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Abstract

This article focuses on generalized integral type o« — F contraction mappings in metric-like spaces and

certain fixed point results in this setting. We also present some examples to support the validity of the results.
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1. Introduction

Contraction mappings play a crucial role in fixed point theory, solving existence prob-
lems across various disciplines of mathematics. Initially, Banach [3] established the clas-

sical contraction principle, which ensures the existence and uniqueness of fixed points.

Because of its use, it has been generalized by employing other transformation types and

modifying the structure of the space.

In 2002, Branciari [7], introduced the integral contraction as follows.

Theorem 1.1. Let (W;, d) be a complete metric space, k € (0,1) and let T : W, — W, be a
mapping such that for each vy, (» € Wy

d(v+Cr)

olt) dt < kj olt) dt

Jd(rYr/rCr)
0

0

where ¢ : [0,00) — [0,00) is a Lebesgue-integrable map which is summable, (i.e., with
finite integral) on each compact subset of [0, o), nonnegative, and such that for each € > 0,

Jo @(t) dt >0, then T has a unique fixed point.
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We begin by recalling a few definitions and lemmas.

Matthews [11, 12] introduced the concept of partial metric space (PMS) as follows:

Definition 1.2. Let W, be a non-empty set. A function o1 : Wy x W, — [0, c0) is said to
be a partial metric on W, if the following conditions hold:

(PMS1) vy = G < p(vr, Vr) = 0(Gr, &) = p(Vr, G) 5

(PMS2) p(vr,vr) < p(vr, Gr);
(PMS3) ph/r/ Cr) = p(CrrYr);
(PMS4) o(v+, &) < p(Yr M) + My, &) —p(Mr,Mr);

for all v+, (i, 1+ € W, The set W, equipped with the metric 0,,,; defined above is called a
partial metric space and it is denoted by (W,, p) (in short PMS). Each partial metric p on
W, generates a I', topology T, on W;, which has a base of the family of open o,-balls

{Bph/rr €):yr € Wy, e >0},
where

Bp(er €) =1{G € Wy tp(vr, &) — p(vr, vr)l < €,
forall y, € W, and € > 0.

Harandi [2] introduced metric-like spaces as follows:

Definition 1.3. Let W, be a non-empty set. A function o,,,; : Wy x W, — [0, c0) is said to
be a metric-like on W; if the following conditions hold:

(MLS1) omi(vr, &) = 0= vy = G

(MLS2) Gml(Yr/ Cr) = omi(Gr, 'Yr);

(MLS3) omi(vr, Gr) < omt(Yr,Mr) + Omi(Mr, &r);

for all vy, (;,ny € W,. Then (W;, o.1) is called metric-like space. Each metric-like 0,1

on W, generates a [;_, topology T, , on W;, which has a base of the family of open
o1-balls

{chl (Vr,€) :yr € Wy, e >0},

where
Bdml (Vv €) ={C € Wit [omi(Yr, Gr) — omi(Yr, Vi)l < €},

forall y, € W, and € > 0.
Example 1.4. [2] Let W, ={0, 1} and define

2 yr=0=0
O-ml('Yr/ Cr) = { Y C (1.1)

1 otherwise

Then (W;, oym1) is metric-like space but since 0,1(0,0) £ om1(0,1), (W, 0m1) is not
a partial metric space.

Lemma 1.5. [4] Let (W;, om1) be a metric-like space.
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(a) A sequence {y,, }in (Wy, om1) converges to a point y» € W, &
Omt(Yr, vr) = lim oy (an/Vr)/
n—oo

(b) A sequence {yr,}in (Wy, om1) is a om1-Cauchy sequence if limm n—oo Omt(Yr, Yr)
exists and finite,

() (Wr,om1) is complete if every omi-Cauchy sequence {y,, } in W, converges to a point
Yr € W, such that

Omt(Yr, Vr) = mlffﬂoo Omtl(Yr, Yrm) = T}gr;o Omt(Yro, Yr)-

(d) A mapping ' : W, — W, is continuous, if following limit exists and

im omi(Yr,, ¥Yr) = WMnoseoomt(Myr, vr)-
n—oo

Karapinar and Salimi [10] demonstrated the following key features in metric-like
spaces:

Lemma 1.6. Let (W,, o) be a metric-like space. Then

L oomi(vr, G) =0, omi(vr, vr) = omi(Gr, &) =0,
2. If {yr,} is a sequence such that limn oo Omt(Vrn, Vi) =0,

lim Gml(an/an) = lim O-ml('anH/anH) =0,
n=—oo n=—oo

3. ifYr 7é Cr, Then O-mlh/r/ Cr) > 0,

n
4. Gml(Yr/Yr) < % Z O—ml(Yr/Yrj)/
=1

for all Yr, Yr; € Wr where 1 <j <n.

Lemma 1.7. [19] Assume that v+, — 1+ as n — oo in a metric-like space (W;, om1) such
that omi(Mr,Mr) = 0. Then limy 00 om1(Yr,, G&r) = om1(My, Gr) for every ¢ € Wi

Lemma 1.8. [22] If {y;,} with limy 0 Om1(Vr,, Yrn,,) = 0 is not a Cauchy sequence in
metric-like space (Wy, om1), and two sequences {n(j)} and {m(j)} of positive integers such
that n(j) > m(j) > j, then following four sequences

Um[ (Yrm(j)’yrn[j)+] )/ Gml (’YTm(j]/’YTn(j) )/

Oml (Yrm(j),y\/rn(j)ﬂ )/ Oml (Yrm(j),lr an(i) )
tend to p > 0 when j — oo.

In recent years, numerous authors have established fixed point or common fixed point
theorems in metric-like spaces, as seen in [19, 18, 21, 17, 14, 16, 5, 6].
In 2012, Samet et al. [20] introduced «-admissible mapping as follows:

Definition 1.9. LetT': W, — W, and «: W, x W, — [0,00). I' is said to be «x-admissible
if

(X(’YTI CT‘) 2 1 ﬁ (X(FYT‘I FCT‘) 2 1/
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for all Yr, Gr € Wi

Further, Karapinar et al. [9], presented triangular x-admissible as follows:

Definition 1.10. Let ' : W, — W, and o : W, x W, — [0, 00) be functions. Then I' is said
to be triangular «-admissible if I is x-admissible and for vy, (;,nr € Wy, a(yr,nr) > 1
and (., () > 1= «(yr, G) > 1.

Lemma 1.11. [9] Let T : W, — W, be triangular «-admissible mapping. Assume that there
exists yr, € Wy such that «(y,, I"y+,) > 1. Define a sequence {yr,} by v+, ., = I'yr, for each
n € No. Then we have «(vy~, ,Yr,) = 1 for all m,n € N with m > n.

Wardowski [24, 25] introduced new class of contraction mappings as follows:

Definition 1.12. Let F be family of all functions F : R™ — R satisfying:

(F1) Fis strictly increasing, i.e. for all a,b € R* if a < b then F(a) < F(b);
(F2) for each sequence {a,} of positive numbers, lim, o, an = 0 < limy o Flan) =
(F3) there exists k € (0,1) such that lim,_,o+ a*F(a) = 0.

Wardowski [24] defined F-contraction as follows:

Let (W;,d) be a metric space, then the mapping I' : W, — W, is said to be an F-
contraction, if there exist F € ¥ and © > 0 such that for all vy, {; € W, with d(I"y,.I'(;) >0
we have

T+ F(d(Ty:, T¢)) < F(d(yr, &)

Piri and Kumam [15] extended Wardowski’s [24] results by modifying the condition
(F3) in Definition 1.12 as follows:

Definition 1.13. Let Az be family of all functions F: R™ — R satisfying:

(i) Fis strictly increasing, i.e. for all a,b € R" if a < b then F(a) < F(b);
(ii) for each sequence {a,} of positive numbers;
limn o0 an =0 < limy o F(an) = —o0;
(iii) F is continuous on (0, co).

Various authors have generalized Wardowski’s result (refer to [13, 1, 8, 23]).

2. Main Results

Let @ be the family of all functions ¢ : [0,00) — [0,00) such that ¢ is a Lebesgue-
integrable mapping which is summable on each compact subset of [0, c0), nonnegative
and for each € > 0,

r @(t) dt > 0.
0
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Definition 2.1. Let (W;, 0,,1) be a metric-like space and let I' : W, — W, be a self
map.Then I is said to be generalized integral type o — F-contractive mapping if there exist
two functions « : Wy x W, — [0,00) and F € Az such that for T > 0 with o1 (My,.TG) >
0,

J’Gml(ryr/rCr) J‘M(Yr/Cr)

T+F(ocm, &) oft dt) < F< o(t dt), @1

0 0

where @ € ® and

M(YT/ Cr) = maX{Gml ('YT/ Cr)/ Oml (Vrz PYT); Gml(Crz FCT)}

Theorem 2.2. Let (W,,om1) be a complete metric-like space and T : W, — W, be a self
map. Suppose o : W, x W, — [0, 00) be the mapping satisfying the conditions:
(i) T is triangular «-admissible mapping;
(ii) T is generalized integral type o« — F-contractive mapping;
(iii) There exists Yr, € Wy such that «(y+,, 'yr,) = 1;
(iv) T is continuous.

Then T has a fixed point in W..

Proof. Let vy, be an arbitrary point where (v, I"y+,) > 1. Consider a sequence {y., }in
W, such that y, ,, =Ty, foralln € N. Ify, =y, forsomen € N, thenvy, isa
fixed point of T and the existence part of the proof is complete. Assume vy, # v, ., for
alln € N, then o1 (vrn, Yrnit) = omt(Myr, 1, Myr,) > 0 by lemma 1.6. Now, since T is
o-admissible, so

“(F‘YT‘()/ F‘YT‘l) = o‘(‘YTll‘YTz) P ]-1
a(Tye, Tyr,) = &(vry, Yry) 21

and using induction we have (v, vr,,,) > 1foralln € N.

Now, by (2.1) we get

Om1i ('anr'anJrl ) Oml ('an/'anJrl )
- (J ot dt) <tiF <cx(vrn,vw) | ot dt)
0 0
Uml(ryrn_lerrn)
=T+Fl (Vo Vi) J o(t) dt)
0
M(VTn 1 'an)
<F (J ot dt),
0

(2.2)

where
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M(an,y Yrn ) =max{om1 (an,lz Yrn ), Oml ('an,lz r’an,l ), Oml (an/ Myr, )}
=max{om| (Yrrhl /Y1 ), Oml ('an,l 7 Yra ), Oml ('an/ Yt )}
=max{om| (an,lz Yran ), Oml ('an/ Yra )} (2.3)

Now, using (2.3) in (2.2) we get that

Oml (Vrn/YrTHrl ) max{cml ('an71 Yrn )erl ('an r'YTn+1 )}
T+F<J (p(t)dt) <F(J (p(t)dt).

0 0
2.4)
Now, if o1 (Vrn, Yriy) > Omi(Yr,. 1, Yro ), then a contradiction follows from
Om1l (an/an+1 ) Om1i ('an/'anJrl )
T~|—F<J (p(t)dt) gF(J (p(t)dt).
0 0
Thus, we conclude that
max{o—ml (an,l ’ an )/ Om1l (an/ YTn+] )} =O0mlt (an,1 ’ an ) . (25)
Therefore, From (2.4) we get that
Oml ('anr'Y'rn+1 ) Oml ('an,1 Yrn )
F(J e(t) dt> gF(J o(t) dt)’c.
0 0
(2.6)
Continuing in the same way, we obtain
Omt(Vrn Yrnq ) Omt (Vrn7] Yoo )
F(J (1) dt) <F<J (1) dt)—T.
0 0
2.7)

Using (2.7) in (2.6) we get that

Oml (YTn/‘an+1 ) Oml (Vrn71 Yrn )
F<J o(t) dt) §F<J o(t) dt)—'r
0 0
Omt (‘Y'rnfl"YTnfz]
<F<J @o(t) dt) —2t.
0
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On generalizing
Oml (Vrn/Vrn+l ) Oml (VTO/Y'rl )
F<J (1) dt> < F<J e(t) dt> —NT. (2.8)
0 0
Letting the limit n — oo in (2.8) and using the definition of F we get

O'ml('anrVrTHd)
lim F(J P(t) dt) = —00 < nlg]go Om1 (Vrn/anH) =0. (2.9

n—oo 0

consequently, we get

lim omi(Yr,, Yro) =0. (2.10)

n—oo

Now, we prove that the sequence {y., } is a o,q1-Cauchy sequence in W, by supposing
the contrary, i.e. limn m—o0 Om1(Yrn, Yrn) # 0.

Then sequences in lemma 1.8 tends to w,” > 0, when j — oo.
So, we have
j—o0

Further corresponding to m(j), we can choose n(j) in such a way that it is smallest
integer with n(j) > m(j) > j. Then

llm Gml(YTn(j)71/YTm(j)) = I"L;"_' (2‘12)

n—oo
Again,
O‘ml(Yrm(j),lern(j),l) < Oml ('YTm(j),ll'YT‘n(j)) + om1 (YT‘n[i)/'YT‘n(j),l )

Letting j — oo and using lemma 1.8 we get

llm O_ml('YTm(j),ll‘YT‘n[j],l) = H‘ITL‘ (2'13)
)—o0

Now as I is triangular « admissible we have (o (anmr%‘mm )) > 1, then replacing
v+ by Yrui) and (; by Y 0 (2.1) respectively, we get

Oml (Vrn(j)ﬂ/rm(j)) Gml(ryrn(j]_lzryrm[ﬂ_])
r+F( | olt) dt) < T+F(a(vrnm,vrmm)j olt) dt>,

0 0
<r(

M(an(j)—l’yrm(j)—l )
o(t)dt), 2.14)
0

where

M(an[j),llYTm(j),] ) = maX{Uml (‘an[j)fl’ FYTm(j),l )I Gml (’YTn(j],1/ FYTn(j),l )I Gml (’YTm(j],1/ rYTm(j),1 )}

= max{o—ml (an(j),yYTm(j),l )/ Oml (an(j),ern(]—) )/ Oml (Yrm(j),erm[j) )}
(2.15)
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Letting j — oo in (2.15) and using (2.10), (2.11), (2.12), (2.13) and lemma 1.8 we
get

llm M(YTH(~]7llYTm(]-),1) = L‘Lj—' (2‘16)

j—o0 )

Now Letting j — oo in (2.14) and using (2.16) we get

Ty Thy
T+F<J (p(t)dt> < F<J (p(t)dt).
0 0

Which is a contradiction.

This implies that {y,_} is a om1-Cauchy sequence in (W;, o.n1). So, there exists 1, €
W.. such that

Omt(Mr,Mr) = T}E{l@ Omt (Ve M) = mlrigoo Oml(Yrns Yrm) = 0. (2.17)

Since, I' is continuous, we get
lim Gml(ran/ rnr) = lim O—mlh/rn/nr) = Gml(nr/nr) =0.
n—oo n—oo
From Lemma 1.7, we also have

lim om1 (anr M) = omi(Mr, My). (2.18)

n—oo

Combining (2.17) and (2.18) and Lemma 1.6, we get that 1, is a fixed point of T i.e.,
My =n:. O

Theorem 2.3. Let (W,, om1) be a complete metric-like space and T : W, — W, be a self
map. Suppose o : W, x W, — [0, 00) be the mapping satisfying the conditions:

(i) T is triangular «-admissible mapping;
(ii) T is integral type generalized o« — F-contractive mapping;
(iii) There exists Yr, € W; such that o(y+,, 'yr,) = 1;
(iv) If {yr,} is a sequence in W, such that «(y+,,Vr, ) = 1 forallnand y., —n, € W,
as n — oo, then there exists a subsequence Yrow) of {y+,.} such that “(anm,ﬂr) >1
for all i.

Then T has a fixed point in W,.. Further if n,, ns are fixed points of I’ with «(n,,ms) > 1,
then T has a unique fixed point in W;..

Proof. From the proof of the Theorem 2.2, the sequence {y,, } defined by vy ., =Ty, is
a Cauchy sequence in (W;, o), as a result there exist n, € W, such that v, — n,. Itis
enough to show that ;. € W; is the fixed point of T".

On contrary we suppose that (I'n;,n;:) > 0. Then from condition (iii) there exists a
subsequence Yroi) of {yr,} such that “(an(i)/ﬂr) > 1 for all i. By Using given contractive
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condition (2.1) for y, = Yroi) and (, = 1, and property of F we have

Oml (Vrn(i)+1rrnr) O—ml(ryrn(i)/rnr)
T—i—F(J (1) dt) :T—i-F(J o(t) dt>

0 0
Gml(rVrn(i)/rﬂr)
<t (oc(vrwnr) | o(t) dt)
0
M(an(i)/ﬂr)
< F(J o(t) dt), (2.19)
0
where
M('an(i)/nr) =max{om1 (‘an(i)’nr)’ Oml ('anm/ F'an(i) ), Oml (T]T/ M)}
= max{omt(Vr, ) M), Om1 (Ve o) Yreng) o )r Omi (M, M) (2.20)
Letting i — oo in (2.20) and taking (2.18) into account we get that
lim M('an(i]/nr) = omt(Mr, My). (2.21)

i—o00

Now, Letting 1 — oo in (2.19) and using (2.21) and the continuity of F we get that

omt(n+IMs) om1(Me,IMy)
T+F<J (p(t)dt) gF(J (p(t)dt),

0 0

which is a contradiction since T > 0, Thus we have ', = n,. This shows that 1. is a fixed
point of I'. Further, suppose 1;- and ns be two fixed points of I" such that 0., (n+,ns) > 0.
From (2.1) we have

omt(nrMs) omt (M, IMs)
T—i—F(J (p(t)dt> :T—H:(J (p(t)dt)

0 0
Omt (MM, M)
< F(ann | olt)at)
0
M(nrms)
<F <J olt) dt>,
0
(2.22)
where
MMy, Ms) = max{omi(Mr,Ms), Omt(Mr, TMr), omi(Ms, Ms)}
= maX{Gml(nr/ns)/ Gml(nr/nr)/ Oml (ns/ns)}
= Omt(Mr,Ms)- (2.23)
putting (2.23) in (2.22) we get
omt(Mrms) omt(MrMs)
T+F<J e(t) dt) < F(J e(t) dt), (2.24)
0 0

which is a contradiction. Hence I" has a unique fixed point. This completes the proof.
O
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Following are consequences of the theorems.

Corollary 2.4. Let (W;, 0m1) be a complete metric-like space and T' : W, — W, be a self
map. Suppose there exist two functions « : Wy x W, — [0,00) and F € Az such that for
T > 0 with o (My+.T'¢) > 0 and satisfying the conditions:

(i) T is triangular «-admissible mapping;
(ii) T is generalized o« — F-contractive mapping i.e.

T+ F(cxm, ) (Tyr, FCr)> < F<M(vr, Cr)>, (2.25)
where

M(Yr/ Cr) = maX{Gml (Yr/ C‘r)/ Omlt (Y‘rr rYr)/ Gml(C‘rr FCT‘)}/

(iii) There exists yr, € Wy such that «(yry, Tyr,) = 1;

(iv) T is continuous or if {y,} is a sequence in W, such that (v, Yr,,,) = 1 for alln and
Yr, = Nr € Wy as n — oo, then there exists a subsequence Yrnw Of {vra} such that
(X('an[i)/nr) > 1 for all i.

Then T has a fixed point in W;.

Corollary 2.5. Let (W,, o) be a complete metric-like space and let T : W, — W, be a
continuous self map. Suppose that there exists k € (0,1) such that

omt(Vr,Cr)
e(t)dt < kj @(t) dt (2.26)

Jdml(ryr,rCr)
0

0
and @ € ®. Then T has a unique fixed point in W.

Example 2.6. Let W, = [0,1] and define o,,,1 : Wy x W, — R' by omi(vr, &) =
max{yy, (+}. Then (W,,om1) is a complete metric-like space. Consider the mapping
I': W, — W, defined by T(n;) = 7 . Suppose that ¢(t) = 2t. Define the function
F:RT" = RbyF(a)=Inaforalla e R" >0and oc: Wy, x W, — [0,00) by «(yy, () =4
for all y,, ; € W..

We show that contractive conditions of Theorem 2.2 are satisfied. Let vy, {» € W, with-
out loss of generality we assume that v, > (.. Suppose that o1 (I'yy, '¢:) > 0 and let
T =1In(2), then

Cr

omt(Myr, TCr) 0<ml(%xf)
T+F<(X(YT, CT)J e(t) dt) =T+F<4J 2t dt>
0 0

ﬁ)

4
— In(2) +1n(’f) - ln(%)

=1+ F(

<In(vy) =F(y) = F(
(2.27)

Hence T has a fixed point, which in this case is 0.
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Example 2.7. Let W, = {0,1,2} and let 01y,1 : Wy x W, — R* be a metric-like function
defined by

Gml(ol 0) = Gml(zl 2) = O/ Uml(lll) =1
Gml(llz) = Gml(zll) =2
Gml(zl O) = Gml(ol 2) =3
3
Gml(oll) = Gml(ll 0) = E

Then (W;, o) is a complete metric-like space. Let ' : W, — W, be defined by I'0 =T'1 =
0 and I'2 = 1. Define o : W; x W, — [0, 00) by

1 v+ ¢ €{0,1,2
o(yr, Gr) = Yro G ,{ J (2.28)
0 otherwise

Suppose that F(t) = e', ¢(t) =tand T = %. We show that conditions of Corollary 2.4
are satisfied. We have the following cases:

Case1v,=0,0,=2
Then 011 (10, T2) = 071q1(0,1) = 3 > 0, and
M(0,2) = max{om1(0,2), 0m1(0,T0), om1(2,T2)} = max{om1(0,2), om1(0,0), o1 (2, 1)} =
3

3
T+ F(ee(0,2)0m1 (10, T2)) = — +F<2>
3
2
Case2v,=1,0(,=2
Then 0,1 (T, T2) = 01(0,1) = 2 > 0, and

M(llz) = max{o-ml(ll 2)/ Uml(l rl) Uml(z rz)} = maX{Gml(ll 2)/ O-ml(li 0)/ Gml(zll)} =
2

T+ F(a(1,2) 01 ('L, T2)) +F<§>
3
2

Case3v,=2,(=2
Then 0,1 (12, T2) = o1(1,1) =1 >0, and
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M(zl 2) = maX{Gml(zr 2)/ Gml(zl rz)/ Gml(zl rz)} = maX{Gm[ (2/ 2)/ Uml(zl 1)/ Oml (2/ 1)} =

2

T+ Fa(2,2)0m1(I2,T2)) = % +F(1)

*l—i—e
16

< e =F(M(2,2)).

Therefore, it satisfies the condition of Corollary 2.4. Hence I has a fixed point, which in
this case is 0.

3. Conclusion

In this article, we presented the generalized integral type o« — F contraction mappings

in complete metric-like spaces and established some fixed point results for such mappings.
We also provided some consequences of established results and examples.
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