − ln κ1
, κ1 ̸= κ2.

4. The generalized log-mean:

Lr(κ1, κ2) =

[
κr+1

2 − κr+1
1

(r+ 1)(κ2 − κ1)

] 1
r

; r ∈ R \ {−1, 0}.

5. The Identric mean:

I (κ1, κ2) =


κ1 κ1 = κ2

1
e

(
κ
κ2
2

κ
κ1
1

) 1
κ2−κ1

κ1 ̸= κ2

 .
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Dragomir et al. [31], have proved that for s ∈ (0, 1), where 1 ⩽ r ⩽ 1
s , the function

φ(z) = zrs, z > 0 is s–convex function.

Now, using the theory results in section 4, we give some applications to above special
means for positive different real numbers.

Proposition 5.1. Let 0 < κ1 < κ2. Then for some fixed s ∈ [ln 2.4, 1), we obtain

|Ars (κ1, κ2) − L
rs
rs (κ1, κ2)| (5.1)

⩽ (κ2 − κ1)
M

2

{(
2 + 2 (s− 1) es − s2

2s2

)
+

(
2es − s2 − 2s− 2

2s2

)}
.

Proof. The result holds by letting z = κ1+κ2
2 in Theorem 4.2 with exponentially s–convexity

for φ : (0,∞) → R, φ(z) = zrs, we obtain the required result.

Proposition 5.2. Let 0 < κ1 < κ2 and q > 1. Then for some fixed s ∈ [ln 2.4, 1), we obtain

|ln I (κ1, κ2) − lnA (κ1, κ2)|

⩽ 2
1
q−1

M (κ2 − κ1)

(
1

p+ 1

) 1
p
{(

es − s− 1
s

)} 1
q

. (5.2)

Proof. The result holds by letting z = κ1+κ2
2 in Theorem 4.4 with exponentially s–convexity

for φ : (0,∞) → R, φ(z) = − ln z, we obtain the required result.

Proposition 5.3. Let 0 < κ1 < κ2 and q ⩾ 1. Then for some fixed s ∈ [ln 2.4, 1), we obtain∣∣H (κ1, κ2) − L
−1 (κ1, κ2)

∣∣ ⩽ (κ2 − κ1)
M

22− 1
q

×
{(

2 + (2s− 2) es − s2

2s2

)
+

(
2es − s2 − 2s− 2

2s2

)} 1
q

. (5.3)

Proof. The result holds by letting z = κ1+κ2
2 in Theorem 4.6 with exponentially s–convexity

for φ : (0,∞) → R, φ(z) = 1
z , we obtain the required result.

6. conclusion

In this article, we introduced and studied the concept of a new family of convex func-
tions, called exponentially s–convex functions. Ostrowski-type inequalities are especially
very important in the estimation of different quadrature rules. Some new Ostrowski type
inequalities for exponentially s–convex function are established. Finally, we derive several
new versions of the Ostrowski type inequalities regarding this newly discussed idea. Some
applications to special means are attained as well. In the future, we hope the results of
this paper and the new idea can be extended in different directions like fractional calculus,
quantum calculus, time scale calculus, etc. We hope that our new ideas and techniques
may energize and excite many researchers in this fascinating field of Mathematics.
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[10] İ̧scan İ, Turhan S and Maden S (2017). Hermite–Hadamard and simpson–like type inequalities for differ-

entiable p–quasi convex Functions. 31(19): 5945–5953.
[11] Xi BY and Qi F (2012). Some integral inequalities of Hermite–Hadamard type for convex functions with

applications to means. J. Funct. Spaces. Appl. Article ID 980438, 1–14.
[12] Kashuri A, Meftah B and Mohammed PO (2021). Some weighted Simpson type inequalities for differen-

tiable s–convex functions and their applications. J. Frac. Calc. Nonlinear Sys. 1: 75–94.
[13] Kashuri A, Mohammed PO, Abdeljawad T, Hamasalh F and Chu YM (2020). New simpson type integral

inequalities for s–convex functions and their applications. Math. Prob. Eng. Article ID 8871988.
[14] Mohammed PO, Abdeljawad T and Baleanu D (2020). New fractional inequalities of Hermite-Hadamard

type involving the incomplete gamma functions. J. Inequal. Appl. 263.
[15] Aljaaidi T and Pachpatte DB (2020). Some Gruss-type Inequalities Using Generalized Katugampola Frac-

tional Integral. AIMS Mathematics. 5(2): 1011-1024.
[16] Aljaaidi T and Pachpatte D (2021). New generalization of reverse Minkowski’s inequality for frac-

tional integral. Advances in the Theory of Nonlinear Analysis and its Application, 5(1): 72-81,
doi:10.31197/atnaa.756605

[17] Rashid S, Noor MA, Noor KI and Akdemir AO (2019). Some new generalizations for exponentially s–
convex functions and inequalities via fractional operators. Fractal Fract. 3(2): 1–24.

[18] Ostrowski AM (1938). b̈er die Absolutabweichung einer differentiebaren Funktion von ihrem Integralmit-
telwert. Commentarii Mathematics Helvetici. 10: 226–227.

[19] Mitrinovic DS, Pecaric J and Fink AM (1991). Inequalities involving functions and their integrals and
derivatives. Springer Science and Business Media. 53.

[20] Dragomir SS and Wang S (1997). An inequality of Ostrowski–Grüss type and its applications to the esti-
mation of error bounds for some special means and for some numerical quadrature rules. Computer and
Math Comput. Math. with Appl. 33: 15–20.

[21] Barnett NS, Cerone P, Dragomir SS, Roumeliotis J and Sofo A (2001). A survey on Ostrowski type in-
equalities for twice differentiable mappings and applications. Inequal. Theory and Appl. 1: 24–30.

[22] Alomari M, Darus M, Dragomir SS and Cerone P (2010). Ostrowski type inequalities for functions whose
derivatives are s-convex in the second sense. Applied Mathematics Letters. 23(9): 1071–1076.

[23] Alomari M and Darus M (2010). Some Ostrowski type inequalities for quasi-convex functions with appli-
cations to special means. RGMIA Res. Rep. Coll. 13(2).



M. Tariq, J. Nasir, S.K. Sahoo, A.A. Mallah / Ostrowski inequalities via Exponential.... 15

[24] Dragomir SS (1998). On the Ostrowski’s integral inequality for mappings with bounded variation and
applications. Math. Ineq. Appl. 1(2).

[25] Pachpatte BG (2000). On an inequality of Ostrowski type in three independent variables. J. Math. Anal.
Appl. 249: 583-591.

[26] Set E, Sarikaya MZ and Özdemir ME (2010). Some Ostrowski’s type inequalities for functions whose second
derivatives are s–convex in the second and applications. arXiv preprint arXiv:1006.2488.

[27] Niculescu CP and Persson LE (2006). Convex functions and their applications. Springer, New York.
[28] Set E, Özdemir ME and Sarikaya MZ (2010). New inequalities of Ostrowski’s type for s-convex functions

in the second sense with applications. arXiv preprint arXiv:1005.0702.
[29] Breckner WW (1978). Stetigkeitsaussagen für eine Klasse verallgemeinerter konvexer funktionen in topol-

ogischen linearen Raumen. Pupl. Inst. Math.23:13–20.
[30] Hudzik H and Maligranda L (1994). Some remarks on s–convex functions, Aequationes Math. 48100–111.
[31] Dragomir SS and Fitzpatrik S (1999). The Hadamard inequality for s–convex functions in the second sense.

Demonstratio Math. 32(4): 687-696.
[32] Cerone P and Dragomir SS (2004). Ostrowski type inequalities for functions whose derivatives satisfy

certain convexity assumptions. Demonstratio Math. 37: 299-308.


	1 Introduction
	2 Preliminaries
	3 Exponentially s–Convex Function and its Properties
	4 Refinements of Ostrowski type inequality via exponentially s–convex functions
	5 Applications
	6 conclusion

