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Abstract

In this paper, some new variants of Gronwall-Bellman and Bihari type integral inequalities are
developed, which generalize some known weakly singular integral inequalities found in the literature.
These can be used in the quantitative and qualitative analysis of the solution to certain fractional
differential equations. Furthermore, these results are applied to a fractional differential equation
to study uniqueness and the dependence of solution on initial conditions and nonlinear terms. The
results contribute to the theoretical analysis of fractional differential equations and provide effective
tools for studying their qualitative properties. We can also focus on extending these inequalities to
other fractional operators and these results can be applied to study the existence, uniqueness, and
stability of solutions for more general nonlinear fractional differential equations.

Keywords: Gronwall-Bellman inequalities, Riemann-Liouville operator, Fractional Differential Equations,
Bihari type inequalities.
2010 MSC: 26D10, 26A33 .

1. Introduction

Integral inequalities and their various linear and nonlinear variants play a crucial role
in the qualitative analysis of the solutions to differential and integral equations.The promi-
nent Gronwall-Bellman and Bihari type inequalities provided explicit bounds on solving a
kind of integral inequalities [20].However, to understand the singular integral equations
dealt with fractional differential equations, we need different kinds of inequalities.Over
the year, many researchers have extended these inequalities to more general forms in
order to handle nonlinear and singular problems.
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The weakly singular integral inequalities naturally arise in the theory of fractional dif-
ferential equations, where integral repertory often contain kernel of the form (t —s)*1,
with 0 < o < 1.These types of kernels appear in problems governed by fractional deriva-
tives as those defined in the sense of Riemann-Liouville and Caputo.Fractional Calculus
(FC) is an important area of mathematics that generalizes classical differentiation and in-
tegration to non-integer orders [10] [14]. Due to the memory and hereditary properties
of fractional operators, they provide powerful tools for modeling complex real-world phe-
nomena that cannot be accurately described by classical calculus. Therefore, FC has wide
applications in engineering, physics, control theory, biology, environment, and finance etc.

The study of weakly singular inequalities has gained attention of many researchers due
to their fundamental role in qualitative analysis of fractional differential equations.These
type inequality, characterized by kernels involving Gamma function, Mittag leffler func-
tion, generalize the classical results such as Gronwall, Bihari type inequalities and pro-
vide efficient tools for establishing bound, stability, existence , and uniqueness of solu-
tions.Therefore the development and refinement of such inequalities play a essential role
advancing in both theoretical and applied aspects of fractional order systems. The study
of weakly singular inequalities provides an essential theoretical framework for obtaining
explicit estimates and upper bounds for solutions of fractional differential equations.

Henry’s work (1919) [9] establishes global existence and exponential decay results for
a parabolic Cauchy problem by utilizing using the singular integral inequality:

v() < x(U+ GJ (L—5)%1v(s)ds.
0
This inequality is generalized by Ye et al. (2007) by replacing constant o by o(t), a
bounded function and studied the dependence of the solutions on the parameters or-
der and initial conditions of Cauchy type problem[20]. Subsequently,Ricardo Almeida et
al.(2019) established the inequality:

L

V() <x()+o(y JO @ (V@) — (s)®Vv(s)ds[1].
using the - fractional derivative (w.r.t. another another function).This inequality is the
generalization of inequality studied by Ye Haiping et al..This inequality is also studed by
Salah Boulares et al.(2020) by Tao Zhu’s method [? ].Ding and Jiang in 2012 generalized
Henry’s result with o0 = o((), kernel (t—s) (5_1)E(5,5) (A(t—1)?%),and used it to analyze how
the solution of semilinear fractional differential equations varies with initial circumstances
[71.

Medved (1997) studied the linear Henry-type integral inequality:

v(1) <x(1) + o) JOL(L— s)® M u(s)v(s)ds[13].

Denton and Vatsala (2010) [6] discussed the above inequality when x(1) = V()L(é_l).
Medved (1997) [13], and Pecaric (2008) [12] presented the following integral inequality:

L

V(1) <x(1 +L(L—s)“—”u(s)w(v(s))ds.
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Moreover,Tao Zhu (2018) presented the following linear integral inequalities using a new
method and obtain an upper bound for the unknown function is simple form :

L
V() <X + 7 | (69 Duls)v(s)dsl2a)
rs) Jo
Ben Makhlouf et al. [3] developed a class of weakly singular integral inequalities of the
form
1 t
u(t) < aft)+ J e M)t — )P w(s)u(s) ds, (1.1
re) Jo
and applied these inequalities to investigate the existence, uniqueness, and Ulam stability
of solutions of tempered fractional differential equations. Their results provide impor-
tant analytical tools for studying the qualitative behavior of solutions involving tempered
fractional operators. More recently, Boulares et al. [4] studied weakly singular integral
inequalities in the context of weighted fractional differential equations. They considered
inequalities of the form

o) [
I'(B) Jo

and established new estimates that can be used to analyze the boundedness and quali-
tative properties of solutions of weighted fractional differential equations. Furthermore,
Qiong Wu (2017) proposed Gronwall-Bellman type inequality, which arises from a class
of integral equations with a combination of singular and nonsingular integrals [15]. Ad-
ditionally, he investigated the existence and uniqueness of the solution to a stochastic
differential equation.

Also,Yongsheng Li and Zizun Li (2026) developed weakly singular Wendroff-type integral
inequalities with three variables and nonlinear terms, and apply to study qualitative prop-
erties of fractional partial differential equations [11].Such type of inequalities are also
studied by researchers Cheung et al. (2008) [5], Wang and Zheng (2010) [16],Run xu et
al.(2017)[18].Run Xu and Fanewl Meng (2016) Studied Henry - Gronwall retarded type
inequalities and its applications to fractional differential equations [17].

A generalized version of the frequently referenced Gronwall-Bellman inequality , proposed
by Ye Haipping et al. in 2007 for an integral equations with singular integrals , is presented
below.

u(t) < aft)+ b(s)(t—s)PTw(s)u(s) ds, (1.2)

Lemma 1.1. [20] Suppose X : [0,1) — R is a locally integrable function with I < co and
& :[0,I) — Ry is a nondecreasing continuous function, &(1) < M(constant), and suppose
that v : [0,1) — R is a locally integrable with
v() < x()+E&() IS(L— 0)®=Dv(o)do on this interval for & > 0. Then,
L o n
OGP
(nd)

v <xm+amj x(0)do, L€ 0,I).

0 n=0

Furthermore, x(1)is a nondecreasing function on [0, I);then

V(1) < X[V Es (E(T(8)L),
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where the Mittag-Leffler function Es(z) is defined by

ZK

Eé(Z) = m.

k=0

The following Lemma concerns an integral inequality with singular and nonsingular
kernels by Qiong Wu(2017).

Lemma 1.2. [15] Suppose 0 < 6 < 1,x : [0,I) — Ry is a locally integrable function with
I < oo, o(t) and &(1)is a nonnegative, nondecreasing continuous function, with both bounded
by a positive constant, M. If v : [0, 1) — R is a locally integrable function with

L

v(s)ds+ &) JL(L— $)27 v (s) ds,

v <x(t)+0(L)J 0

0

for v € [0,1). Then,

© N oo PR [
VU)SX(L)‘FZ. 0<i>0 (V& (L)WL

n=11i=

(L— S)ié—(i—!—l—n)x(s) ds.

Qiong Wu and Ye et al. employed an iterative technique, leading to estimates rep-
resented by integrals with singular kernels associated with functions expressed through
complex power series. In the present work, we establish new integral inequalities that
generalize earlier results. Moreover, the obtained explicit upper bounds for the unknown
function are presented in a simplified form, analogous to the classical Gronwall-Bellman
and Bihari inequalities. These results are then utilized to study the dependence of solu-
tions of nonlinear fractional differential equations on the involved functions and initial
conditions.

2. Methods

This study focuses on an extension and applying integral inequalities, particularly of
Gronwall-Bellman and Bihari type in the context of fractional differential equations. New
integral inequalities are derived using lemma (3.1), and comparison principle. These
inequalities extend classical results like Gronwall and Bihari types. Additionally, this study
investigates fractional Cauchy problems with Riemann-Liouville derivatives, which are
reformulated as equivalent Volterra-type integral equations of second kind.

3. Preliminaries

The following result is useful to establish the main results.

Lemma 3.1. [8] If p and o are nonconstant functions such that, on any finite subinterval
of the interval of integration [tg,t1], one function is increasing while the other is decreasing
(and vice versa), then the following inequality holds:

t 1 t t
J p(&)o(&)dE < (to—tl)J p(&)dEJ o(&)dE

to to to
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Riemann-Liouville integral and derivative defined as follows.

Definition 3.2. [10] (page 69) Let [a, b](—oo < a < b < o0).The Riemann-Liouville frac-
tional left-sided integral of function 1 of order &« € C(R(«) > 0) is defined by
1 ¥ _
(3ﬁ+mﬂﬂ=:r@djgx—ﬂ“*“*”det(x<aﬂﬁa)<0l
Definition 3.3. [10] (page 70) Let [a,b](—c0 < a < b < oo). The Riemann-Liouville
fractional left-sided derivative of y(z) of order « € C(R(«) > 0) is defined by

1 d

O = fr— (&

L
a0 > wn = R+

where [R(«)] is integral part of R(x).

Cauchy type Problems [10](page 136): The nonlinear differential equation of frac-
tional order (0 < « < 1 on finite interval [a, b] is
D%, n(1) = (1, (1)); (1 > a), with initial condition (D% Vy(1))(a+) =.
where ©¢, is the Riemann-Liouville fractional derivative.
The above initial value problem is equivalent to the following nonlinear Volterra integral
equation of the second kind:

p(L) = %(L— a)le=1) 4 F(loc) J;(L—T)(“l)f(’t,l)(’r))d’t,t > a. (3.1)

4. Main Results

In this section, we are going to demonstrate integral inequalities that can be employed
in a fractional differential equations.

Theorem 4.1. Let v, ¢, @, ¥, and & are continuous functions from [a,b] to R and

L

ww<¢m+@mju—ﬂ5WMwww+awn@, @.1)

a
t € [a,b] and 6 > 0. Then,

L L

vMsuwn+mujhwwmw+zunap([

S

11)(0)(p(0)d0> ds, 0<i1<b, (4.2

a

where 9(1) = 7‘9“)“_6“)(57”

Proof. From inequality (4.1)for ( € [a, b], we have

L

wo<¢m+mmjuw*wwﬂwa+awnw.

a

V(1) < )+ (U JL(L—S)él JL [W(s)v(s) +&(s)] ds, using Lemma (3.1)
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provided that {(t)v(t) + &(1) is non-constant function, it is increasing if 0 < & < 1 and
decreasing if & > 1 on any finite subinterval of [a, b].

e()(t—a) 1
)

a

V() <o)+ W(s)v(s)+ &(s)] ds.

Therefore,
V() < bV + @(L)J R (s)v(s) + &(s)] ds 4.3)

where (1) = 7‘9“)“3‘”(57”

Let

Therefore z(a) = 0, and

Thus inequality (4.3) becomes

V(1) < ¢+ e(Vz(y) 4.4
Using inequalities (4.3) and (4.4), we obtain
2/ () <YW + (W) + (VD e(Vz(y) (4.5)

Multiply the above inequality by exp(— [ (o) ¢(0)do)

L L

Y(o)e(o)do) < Mp()d (1) + (1] eXp(—J b(o)e(o)do)

a

210 =900z expl— |

a

L L

- [Z(t)eXp(—J w(c)cp(c)do)] < hp(L)d>(L)+a(L)Jexp(—J ¥(0)e(0)do)

a

By setting « = s and integrating it with respect to s from a to t, we obtain

[Z(L) exp(—J

L L L

R (s)d(s) + £(s)] eXp(—J ¥(0)p(0)do)ds

a

w(c)cp(o)dc)] <J

a

20 < |
Using above inequality and inequality(4.4), we obtain the result as inequality (4.1). O

a

L L

R (s)d(s) + &(s)] eXp(J ¥(0)p(0)do)ds

a S

Theorem 4.2. Suppose v,d, @,and & are continuous functions from [a, b] to R and

L L

w(s)v(s)ds+a(L)J (L—s)@Dy(s)v(s)ds, &> 0. (4.6)

a

v < q>m+<pmj

a

Then,

do| ds

4.7)



Morade N.M., Bhadane A.P. / Gronwall-Bellman-Bihari type inequalities 88

Proof. From inequality (4.6)for t € [a, b], we have

L L

¢MWﬂm+a0JU—ﬂ““¢MWﬂ®

a

wu<¢m+@mj

a

t E)(t—a)®D
YU < 60+ (o) [ pisvisas+ HES
a
provided that {(t)v(t) is nonconstant function, it is increasing if 0 < 6 < 1 and decreasing
if 5 > 1 on any finite subinterval of [a, b].

L
J P(s)v(s)ds using Lemma 3.1
a

L

v(1) < 6+ Qil0) | g

a

P(s)v(s)ds where Qq(1) = <(P(L)+ E,(L)(L_a)(él))

The proof follows by the same argument as in the proof of Theorem 4.1,we obtain

v(i) < o)+ Ql(L)J P(s)Pp(s) exp (J lb(cr)Ql(cr)dG> ds, 0<it<hb.

a S

O

The following inequalities are extension of Gronwall-Bellman-Bihari Inequalities given
by Pachpatte(1975a).

Theorem 4.3. Let v, ¢, & and p be continuous functions from Ry to Ry. Let w(v) be a
continuous nondecreasing and submultiplicative function defined on R, and w(v) > 0 on

(0, 00). If

L L

wo<w+amLu—w““wmwwm+memem& 4.8)

forall v € Ry,d > 0, where vq is a positive constant, then for 0 < v < ,

v() <x()G! (G (vo) +J w(S)W(X(S))dS> , (4.9)
0
where x(1) =1+ 5 W) [ow(s)exp ([, flo )dG) ds for L€R,
and G(r) = ﬂo wis) ds 0<ry,0<r and G~ !is inverse function of G,and 1y € Ry
is chosen so that G (vo) + [, W(s)w(x(s))ds € Dom (G~ 1),

te [0, y].

Proof. From inequality (4.7)for v € R, we have

L L

(L—s)(é—nxp(s)v(s)dHJ p(s)w(v(s))ds.

0

wu<w+auj

0

(U0 [* (5-1) '

v() < vg+ 5 (L—3s) PY(s)v(s)ds+ | p(s)w(v(s))ds. (4.10)
0 0

using Lemma 3.1 provided that {(t)v(t) is nonconstant function, it is increasing if 0 < & <

1 and decreasing if 5 > 1 on any finite subinterval of [0, ].

Let

L

n(1) :v0+J0 p(s)w(v(s))ds. 4.11)
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Then inequality (4.10) becomes

g()te-1)

Y0 <m0+ a0 [ wievislas with g = S

Since n(1) is positive monotonic nondecreasing on R, by applying Theorem 1.3.3(page
15) [2],we have

V(Y < x(Un(d, (4.12)

where x(1) =14 g1(1) [y W(s)exp ([, W(0)gi(0)do) ds.
From equation (4.11) and inequality (4. 12) we have

!

n (4 = p(Ywv() < p(Jwx(Un(v) < plIwix())w(n(u).

The above inequality can be written as

d n (1)
dtG( nv) = w(n(t)

< p(Uw(x(v)

. By taking « = s and integrating it from 0 to (, we obtain

L

G(n() < G(vo) +L¢(s)w(x(s))ds.

Therefore,

O]

Theorem 4.4. Let v,\, & and p be continuous functions R to R,. Let w(v) be a continuous
nondecreasing subadditive and submultiplicative function defined on Ry and w(v) > 0 on
[0, 00).Let d(1) > 0, @(1) = 0 be continuous nondecresing functions defined on R, and ¢(0) =
0.If

L L

(L—S)(él)lb(S)V(S)der(p(J p(s)w(v(s))ds) (4.13)

0

VU < q>m+amj

0
forall « € R and & > 0 where v is a positive constant, then for 0 < v < 1y,

V(0 < X(0) [0+ 0 (F—l (F(Am +], otsmixtsnas) )| (4.14)
0
wherex(1) =1+ g1(1) [y (s)exp(f; (0)gi(0)do) dsforL€R+andF() f:owq}( ds,0 <
10,0 < rand F~1is inverse function of F, 1, € R+ is chosen so that F(A (1)) + fo p(s)w(x(s ))ds €

Dom(F 1,1 € [0, ).
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Proof. From inequality (4.13),
¥() < 90+ E00) |
Then using Lemma 3.1
Y1) <60 +a1(0) |
gt

where g1(1) = 5
Let

L

(1) = (1) + @(J o(s)w(v(s))ds). (4.15)

0
Therefore the above inequality becomes

(V) < () + i1 L}L(L—s)“%(s)v(s)ds.

Since n(1) is positive monotonic nondecreasing on R, by applying Theorem 1.3.3(page
15) in [2], we have,
v() < x(Un(u). (4.16)

where x(1) =1+ g1(1) [y W(s) exp([; W (0)P(0)do)ds for t € R
From inequalities (4.15) and (4.16),we have

L

p(s)w(v(s))ds) < @(JO p(s)w(x(s)n(s))ds).

Therefore,
n() — o) < oA +J p(s)w(x(s))w((n(s) — d(s))ds). (4.17)

where A(1) = [, p(s)w(x(s)d(s)ds.

Let T € R, be any arbitrary number. Define a function v(t) by
V() =A()+ L p(s)wix(s))w((n(s) — d(s))ds). (4.18)

Therefore suing inequalities (4.17) and (4.18) for 0 <t < T,

v() < x(u) +J p(s)wix(s))wle(v(s))ds). (4.19)
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Define a function y(t) by the right-hand side of 4.19.Then y(0) = x(t),
v(1) < y(1),and

Thus,
d oy
PO = s < pOw((D)

By taking « = s and integrating it from 0 to T , we obtain

Fly(1) < FA(Y) +JO p(s)w(x(s))ds, 0 <t < T < 1.

From inequality (4.17),

n(1) — (1) < oy(v) < o(F H(FA() +JO p(s)w(x(s))ds)),0 <t <T <.

Since T is arbitrary and v(t) < x(1)n(1), we have

L

V(1) <x(1) [0+ @(F(FA( +JO p(s)w(x(s))ds))| .

O]

Theorem 4.5. Let v, \, &, and p be continuous functions from R, to Ry. Let w(t,v) be
a nonnegative continuous monotonic nondecreasing in v > 0, for each fixed v in R, and
w(v) > 0on [0,00).Let d(1) > 0, @(t) = 0 be continuous nondecresing functions defined on
Ry and ¢(0) = 0.If

WU<¢M+MU£U—ﬂ“1%BWBM&HMEMQW&WQMQ, 4.20)
then for all vin Ry,
V() < x(V[d() + @(r(1)] (4.21)

where x(1) = 14 g1(1) [y (s) exp([; W(0)g1(o)do)ds for L € Ry and v(1) is the maximal
solution of
T (U = p(Yw(,x(VId(V) + o(r(1)]), (4.22)

r(0) = 0 existing on R,.

Proof. Using inequality (4.20) and Lemma(3.1), we obtain

L

Wd<M0+mMLU—Q“”¢MWQ®+@quW&WQM%

0

et

where g1(1) = %"H L

L

mw=¢m+@qmemwgmw

0
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Therefore the above inequality becomes

L

¥(1) <10 +01(0) | wlshvls)ds
Since n () is positive monotonic nondecreasing on R, by applying Theorem 1.3.3(page
15) [2] We have,
V() < x(Un(y),

where x(1) = 14 g1(1) [yw(s)exp ([ W(o)gi(o)do) ds, t€R,.

L

V() <X + e J ol(s)w(s, v(s))ds)].

0

V() < x(Db() + @(v(1)] where V(i) = JO p(s)w(v(s))ds.

v (1) = p(Ww(t, v(1) < p(Ww(L,x(W[b() + @(v(L)]).

Using comparison principle (theorem 2.2.2, page 101 in [2]) we obtain, v(1) < (1) where
(1) is the maximal solution of equation(4.22) such that r(0) = v(0) = 0. We have,

V() < xW[e() + @(r(W))].

5. Application : Dependence of solutions on the functions

In this section, we investigate the solution’s dependency on the functions of a fractional
equation with Riemann-Liouville fractional derivatives.The existence and uniqueness of
the Cauchy problem as well as the dependence of a solution on initial conditions studied
in] [14] if 0 < o < 1 on [0,1I). The dependence of a solution on the order and the initial
conditions studied in [20] if 0 < « < 1 on [0,I). Also, we determine the relationship
between two initial value problems involving two different functions, which will explain
how the solutions vary when the functions are slightly modified.

Theorem 5.1. Let 0 < « < 1.Let \, & : [a,b]XR — R be continuous functions satisfying
the conditions i) \(,,y) — (1, z)| < Lly —zl, ii) Given € > 0, (1, y) — &(,,y)| < € for all
L,y € [a,bl. Let y1 (1) and ya (1) be the solutions of the following initial value problems (5.1)
and (5.2) respectively with [, y1(1)] and t,y>(1)] € [a, b]XR.

D%, y(1) = ¥(Ly (), @y (a+) =n, (5.1)
D%, y() = &l y(), @ y(v)(at) = . (5.2)
Then,
|n_n ‘ € eI—h((Xil) o « x
(0 =20 € oty + e+ S | (s @) explK(h - (s—@)*)ds

(5.3)
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Proof. The solutions of the given initial value problems (5.1) and (5.2) are given by

N B )
wil) = i li-a)
and
— M e
valt) = (= a)
respectively. It follows that
[y1 (1) —y2 (1)l
m—mn (0c—1)
o) (t—a) +
m—m (o—1)
<
1
Ma) Ja
m—mn (0c—1)

_i_i

_|_7

JL (=) Dy(r,y(1))dTt, L > a

a

JL (t—7) " Veg(r,y(r))dT, L > a

(t—0) (T, y1 (1) — &(T,y2(T))ldT

(t—0) V(T y1 (1) — ¥(T,y2(7))dT

(1= 1) Dy (1) — o (D)ldT + = —

(x—1)
o) T) dt

L

e e (e e S LG R
An application of theorem (1) yields
R e R et (BT
e et e e
< |ﬂr?031|“_ )1 ¢ ocre((x) (1—a)®
L(L;]fl()o(‘;xl) X ocrioc) (s — a)"‘exp(JSL L(G;rc(ll(()‘"l) )do)ds Thus,
< ml“?ogllu_ x=1) 4 (Xre((x)(t—a)“
Le(;;g()ij‘” (s—a)*exp(K(t—a)*—(s—a)*)ds
where K= oczl“%wc)'

— €
m—ml n

eLh(x—1)

ly1 (1) —y2(u)] < FlognieT)

forh=1—a.

ol (ot )he

o2T2 ()

[

a)®exp(K(h* —(s—a)%))ds

O]

Remark 5.2. The solutions y; (1) and y,(t), corresponding to functions f and g respectively,
stay close to each other if initial conditions are same or close to each other. The differ-
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ence |y1(t) —ya(t)| is controlled and bounded by an expression involving ¢, x, I'(«), the
Lipschitz constant L of 1\, and the time variable t if initial conditions are same.

Corollary 5.3. Let \ be continuous and satisfies the Lipschitz condition on R. If r and vy are
two solutions of

(D% p(1) = (L y(V), @y (a+) =m0 < a < 1 (5.4)

on the interval J containing a, then (1) = y(1) for all vin the interval J.
Proof. From theorem 2, we have

€ eLhte—D)
ol (o )h& + o2T2 ()
ﬁm. for all ¢ > 0. Since ¢ > 0 is arbitrary, taking ¢ — 0 in the
above inequality, we obtain ¢(t) = n(t) which establishes the uniqueness of the solution of
the initial value problem (5.1). O

(0 — (0l < Jl(s—a)“eXp(K(h“— (s—a)¥))ds,  (5.5)

where h = 1—q,K =

6. Discussion

The integral inequalities in theorems (4.1) to (4.5) established in this study provide
a unified framework that encompasses both classical and weakly singular cases. Notably,
when § = 1, the proposed results reduce to the well-established Gronwall-Bellman and
Bihari-type inequalities, which are fundamental tools in the analysis of differential and
integral equations. This demonstrates the consistency of present approach with existing
literature. However, for 0 < & < 1, the derived inequalities involve weakly singular
kernels, thereby introducing a more generalized form of the classical results. These weakly
singular inequalities extend several known results and are particularly significant in the
context of fractional differential equations, where such singularities naturally occur due to
the non-local nature of fractional operators. The generalization presented here contributes
to the broader applicability of integral inequalities in analyzing complex systems with
memory effects and hereditary properties.

The theorem (5.1) tells us that small errors in model dynamics and initial values lead
to controlled errors in the solution, and the bound is explicitly given in terms of all relevant
parameters: €, L, &, h, and the Gamma function. So, the fractional-order systems are stable
under small perturbations, which is important in applications like control theory, signal
processing, and biological modeling where exact models are often approximated.

7. Conclusion

In this paper, we have established generalizations of Gronwall-Bellman-type and Bihari-
type integral inequalities. These inequalities extend existing results and provide a valu-
able framework for analyzing the qualitative behavior of solutions to fractional differ-
ential equations. The study focused on fractional Cauchy problems governed by Rie-
mann-Liouville derivatives, which were reformulated into equivalent Volterra-type inte-
gral equations of second kind. The derived estimates offer explicit and simplified upper
bounds for the unknown solutions. Furthermore, the results have been applied to examine
the sensitivity of solutions with respect to initial conditions and nonlinear terms.
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