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Abstract

This paper introduces a novel generalized fractional operator: the n-tuple variable-order g-fractional
derivative with respect to a 1\ function. This operator provides a unified framework that extends several
existing g-fractional models, including the Riemann-Liouville, Caputo, and Hilfer types, along with their
variable-order and 1-dependent variants. Fundamental properties and results are established to analyze the
well-posedness of a class of hybrid fractional difference equations. The existence of the solution is established
via Krasnoselskii’s fixed point theorem, while uniqueness is demonstrated using the Banach contraction prin-
ciple. Furthermore, the Ulam-Hyers stability of the solution is rigorously investigated. An illustrative example
is provided to demonstrate the applicability of the theoretical results. This work concludes by identifying fu-
ture research trajectories, specifically the extension of n-tuple operators to non-local boundary value problems
and the exploration of (q,{)-difference systems with higher-order derivatives (n > 1), offering a definitive
foundation for subsequent developments in quantum fractional calculus.

Keywords: (q,)-fractional calculus, variable-order derivative, n-tuple fractional operator, hybrid
fractional difference equation, well-posedness.
2010 MSC: 26A33, 39A13, 34A08, 47H09, 47H10.

1. Introduction

Fractional calculus is initially a mathematical area involving variants of derivatives
and integral operators with the order of operation lying between n —1 < &« < n where
n € IN\ {0}. The variations can be extended further. In some studies, authors explore
fractional operators with non-constant order, known as variable order (see [1, 2, 3]), such
that n —1 < «(t) < n. In other works, the rate of change is rescaled so that the operator
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respects a function 1 (t); this leads to the so-called \-fractional operators (see [4, 5]). For
example, the Riemann-Liouville fractional integral of variable order is defined by

df”ﬂﬂ—ﬁm;UJiﬁ—ﬂ“m‘WBM& 0 <alt) <1

And, the {-Riemann-Liouville fractional integral is defined by

t
I = | 00— () e (s, 0<a<1.
(x)Ja

The classical variations of fractional derivative, such as the Caputo and Riemann-Liouville
derivatives, can be obtained by combining fractional integral operators and integer-order
derivatives in different positions (see [1]).

Later, Hilfer [6] introduced a definition of fractional derivative that interpolates be-
tween the Riemann-Liouville and Caputo types. The Hilfer fractional derivative is defined

as follows:
aDEPF(t) = (1P Dn IR gy,

In a sense, it can be said that these variations represent generalizations of fractional oper-
ators in different forms.
In 1909, g-calculus was introduced by Jackson [7] where g-derivative is

_ fat—f(t)

Dyf(t) = ==

7

and g-integral is

t [o's)
I4f(t) = JO f(s)dgs = (1—q) > tq™f(tq™).
n=0

Moreover, q-fractional calculus has also been widely studied (see [8, 9, 10, 11, 12, 13, 14,
15]). The following timeline summarizes the author’s works related to the development
of the present study.

In 2021, inspired by the Hilfer fractional derivative, the author and collaborators [9]
introduced q-Hilfer fractional derivative such that

1— 1-B)(1— _
gDIPE() = qIPU D I P Sp () — (1Y% DYH(1), v =+ B —aB,
and the g-Hilfer fractional derivative of variable order such that
DXV = Pt (1B -alt) g

when 0 < x < 1,0 < «(t) < 1and 0 < B < 1. The uniqueness of the continuous solution
of a fractional hybrid integro-difference equation was examined in that work. The g-Hilfer
fractional derivative caught a certain amount of attention from mathematicians. There are
further studies (see [13, 15]), including the operator with a time interval shifted such that
initial time ty = a (see [12]).

In the same year — although the paper [11] (hereinafter the previous paper) was pub-
lished several years later — the author and collaborators derived q-fractional operators



N. Limpanukorn / n-tuple variable order (q,1)-fractional derivative 59

with respect to the 1\ function. However, the proof was not clearly provided. The pro-
cess of deriving such an operator was inspired by the traditional concept [16] of iterated
integral in g-calculus fashion follows

N t rXn-1 X1 1 t (n—1)
qli f(t) :J J J f(s)dgsdgxi..dgxn—1 = F(n)J (t—qs)q f(s)dgs.
0Jo 0 q 0

Nonetheless, almost four years later, I encountered a paper written by Kamsrisuk et al.
[14] on g-calculus that respects another function, revisited the previous paper, and dis-
covered that the result concerning the derivation of the n-iteration of the g-integral in
the previous paper contained errors, making it valid only under very limited conditions
(when 1 is homogeneous). However, the conditions for uniqueness and Ulam-Hyers sta-
bility of the solution — which are the main results — remain correct. Therefore, I would
like to dedicate one section of this paper to revisiting the proof techniques that I did not
clearly present in my earlier work, explaining how and why certain operators and theo-
rems were obtained, and clarifying what are the mistakes. Nowadays, q-fractional calculus
that respects another function has already started to catch mathematicians’ attention (see
[18, 19]).

In 2022 — through a stroke of inspiration — the author independently discovered a
further interpolation beyond the g-Hilfer derivative where for 0 < «; < 1and o, a3, ..., xn €
[0, 1] the g-fractional derivative with n order of operations is introduced such that

(DS () qL(El—]_[i:ﬂl—(Xi))(l—fxl)Dqth]_[};l(l—oq)f(t).
The operator is referred to as the n-tuple g-fractional derivative (see [10]).

Recent advancements in the field have highlighted the necessity of more flexible oper-
ators to describe complex hereditary properties. For instance, the study of existence the-
orems for hybrid fractional differential equations has been expanded through \-weighted
Caputo-Fabrizio derivatives, which offer a non-singular kernel approach to {-fractional
systems [21]. Similarly, the investigation of {-fractional hybrid systems with periodic
boundary conditions [22] and the development of existence results for nonlinear neu-
tral generalized Caputo fractional equations [23] demonstrate a clear trend toward high-
degree interpolation between classical derivative types. While these works provide robust
results in the continuous and \-weighted domains, a gap remains in the g-calculus ana-
log. The n-tuple variable-order (q, {)-fractional operator introduced in this paper fills this
gap by unifying these diverse approaches into a single, discrete-time scale framework.

In this paper, which will serve as the author’s final contribution to the mathematical
field, I combine all the aforementioned generalizations — that is, I define the qg-fractional
derivative with respect to 1, incorporating n-tuple orders of operation, where each order
is variable order. I focus on a hybrid difference equation, similar to that of my first publi-
cation in this field [20], in order to investigate the existence, uniqueness, and Ulam-Hyers
stability (altogether is the well-posedness) of its mild solution. In other words, in this
work, the following equation will be studied

gD thealthesttmenltin gy —£(t,x(1))] = g(t,x(t)), 0< oq(t) <1

x(0) =x(0) =xo, qly, “VF(0,x(0)) = £(0,x(0)) = o, te0,T]

(1.1)
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where Q(t) =1—]{L;(1— «i(t)) and 0 < xa(t), o3(t), ..., on (t) < 1.

The existence of a continuous solution will be established using Krasnoselskii’s fixed
point theorem, the uniqueness will be demonstrated by Banach’s fixed point theorem, and
the Ulam-Hyers stability will also be illustrated.

2. Preliminary and Framework

This section summarizes the g-analog structures, spaces, definitions, and theorems
used in the author’s previous works, as they are necessary for understanding the present
study. First, lets review the g-analog structures and spaces that form the mathematical
foundation of this work.

2.1. (q, g)-derivative and q-analog of special functions
First, note that
f(t) — f(qt)
g(t) —g(qt)’
where Dy denotes the g-difference operator with respect to the function g (so-called
(q, g)-derivative). The relevant g-analog structures are defined as follows.

qDgf(t) =

Definition 2.1. For any q € (0, 1), the g-analog of power function is defined by

m—m)§ =T](n—mqH
i=0

= (n—m)(n—mq)(n—qu)...(n—mqkfl).

In more general sense, the notation is defined by

n—m
(n—m) k—nan mq1q+k' n#0, kekR

Proof. Letn # 0 and k, N € R such that k < N. Then,

(n—m)¢” =] [(n—mq")

= (n—m)(n—mgq)(n—mg?)...(n—mq*")

N+k i
1=0 Tl_Tn’q )

I
IS —mag))
H

;-n

To(m—mg') x [[[L(n—mg’) x (n—mg ) (n—mqN*?)...(n—mq

N+k)

[T (n—mg))
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Expanding the product, it is obtained that

N i
(n—m)gk) = Lo =mq’) X (n—mq

HiN:O(n_ mqitk)

. n—m i
= lim 7qk
N—oc0 - On—mq“r
1=

nk n—mq'
H n— mq1+k

This completes the proof. O

N+1)( N+2)_ N+k)

n—mg ..(n—mq

X ]\}im m—mgV Y m—mg"*?) ... (n—mg"VTH)
—00

Definition 2.2. For any q € (0, 1), the q-Gamma function is defined by

1— (G—-1)
Fali) = {7 € RAO, 1,2,
where I'q(j +1) = [jI4T4(j) and
_1-q"
(hlq 1_q,he]R

Also, I'q(j) = [j —1]! when j € N\ {0}
Definition 2.3. Let a,b € R" and q € (0,1). The g-Beta function is defined by

1 B T I'q(b
By (a,b) :L Safl(l_qs)gb 1qus _ ]‘M.

2.2. g-analog of spaces
This subsection contains relevant spaces used in this paper.

Definition 2.4. [16] Let q € R, a subset A C C is called q-geometric if qz € A whenever
z € A.

Definition 2.5. [16] Let A be a q-geometric subset of C with 0 € A. A function f on A is
said to be g-regular at 0 if, for every z € A, the following limit exists:

lim f(zq™) = f(0).

n—oo

Definition 2.6. [16] For any p > 1, the space L§(a, b) is the space of the functions such

that .
b B
<J |f(t)|pdqt> < o0.

For p = 1, this space is denoted by L4(a, b).
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Definition 2.7. For any p > 1, the space Lp »(a,b) is the space of the functions such that

b v
<J |f(t)qu1p(t)dqt> < 0.

For p = 1, this space is denoted by L, (a, b).

Definition 2.8. [16] For any p € R, the space ILE’I [a, b] is the space of the functions on
interval [a, b]. The space ILE [a, b] is a Banach space with the supremum norm ||-||,, defined

by
1
b P
Ifllp = sup (J |f(t)|pdqt> <o,
tela,b] a

For p = 1 it can be denoted the space as ILq!a, b].

Definition 2.9. For any p € R™, the space ILEAP [a, b] is the space of the functions on

interval [a, b]. The space ]L]D [ a,b] is a Banach space with the supremum norm |||/, v,
defined by

1

b v

[fllpp = sup (J If(t)lqull)(t)dqt> < o0.
tela,b] a

For p = 1it can be denoted the space as IL 4 ,[a, b] and the supremum norm || - || 4, = || - [|-

Definition 2.10. [16] C‘c}[a, b] denotes the space of continuous functions on [a, b] such

that Da‘_lf(t) € Cla,b]. Also, Cgyla,b] is a Banach space with supremum norm || - |[cn
such that

HfHCn = sup Z |D1 t)| < oo.
tela,b] g

For n = 1, this space reduces to C[a, b], and for ¢ =1, to C"[a, b].

Definition 2.11. Cl},w [a, b] denotes the space of continuous functions on [a, b] such that
quJ‘flf(t) € Cla,b]. Also, Cg,[a,b] is a Banach space with supremum norm || - HC‘qﬂp
such that

Ifllcn, = sup Z|qD¢ )| < oo.
tela,b]l 1o

Definition 2.12. [16] A function f on [0, a] is called absolutely continuous if it is q-regular
at 0 and there exists a constant K > 0 such that

D If(tq") —f(tq" ) <K
i=0

for every t € (qa, al.
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Definition 2.13. [16] Let ACg4la, b] be a space of the absolutely continuous functions on
[a, b], then f € ACq4la,b] if and only if there exists an arbitrary constant w € R and the
function ¢(t) € IL{[a, b] such that

b

f(t) = w +J Bb(s)dgs.

a

For q = 1, it can be noted the space as ACla, b].

Definition 2.14. [16] The space Aan)[a, b] consists of functions f on [a,b] such that
Dy~ !f(t) € ACqla, b]. For q =1, it can be denoted as AC'™[a, b]

Definition 2.15. Let ACq,y(a,b] be a space of the absolutely continuous functions on
[a, b, then f € ACqa, b] if and only if there exists an arbitrary constant w € R and the
function ¢(t) € L§[a, b] such that

b

ft)=w —i—J d(s)DgW(s)dgs.

a

For q = 1, it can be noted the space as AClaq, b].
Definition 2.16. The space AC ;“11)) [a, b] is a space of function on [a, b] such that D&‘lf (t) €
ACqla, bl.

The next section will revisit and address the issue in the previous paper.

3. Revisiting the Previous Work: Identification of Errors

Before we begin, as I am also a legal scholar, I would like to cite a quote from a U.S.
case that best describes this section.

A smart man knows when he is right; a wise man knows when he is wrong.
Wisdom does not always find me, so I try to embrace it when it does — even
if it comes late, as it did here.

Thomson Reuters Enter. Ctr. GmbH v. Ross Intel. Inc., 765 F. Supp. 3d 382, 390
(D. Del. 2025)

I thus revise my earlier formulation of the result and its proof in this paper.

3.1. What are the mistakes?

First,  would like to use 41} to refer to the incorrect illustration in the previous paper.
In the previous paper, I stated that, since 1\ is a strictly increasing function of s with
P(0) = 0, writing f(s) = g(s,V(s)), where s — g(s,P(s)), and f(s) = h(P(s)), where
s — h(\(s)), yields:

P (t) phna P
0 =[] gl b datud gt datn s
W (0) J(0) W (0)

WV (t) pbn At
_ J J J R (s)) dqbodqirdqbn_1
Y (0) J(0) W (0)

t
=T in) L (W) — qu(s)g" f(s)Dqb(s)dgs.
q
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It turns out that the aforementioned iterated integral — although valid only when {
is homogeneous — is still not as trivial as it was presented in the previous paper. In this
section, its origin will be explained, along with the corresponding mistakes. The mistake
began here: after substitution, I carelessly applied I, when writing f(t) = h(g(t)), where
t — h(g(t)), as follows:

g(t)

t [e'e]
AT f(t) = JO f(s)Dqg(sldgs = | hlg(s)dqels) = (1-alglt) 3_ a"hlg(tla")
n=0

g(0)

After that, the incorrect iteration of (I, was derived using induction as follows. First,
where g(0) = 0, suppose that the following integral is true for n = N:

g(t) pgn-1 g1
qlgf(t) = J J J h(g(s))dqgodqgi..dggn—1
g(0) Jg(0) g(0)

g(t)
= J ,, (9001 agleNg™ nlg(s)dagls).

g(0) i=0
_ (1_q)2 — — i+j i+1y(N-1) N+1_Nj i+j
= g 2 2 a =g g™ g Mgt}
i=0j=0
This reduces to
o1 N _ 2 s N+1 j s+1 N —1)
[N =111 (1) = (1 th Zq '

Applying the property stated [17] such that

1Zmoql g = W
it follows that
alg () .q ioqsg )— 91" nig(t)g))
_ U\lm“g: (9(t) — qa(s) N h(g(s))dqg(s)
:U\l”!:(g(t)—qg(s))EqN)h(Q(S)) (s)dgs
_ U\l”!ut(g(t)—qg(s))gmf( )Dqg(s)d
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I also accidentally derived a theorem of the form

n-i x—i—1
o gy (0() ~(0))
oI5 qDEF(t) = f(t) — ;) qTy 1 F(0) My (o —1)

where

Il+iffxf 0) = i Il+i70(f ).
qaly (0) tiréhq W (t)

Although, after correcting the earlier mistake, the final theorem remains the same, the ver-
sion presented in the previous paper was derived through mathematically incorrect steps.
While the method is not generally valid, for the reader’s convenience, I will demonstrate
how that earlier result was obtained. Beginning with

1 [t .
aI5aDg () = rq(“)L (W) — q(s) <
1 ) (x—1)
X {Fqu—cx)Jo (W(s) = qb(T))q f(T)Dqu)(T)qu} D q(s)dgs.

Substitute \(t) = 6. And since {(t) is a function of t, any function f(t) can be expressed
in the form f(t) = g(t,¥(t)) for an appropriate two-variable function g, or in the form
f(t) = h(P(t)) for an appropriate one-variable function h. The expressions t — g(t, W (t))
and t — h((t)) simply describe the same function f. For example, when \(t) = t> and
f(t) = t3, define g(t,x) = t-x. Then f(t) = g(t, P(t)) = g(t,t?) = t-t*> = t3. Likewise,
define h(x) = x3/2. Then f(t) = h(P(t)) = h(t?) = (t2)3/2 = ¢3

Here, \(s) is treated as a constant. From now on, whenever 1)(-) is treated as a constant
within an integral, denote {(-) := T. Moreover, denote qu‘p(.)f(ll)(-)) = ¢D§f(T) =
G(T) = G(W(+)), interchangeably. It follows that

L (oc1)
e ), C00 — (s

* 1Jw(8)(¢(5)— 0)5 h(8)dq8 { Dqw(s)dgs
g1 — o) Jo qY)q q q q

alpqDyf(t) =

1 B (0—1)
= oy (00—
1 (7 (1)
X IMJO (T—qe)q h(e)dqe Dq'Ll)(S)qu

= 1 ‘ (x—1)
- rq(cx)L (W(t) = q(s))g" ' GW(s))Dqb(s)dqs

Substituting 1 (s) = u, it follows that

x x 1 by (x—1)
3D = - | - e

(
_ 1! JT(T—qu)(“l)G(u)d U= qISG(T) = IS DER(T).
rq(o() 0 q q q q-Tq



N. Limpanukorn / n-tuple variable order (q,1)-fractional derivative 66

Therefore, it is obtained that

oI5 qDEF(t) = 41§ DSh(T)

n—1 Tx—i-1
_ _ 1+i—«
=h(T) % g5 f(O)irq o=y
n—1 ax—i—1
— I+i—«x (1|)(t) _d)(o))
=f(t) — % qLy 7 *f(0) Pl i) .

3.2. Why these are mistakes?

The main reason these expressions are incorrect is that
qIof(t) = (1—q)g(t) ) q™h(g(t)q™)
n=0

where f : t — h(g(t)), is not the proper form of the operator 4I4. Consider the following
example. Let f(t) = g(t) =t™. Then

t 1_qn t 1_qn 1_q 1_qn
f(s)D dgs=———| " ldgs = : A = £2m.
J, floDqglsidgs = = | e tags - i L ——

However, applying I, the obtained result is

g(t) °°
JTof(t) = L 9(s)dqg(s) = (1—q)glt) 3 q"g(t)q™ = ——[g(t))
n=0

These results are clearly not equal. This demonstrates that we cannot treat g(t) as a free
variable without rescaling q. For example, if we define, where g(t) = t™, a rescaled
g-integral:

g(t) 0 . )
J h(g(s))dqg(s) = (1—g(a))g(t) Y_lg(q)h(g(t)g(q)]"),

g(0) i=0

then we obtain

t g(t) i ) .
[ topagtsides = [ atsidagls) = (1 glag() Y_lotal'gtligla)
0 g(0) i=0
=(1—g(a)lg®)* > (lg(q))’
i=0
_1-glq) 2
1 [g(q)]z[g(t)]
- 1_qn 2n

To avoid the same pitfalls, I will not rescale anything in this paper.



N. Limpanukorn / n-tuple variable order (q,1)-fractional derivative 67

4. g-fractional operators and ( q,)-fractional operators

4.1. g-fractional operators and theorems
This subsection begins with the g-fractional operators that are independent of the
function .

Definition 4.1. [8] Let q € (0,1) and « > 0. Then the g-Riemann-Liouville fractional
integral is defined by

QI () = Jt (t—qs)5 Vf(s)dgs.

rq () Jo
Let o, 3 > 0, and let f(t) be a function defined on [0, T]. Then the following properties
hold:

(1) qI¢qIPF(t) = qIXTP(1)

(2) gD qIEf(t) = f(t)

Definition 4.2. [16] Let n —1 < « < n. The g-Riemann-Liouville fractional derivative of
a function f(t) is defined by (D{f(t) = Dyq I %f(t).

Definition 4.3. [16] Let n —1 < « < n. The g-Caputo fractional derivative of a function
f(t) is defined by {D{f(t) = qIf *Dgf(t).

Theorem 4.4. [16] Supposen—1 < « <nandf € IL4[0, T] with I} *f(t) € Aan) [0, T].

Then
toc i—1

o I+i—o
qI¥qDYf qu f(0 Fola=D

where

Il-H.—(xf 0) = Ii Il+i—ocf 1).
ali (0) = lim qT¢ (t)

Definition 4.5. [9] Let 0 < « < 1,0 < 3 < 1, and 0 < q < 1. Then the g-Hilfer fractional
derivative of a function f(t) is defined by
1— 1-B)(1— _
gDPF(t) = 1P TD I P p () = (1Y *DYF(L), v = ot B —ap.

Theorem 4.6. [9] Suppose 0 < « < 1,0 < B < 1, f € L4[0,T] with qliﬂ’f(t) €
ACQ)[O,T], where vy = o+ 3 — «f3. Then,

1 g DEPE(E) = £(t) — I VF(0)
qtq-'t q*t rq (,Y)
Definition 4.7. [10] Let 0 < o1 < 1 and &y, a3,...,xn € [0,1]. The n-tuple order g-

fractional derivative is defined as follows, where Q =1 —[]iL;(1 — o).

1T, (- ) (1— T
D (y) = (R ep 0 e = 12w pr),

Theorem 4.8. [10] Suppose 0 < o1 < 1, 0 < ap,03,...,0n < 1, f € ILg[0, T] with
J1Of(t) € ACL [0, T], where Q = 1— [, (1 — ;). Then,

Q-1

Fq(Q)

Next, we consider the qg-fractional operators that depend on the function .

Le gD f(t) = (1P DY (1) = f(t) — g1 £(0)
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4.2. g-fractional operators that respect \ function
First, we observe that 14 satisfies

t

ngf(t) = Jo f(s)Dgqg(s) dgs = (1—q thlf tq Dyg (tq )

thlf QRLCRE - g)(tqq:“)

= f(tq") [g(tq") —g(tq"*")] .
i=0
To ensure that the above representation corresponds to the proper integral form to
counter Dy, we define the linear operator Mq by Mq [f(u)] = f(qu), with I\A/lgﬂ[f(u)] =
Mq [T\A/lgL [f(w)]]. Setting 4D4F(x) = f(x), we have

_ F(x)—F(gx)
1P = o0 = glax) =
Therefore,
(1—Mgq)[F(x)]
=509 = g(ax)
Thus, )
F(x) = m[(g(x) —g(gx)) - f(x)]
= Z Mglg(x) — glqx)) - f(x)]
= f(xq") [g(xq") —g(xq"™")].
i=0
Consequently,

=Y fltq') [g(tq') —g(tq'™™)]
1=0

is the proper representation. We now demonstrate the iteration of 414 as follows.

t prs o] 00
J J f(v)Dqg(v)dgvDqg(s) Z tq 1“ Zf 1) 1+i) —g(tq””l)]
070 i—0 =0
=2 2 lott (tq" )If(tq®)g(tq") — g(tq )]

,ﬂ
I
=
~
|
o
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This means that the following property yields:

t s t ot
J J f(v)Dqg(v)dquqg(s)dqs:J J f(v)Dqg(s)dqsDqg(v)dqv
0 Jo 0 Jqv

Repeating this process (see [19]) or applying integration by parts for the g-integral yields

1 t n
3 = — L (9(t) — g(qs)) V(5D g(s)dgs.

This obtained structure is used to define the (q,{)-Riemann-Liouville fractional integral
as follows.

Definition 4.9. [19] Let q € (0,1), « > 0 and D4 (t) # 0. Then the (q,)-Riemann-Liouville
fractional integral is defined by

1 t o
SIS = WJO (1) — b(gs) < Vf(s)Dg(s)dgs.

The operator I3 satisfies the following properties:
(1) IS I () = oI5 P(1)
It can be seen that the operator is reduced to the definition 4.1 when \(t) = t.

Definition 4.10. Let n — 1 < o < n. The (q,{)-Riemann-Liouville fractional derivative is
defined by ¢Dyf(t) = qDy;q IIT)*“f(t)
It can be observed that this operator reduces to the definition 4.2 when {(t) = t.

Definition 4.11. Let n — 1 < & < n. The (q,1{)-Caputo fractional derivative is defined by

It can be observed that this operator reduces to the definition 4.3 when {(t) = t.

Definition 4.12. Let n — 1 < o < n. The (q,{)-Hilfer fractional derivative is defined by
_ 1— _

gD PEt) = 1B D 1P ey

It can be observed that this operator reduces to the definition 4.5 when {(t) = t and

n=1.

Theorem 4.13. [19] Suppose n—1 < « < nand f € L I[0, T] with qIEf"‘f(t) €
AC10,T]. Then

(W(t) —p(0)* !
Fgloe—1)

n—1
L3 qDGE(t) = (1) — ) I F(0)
i=0

where
1+i— . 1+i—
qIII)+l ocf(o) — tlig]h qu)—O-l (Xf(t).
Afterwards, I will introduce the n-tuple variable-order g-fractional derivative with re-
spect to the function 1\, which extends the previously defined operators and unifies them
within a single generalized framework.
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5. n-tuple variable-order g-fractional derivative with respect to the function

In this section, the author defines two new generalized operators and a relevant theo-
rem.

Definition 5.1. Let 0 < o < 1, ap, &3, ..., &, € [0,1], and D4 (t) # 0. The n-tuple order
(q,¢)-fractional derivative is defined by

quf)l,DCz,OCs,...,O(nf(t) _ qll(l)l*nizz(l*“i))(lf"‘l) 4Dy qI}Ein:l(li(Xi)f(t) _ qllil}focl quplf(t)/
where Q =1 —[]i~;(1— o). It can be observed that this operator reduces to the defini-
tion 4.7 when {(t) = t.
Moreover, the n-tuple order (q,)-fractional derivative can be reduced to the derivatives
of the classical variations. Some of the examples are as follows:
(DLletoy =3 =04 =...= an = 0and &y = . Then, the n-tuple order (q, )-fractional
derivative becomes 4Dy, q I}b_‘"f (t) =g Dgf (t) which is the (q,1{)-Riemann-Liouville frac-
tional derivative (see definition 4.10).
(2) Let one of the «; = 1 where i = 2,3,4,...,n and «; = «. Then, the n-tuple order
(q,\)-fractional derivative becomes I}b_“q Dy f(t) = qCDfl‘)f(t) which is the (q,{)-Caputo
fractional derivative (see definition 4.11).
(3)Letn =2, ¢y = « and p = (. Then, the n-tuple order (q,\V)-fractional derivative
becomes qlﬁ)(l_“)quqI$_ﬁ)(1_“)f(t) = qDS‘)’Bf(t) which is the (q,1)-Hilfer fractional
derivative (see definition 4.12).

Definition 5.2. Let 0 < o (t) < 1,0 < x2(t), o3(t), ..., an(t) <1, and Dq(t) # 0. The
n-tuple variable-order (q,{)-fractional derivative is defined by

D& (1,02 (1), (1) oyt (1) ¢ (1-TT, (=i (1)) (1— o (1))

" (—ag
4D (t) = gl gDy gL gy,

Theorem 5.3. Suppose 0 < &1 < 1, 0 < &, 03,...,&n < 1, and f € Lq4,[0, T] with
gLy @f(t) € AC,[0,T], where O = 1—[]{(1— o). Then

($(t) —p(0) 2T

gLyt gDz f(t) = g Iy ¢ DY F(t) = f(t) — g, F(0) Q)

Proof. The proof is trivial following theorem 4.13. O

6. Well-posedness of the solution

In this section, the fractional-order hybrid difference equation with the initial condition
given by (1.1), where f : [0,TI xR — R, g : [0,T] x R — R, and xy € R denote the
initial value, is analyzed. Let P = [0, T1], (Ty, Tol, (T, T3, . .., (T~n—1, T], where each Py, € P
denotes the k-th subinterval of P. Let oy : [0,T] — (0,1) and «; : [0,T] — [0,1] for
i€ IN'\ {0, 1} be continuous functions. Secondly, we define the «;-approximation function
& (t) : [0,T] — Ji, where J; = (0,1) fori = 1 and J; = [0,1] fori = 2,3,...,n, as a
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piecewise-continuous function with respect to the partition P. The function &; is written
by

iy €0, T

o) Ste (T, Tl

k) T (t xi3) ,te (T2, T3] , tk€PrC[0,T]

2
=
I
M
7;*
x’_'
I\/]z

k=1 k=1

Ny Ste(Tnoy, Tl

(6.1)
where I, denotes the indicator function of Py, thatis, I (t) = 1if t € Py and Ix(t) =0
otherwise. Consequently, ot (t) = limn_,o & (t). This limit holds as |o(; 1) — (i, k1) = 0
whenever |t — tx_1] — 0. Hence, (1.1) can be represented as

Z Lt & (2,1) s (3,K) 7+ X (k) [x(t) — f(t,x(t))] = g(t,x(t)) (6.2)

qﬂp Fx(0) =x(0) =xo, qly, “*F(0,x(0)) = f(0,%(0)) = fo,
where Oy =1— T (1 — o))
I now present the definition of the solution to problem (1.1), which is fundamental to

this study. From theorem 5.3 and the equation (6.1), the integral representation of the
solution x (t) in the subinterval Py is given by

C(p(t) —(0)!

xx(t) = My () + f(t, % (1)) .
1 ' 1K) — .
i rq(o‘(l,k))Jo (b(®) _w(qs))g " 1J9(8,Xk(S))Dqll)(s)dqs,

where C =xp—fgp € R for t € Py.

Moreover, where Q(t) = 1 —[]{_;(1 — «;(t)), the continuous mild solution x(t) =
Y w1 Le(t)xk(t) is written by

x(t) = M Q1) + f(t, x(t)) »
L ' (e (t)—1) :
" Fq(al(t))Jo (1) —(gs) Y g(s, x(s)D g (s)dgs,

The well-posedness of the solution will now be examined. Before proceeding, I will
recall several theorems that will be useful later.

Theorem 6.1. [16] Suppose ¢ : [0,a] — R is a function, if ¢ € IL4[0,al, then 41 €
IL4(0, ], and [|¢ I bl < Gy bl

Theorem 6.2. Let max;c[g,q)(W(t) —(0)) = ¥; then, suppose ¢ : [0 a] - Rand ¢y :
[0, a] = R is a function. Then, qIj¢ € LLq,y[0, a], and |qIj [l < “H Il b]|-



N. Limpanukorn / n-tuple variable order (q,1)-fractional derivative 72

Proof.

laIS bl = Hnjoojo (1) — (qs) = Vep(s)Dq(s)dqs

t
_ JO 15D g (s)d s

_ e (1)
= 000 o o (0~ LG ID ) dgy| Db(s)dgs

1 rt S (a—1)
< e qu(s)JO Dqb()(W(t) —b(qv))§ Vdp(v)Idqvdgs
< 129 D p(s)ls) — w0 x 3 a1 —q ) x [p(tq)ldgs

rq((x) Jo iz
< (1_q)2(¢(t)_¢(0))“+1 i qklda tq Z (1 qk7n+1)goc—1)
rq(o‘)
< Mwl, )| $lsIDgb(s)dgs
Fq(a) 0

W) w
= o1

\POC
<Fenlel

This completes the proof. O

Theorem 6.3. [9] For any 0 < q < 1 and 0 < «(t) < 1, the inequality of gq-gamma

function holds,
x(t)
1 1—q
1—q)* < < .
( q) Fq((t) +1) 1_qoc(t2)+l

6.1. Existence of the solution

First, we establish the existence of the solution on the subinterval. If solutions exist on
all subintervals, then a continuous solution exists on the interval [0, T].

Definition 6.4. A mapping A : [a,b] x R — R is said to be LP-Carathéodory in ]Lz,lb [a, b]
if the following conditions are satisfied:

(i) t — A(t,x) is measurable for every x € R;

(i) x — A(t,x) is continuous for every t € [a, b];

(iii) for each r > 0, there exists a function ¢, € ]LEJP [a, b] such that

IA(t,x)] < @+(t), telab], xeR, [xl<r

Then, I will state the essential assumptions as follows:
(AO) There a positive constant M such that

If(t,w) —f(t, V)| < Mgllu—v|, [f(t,w)] < M¢(|Ju||+1)
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forallu,v € ILg44I[0, T.
(A1) There exists a positive constant M4 such that

lg(t,u) —g(t,v)[| < Mg|lu—v||

forallu,v € L4 4I[0, T
(A2) The function g(t, x) is LP-Carathéodory in ILEAP [0, T].

Theorem 6.5. Suppose f,g : [0,T] — R are continuous, q € (0,1), and ¢,d > 1 satisfy
% + é = 1. Then the following (q,{)-analog of Holder’s inequality holds:

0 0 0

t t % t %i
J f(s)llg(s)Dqw(s)dqs < (J |f(s)|Cqu(s)dqs> (J |g(s)|quw(s)dqs) .

1

Proof. Let [x(Vlpy = Ilpy = (J§ X(s)PDq(s)dgs)”. Then let A = |fle,y, and B =

lgla,y Where % + é = 1. From Young’s inequality, we get

roign_ (50" (42’

AB = c d
iflc g4
< =
= CAcC + dBd

Integrating both sides gives

|fg|1,1p < |f|§,¢ + |9|§,¢
AB T CcAc dBd ’

Then,
Sy lgld,,
_ , ,
If9hy < AB <cA° T qBa
< flenlglag (£ + =
~ cp g dap c d
1 1
t r t a
< Wlenlglay = (JO |f(s)|°qu(s)dqs> (L |g(s)|qu¢(s)dqs)
This completes the proof. O

Theorem 6.6. Let K be a closed, convex, and nonempty subset of X. Let M, IN : K — X
be two operators satisfying:

(@) Mx+ Ny € K for all x,y € K;

(b) M is a contraction on K;

(c) N is completely continuous on K.

Then the operator equation Mx + INx = x has a solution.

Theorem 6.7. Suppose (A0)-(A2) hold. Then equation (1.1) has a solution if «;(t) €
(0,1).
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Proof. Foreachk =1,2,3,...,N, we define M,IN : ILg [0, T] = ILq,[0, T] such that

Cp(t) —p(0) "

Mxy (t) = +f(t, xp (t
xi(t) o) (talb)
1 t _
ka(thj (1) —(qs))g ™ g5, xi(5))DqWb(s)dgs.
Fq(1,1)) Jo
From the proof of theorem 6.2, it is obtained that |q P < Tldﬂ Thus, it
follows that
« « : « . (W) —y(0)”
— e < _— frt
TF0(0) = 1gT§6(0) = lim [Tl < Jim =L (ol =0
ast — 0.
Consequently,
W T rq(o—k)
and

(W(t) —p(0)) !
rq (Qk)
Let Br(xg) := {x € ILqy [0, TllIx —xo| < R} € L, (0, T] , which is closed and bounded

in the Banach space IL4[0, T]. Also, let maxicp1){W(t), (W(t) —P(0))} = Y. It can be
shown that Mx + Ny € ]BR(XO) when x,y € Bg(xg) for any t € (0, T] as follows.

gLy PKF(0,%(0)) = qI}, *(0,x(0)) = (0,x(0)) = 0.

Mxyc + Ny — x| < [f(t, xx(t)) — o

DL DeDp(s)dgs) }
(fo plas ), (Jt|g(s,yk(s))|quw(s)dqs>
0

rq (“(l,k))

1
(q]CCX(lrk)fc+1 <

< RMs + 2M¢(|[xo| + 1) + lorllaw
I—‘q (0‘(1,k))

<R

when R is large enough. Thus, Mx + Ny € Bgr(xg). By assumption (AO0), it is clear
1
~coc(1lk]—c+1 c

that IM is a contraction on Bg(xg). Since INx < rq((x—(]k))H(PfHdﬂb’ it follows that

IN is uniformly bounded in IL [0, T]. Moreover, N is also equicontinuous, since for any
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t1,t, € [0, T] such that t; < tp:

1

[N (1) — N (t2) | < Talai)

j (1) — (g8 T g (s, xie(s)) D (s) dys

0

t2 B
j (W(t2) —b(gs) 2 ™ g(s, xic(s))DqW(s) dgs

0

1

< -
I—‘q (0((1,k))

; a X(1,k)—
J [(W(t) = (as))g™ ™ = (Wt2) —b(as) ]

0

x g(s,xk(s)) Dq(s)dgs

-
Fq(ocri))

ts -
+ J ((ty) —p(qs) 7Y

t

g(s,xk(s))Dq(s)dqs

— 0.

as [t; —ty| — 0. Hence, IN is relatively compact in Bg(xg). Therefore, the solution x; exists
in each subinterval Py by theorem 6.7. Consequently, a continuous solution exists. O

6.2. Uniqueness of the solution

In this section, we first examine the uniqueness of the solution on each sub-interval
and of the continuous solution.

Theorem 6.8. The equation (1.1) has a solution in 1L, [0, T] if there exists a sequence
of functions x; € ILq,[0,T;l, j = 1,2,..., N, satisfying (6.3) and the initial conditions

aLy Vx(0) = xg and ¢TI, V£(0,x(0)) = fo.

Theorem 6.9. Suppose that assumptions (A0O)-(A1l) hold. Then equation (6.3) has a

. .. . . . (1K) 1
unique solution in IL 4 4, [0, Ty ] if there exists a contraction constant such that M + %

1.

Proof. For each k =1,2,..., define the contraction mapping Q : IL g, [0, Ti] — ILq, [0, Ty]
by Qxy = xk. Then,

Clp(t) —p(0) !

rq (Qk) +f(t/ Xk(t))

Qxy (t) =

-+

(ex

| W) —p(gs) MV g(s, xic(s))Dq(s)dgs.
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Consequently,

Qxx — Qui || < [[f(t, xi(t)) — f(t, Yy ()]

+ 1Ly ™ 1l g(t, xk (1)) — g(t, yic ()]
0€(1,k]+1

< Mg||xe —yx|| + T (Mgllxx —yill)

qloxy) +1)
Mgli/(x(l,k)"'l
—)ka =Ykl

Mgly“(l/k)+1
l‘q ((X[Lk)Jrl)
tion in IL4 [0, Ti]. This completes the proof. O

By the Banach contraction theorem, since M¢ + < 1 then xy is a unique solu-

Theorem 6.10. Suppose that x;. is unique on ILq [0, Ti]. Then x(t) is a unique solution
on IL [0, T] if there exists a contraction function ¢ : [0, T] — (0,1) such that

o (t)
1_
(1) = My + Mg (941 <1q ?>> =t

Proof. Construct the approximate contraction function ¢ on [0, T] by aggregating the con-
traction constants in each subinterval Py ; we obtain

N
. M Yk F1
) =Ms+ Y Lit)|—2——-], tel0,Tl.
(t) f k§—1 K )<rq(fx(1,k)+1)>

Thus, by taking the limit N — oo, the fundamental contraction function (*(t) is given by

M \yo‘(l/kl+1 M. o (t)+1
—— P =Mt g te[0,Tl.

C'(t) = My + kZ_l he(t) <rq(o¢(1k)+1 Tqlea(t) +1)°

According to theorem 6.3. Also, it is obvious that

Mo (t)+1 1—q o (t)
) =Mp+ o2 < Mp Mgy = = ((t).

Fq(oa(t)+1) 1 qL(;M

Since there exists a contraction function ((t) < 1, the continuous solution x(t) is the
unique solution on IL, [0, T]. This completes the proof. O]

6.3. Stability of the solution
In this section, I establish the Ulam-Hyers stability of the solutions.

Definition 6.11. The equation (1.1) is Ulam-Hyers stable in Lgwp [0, T] if, for every xj in
Py and for every e, whenever xy € ILq [0, Ti] satisfies the inequality

|qD$(1,k)r°‘(2,k]r“(3,k) ~~~~~ X(n,k) [X(t) . f(t,X(t))] . g(t,X(t))\ <e,
there exist a constant § > 0 and a solution uy € ILq [0, Ti] of the equation (6.2) with

xic (1) — i (t)] < Dyce.
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Theorem 6.12. Suppose (A0)—(A1) hold. Then the equation (1.1) is Ulam-Hyers stable

Proof. Letxy € ILq 4 [0, Ty ] satisfy the first inequality in the definition 6.11. It follows that

_ Qr—1
xi(t) = C(lb(t)rq (lgl)zf))) —f(t, % (1))
_ # ‘ . (ee10)—1)
rq(oc(llk))L (b(t) —blgs))q g(s, xi(s))DqW(s)dqs
Wo(e+l

S e EE—
Fq ((x(l,k) +1)
Now, suppose uy € ILq 4 [0, Tyl is a solution of the equation (6.2). Hence, it satisfies

Clp(t) —p(0)) !

Wt == S (1)
1 t ((1,)—1)
+ | (b)) —b(gs))q g(s, uk(s))Dq(s)dgs.
Fq(e1,1)) Jo
Thus, we obtain
qjoc[Lk)Jrl

X (t) —w (b)) < + It xic () — £t wie (1))

€—
Fq ((X(l,k) + 1)

1 ‘ X(1,k
WWL (W(t) = b(as)g" ™ lg(s, xils)) — g(s, wi(s)IDqb(s)dgs

\y(x[l,k]+1 M 1{/0((1,1(]-0-1
e+ Melxp(t) —ue ()| + - 2———=
rq(O((l,k) +1) f K rq((X(Lk) +1)

1 q X(1,k)
xa+l [ -4
< ely (L) ( (1 k)+1>

_l’_

i () — we ()]

1—q 2
71— X(1,k)
+ (Mf + Mglycxu,k)H (mqkﬁl) > X1 (t) —uk (t)].
1—q 2
X(1,k)
Let [y := Y*aw+l (%) . Then
1—q -
xic(t) — (1)) < e Li _ Bye
K ISP I -Me =ML ) T

Therefore, the equation (1.1) is Ulam-Hyers stable. O
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7. Example

In this section, I present an example to illustrate the main result. Consider the follow-
ing equation.

1sin?(cos(£)), 2 cos?(cos( 1)), 1 x(t) tan—! x(t)
Dzsm (cos(3)), 5 cos*(cos(5)), 5 t) — _ Lt 0,1
1P (V) ~ T00x200) + 100 100 €10.1]
(7.1)
1-Q(t) . _ 1-Q(t) _ _
%I\/{ x(0) =x(0) =0, %I\/{ £(0,%x(0)) = f(0,x(0)) =0,

where Q(t) = 3 — 2 sin?(2cos(})).

7.1. Existence of the solution

As [g(t,x)| < 4, it follows that g(t,x) is L2-Carathéodory, and assumption (A2) is

satisfied. Moreover, since

1
< —lx—uyl = _

tan—! x(t) _ tan— ! y(t)
100 100

assumption (A1) is satisfied. Similarly, assumption (AO) is satisfied, since

‘ x(t) y(t) ’

1
— < —
100x2(t) +100  100y?(t) + 100

= 100

=yl = M¢llx —yll.

Since fo = 0, it follows that |f(t,x)| = |f(t,x) — fol < 15g/x| < 755([Ix|| +1). This guaran-
tees the existence of the solution x, on each subinterval and the continuous solution to
equation (7.1) by theorem 6.7.

7.2. Uniqueness of the solution
Now, since o (t) = § sin*(cos($)), the maximum and minimum values of o« (t) for t €

[0,1] satisfy 0.59 < min¢joq) o1 (t) < max¢e1) x1(t) < 0.71. Moreover, since P(t) = Vi,
the constant ¥ equals 1. Thus, the contraction function ((t) is given by

1 sin?(cos (1))
1 1 0.5
0 < 0.0208 < ¢(t) = 100 + 100 o 5%sin2[cos(%))+1 < 0.0211 < 1.
—0. 7

Therefore, the solution xj on each subinterval and the continuous solution to (7.1) are
unique by theorem 6.10.

7.3. Stability of the solution

Now for any Ly, it follows that we have 1.0825 < Ly < 1.1027. Consequently, for any
9, the following inequality holds:

1.10552 < 9y < 1.12638.

Thus, the solution xy in each subinterval and the continuous solution to (7.1) are Ulam-
Hyers stable by theorem 6.12.
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8. Discussion

In this work, new generalized fractional operators were introduced, namely the n-tuple
order g-fractional derivative and its variable-order extension with respect to a function .
These operators provide a broader analytical framework for the study of g-fractional cal-
culus, as the n-tuple derivative can be reduced to classical structures such as the Riemann-
Liouville, Caputo, and Hilfer derivatives. Furthermore, when \{(t) = t, the g-fractional
operators reduce to the traditional time-scale operator. The paper also examined the well-
posedness of the solution to the associated hybrid difference equation. In the special case
where the variable order becomes a constant function, the derivative simplifies to a stan-
dard operator of constant non-integer order. In future research, if any mathematicians
would conduct using this operator, this definition may be further generalized by shifting
the initial point from ty = 0 to an arbitrary ty = a, by setting «;(t) at higher degree,
for example, 1 < o4 (t) < 2, or may be further studied by analyzing the stability of the
solution to (q,\)-difference system involving this operator.

Closing statement

As this is no longer the primary focus of the paper, I would like to be a bit more
informal. The first question for readers, except those who personally know me, perhaps,
is not about the math but my affiliation — you may wonder if I hold a graduate degree
in mathematics, but I do not hold one. I resigned from my mathematics school due to a
reason relevant to the future of my mathematical career in my country, and I have never
regretted it. The only sorrow I have is that I have much less time to practice mathematics,
the subject I love the most. So, at every moment I am free, I cannot resist finding myself
reading mathematical publications or re-reading my own works, which is my happiness.
Simultaneously, I also realize that the older I get, the more responsibilities in the legal field
will arise, and after this academic year, I will no longer have time to conduct mathematical
research. I also realize that I never made a proper goodbye to this area of study, which
is coincidental to my encounter in early 2025 with the paper from Kamsrisuk et al. (see
[14]), which made me realize that I had made an error, as the previous paper is not
generally true. So, after almost four years during which I have not seriously touched
mathematics, I came back to make a heavy revision to correct the mistakes I made in the
previous results, which takes much longer than it used to in my prime time. And after I
reached the current result, which is coherent with what was obtained by Thabet et al. (see
[19]), I decided to generalize the n-tuple operator I had previously defined and use this
opportunity to introduce a generalized version of such an operator, while also correcting
my mistakes from four years ago. Lastly, I would like to turn this last rite into a final piece,
a fitting goodbye, so that this cherished memory will never be forgotten and will never
grow old.
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