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Abstract
The existence and uniqueness of positive solutions are investigated for a new class of boundary value

problems for a fractional differential equation involving generalized Caputo fractional derivative of order
ϑ (1 < ϑ ⩽ 2). Our approach relies on the properties of a green function, Banach’s contraction principle,
and Schauder’s fixed point technique on a cone. Moreover, we use building the upper and lower control
functions for analysis of the results of our suggested problem. In the end, two examples are given to justify
our acquired results.
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1. Introduction

Theory of fractional differential equations (FDEs) has been of considerable interest
lately. This is due to the widespread evolution of the fractional calculus (FC) and its
applications. FDEs arise in dynamical processes, rheology, fluid flows, viscoelasticity,
chemical physics, electrical networks, and numerous other offshoots of science and en-
gineer, e.g., see [1, 2, 3, 4, 5, 6, 7]. As referred to in [8], there have arisen numerous works,
in which fractional derivatives (FDs) are utilized for a superior depiction of considered
about material properties, mathematical modeling dependent on improved rheological
models normally prompts FDEs and to the needed of the formulation of initial condi-
tions to such problems.

Applied problems require definitions of FDs permitting the usage of truly inter-
pretable initial conditions. It should be noticed that most articles and monographs on
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FC are committed to the solvability of linear initial FDEs regarding special functions.
See [9, 10, 11, 12, 13, 14].

As of late, there have been some recent papers managing the existence and unique-
ness of solutions (or positive solutions) of FDEs by the usage of various methods of
nonlinear analysis, see [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27]. For instance,
the authors in [18] studied the existence and uniqueness of positive solution for the
following problem {

Dϑ
0+κ(ζ) = f(ζ,κ(ζ)), ζ ∈ (0, 1),
κ(0) = 0,

where 0 < ϑ < 1, Dϑ
0+ is the Riemann-Liouville FD, and f : [0, 1]× R+ → R+ is continu-

ous function. Wahash et.al., in [25] discussed the existence and uniqueness of a positive
solution for the following problem{

CDϑ,σ
0+ κ(ζ) = f(ζ,κ(ζ)), ζ ∈ [0, 1]
κ(0) = λ

∫1
0 g(s)κ(s)ds+ d,

where 0 < ϑ < 1, λ ⩾ 0, d ∈ R+, CDϑ,σ
0+ is the generalized Caputo FD of order ϑ

introduced by Almeida [28], f : [0, 1] × R+ → R+ is continuous function, and g ∈
L1([0, 1], R+).

Motivated by the aforementioned papers and inspired by [28], we investigate the
existence and uniqueness of positive solution of the following σ- Caputo FDFs{

CDϑ,σ
0+ κ(ζ) + f(ζ,κ(ζ)) = 0, ζ ∈ (0, 1),
κ(0) = m, κ(1) = n,

(1.1)

where 1 < ϑ ⩽ 2, m,n ∈ R+ (n > m), CDϑ,σ
0+ is the generalized Caputo FD of order ϑ,

f : [0, 1]× R+ → R+, and σ : [0, 1] → R+ such that σ ∈ C2[0, 1] an increasing function
with σ′(ζ) ̸= 0, for all ζ ∈ [0, 1].

The proposed problem (1.1) is more general than those found in literature, indeed,
when we take certain functions of σ, our problem is reduced to many problems in
the frame of classical FDs. Also, the existence of positive solution obtained through
constructing the lower and upper control functions of the nonlinear terms without any
monotone requirement. Besides, our analysis of the results was limited to the minimum
assumptions.

The paper is marshaled as follows: In Section 2, we supply some preludial results.
In Section 3, we derive the corresponding fractional integral (FI) equation of (1.1) then
we also prove the existence and uniqueness of positive solution by using the upper and
lower solution method along with fixed point theorems. Two examples are given in
Section 4. We end the paper with the conclusions section.

2. Preliminary results

In this portion, we collect some basic definitions and lemmas related to our results.
Let C[0, 1] be the Banach space with the norm ∥κ∥ = max {|κ(ζ)| ; ζ ∈ [0, 1]} and define

the cone
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K = {κ ∈ C[0, 1] : κ(ζ) ⩾ 0, ζ ∈ [0, 1]}.

Let 1 < ϑ ⩽ 2, ϖ : [0, 1] → R+ be an integrable function and σ ∈ Cn[0, 1] an increasing
function such that σ′(ζ) ̸= 0, for all ζ ∈ [0, 1].

Definition 2.1. [1] The σ-Riemann-Liouville FI of ϖ, of order ϑ, is given by

Iϑ,σ
0+ ϖ(ζ) =

1
Γ(ϑ)

∫ζ
0
σ′(s)(σ(ζ) − σ(s))ϑ−1ϖ(s)ds.

Definition 2.2. [1] The σ-Riemann-Liouville FD of ϖ , of order ϑ > 0 is given by

Dϑ,σ
0+ ϖ(ζ) =

[ 1
σ′(ζ)

d

dζ

]n
In−ϑ,σ

0+ ϖ(ζ),

where n = [ϑ] + 1.

Definition 2.3. [28] The σ-Caputo FD of ϖ, of order ϑ, is given by

CDϑ,σ
0+ ϖ(ζ) = Dϑ,σ

0+

[
ϖ(ζ) −

n−1∑
k=0

ϖ
[k]
σ (0)
k!

(
σ(ζ) − σ(0)

)k]
.

where n = [ϑ] + 1, and ϖ
[k]
σ (ζ) =

[
1

σ′(ζ)
d
dζ

]k
ϖ(ζ). For ϑ /∈ N, then

CDϑ,σ
a+ϖ(ζ) = In−ϑ,σ

a+

[ 1
σ′(ζ)

d

dζ

]n
ϖ(ζ).

while if ϑ = n ∈ N, then CDϑ,σ
0+ ϖ(ζ) = ϖ

[k]
σ (ζ).

Definition 2.4. A function κ ∈ C[0, 1] is called a positive solution of the problem (1.1) if
κ(ζ) ⩾ 0 for all ζ ∈ [0, 1] and κ satisfies the problem (1.1).

Lemma 2.5. [28] Let ϑ > 0 and ϖ : [0, 1] → R. Then we have

1) If ϖ ∈ C[0, 1] then CDϑ,σ
0+ Iϑ,σ

0+ ϖ(ζ) = ϖ(ζ).

2) If ϖ ∈ Cn−1[0, 1] then Iϑ,σ
0+

CDϑ,σ
0+ ϖ(ζ) = ϖ(ζ) −

∑n−1
k=0

ϖ
[k]
σ (0)
k! [σ(ζ) − σ(0)]k.

Lemma 2.6. [28, 1] Let ϑ, ξ > 0 and ϖ : [0, 1] → R. Then

1) Iϑ,σ
0+ [σ(ζ) − σ(0)]ξ−1 =

Γ(ξ)
Γ(ϑ+ξ) [σ(ζ) − σ(0)]ϑ+ξ−1.

2) CDϑ,σ
0+ [σ(ζ) − σ(0)]ξ−1 =

Γ(ξ)
Γ(ξ−ϑ) [σ(ζ) − σ(0)]ξ−ϑ−1.

3) CDϑ,σ
0+ [σ(ζ) − σ(0)]k = 0, ∀ k ∈ (0, 1, . . . ,n− 1), n ∈ N.

4) Iϑ,σ
0+ Iξ,σ

0+ ϖ(ζ) = Iϑ+ξ,σ
0+ f(ζ).



HA Wahash, SK Panchal J Frac Calc & Nonlinear Sys 4

Lemma 2.7. [28] Let ϑ > 0 and ϖ : [0, 1] → R. Then Iϑ,σ
0+ is bounded from C[0, 1] into C[0, 1].

Moreover,
Iϑ,σ

0+ ϖ(0) = lim
ζ→0+

Iϑ,σ
0+ ϖ(ζ) = 0.

Theorem 2.8. [29] Let Φ be a Banach space with a contraction mapping Q : Φ → Φ. Then, Q
has a unique fixed-point κ in Φ.

Theorem 2.9. [29] Let Φ be a Banach space and let S a convex, closed, bounded subset of Φ.
If Q : S −→ S is a continuous map such that the set {Qκ : κ ∈ S} is relatively compact in Φ.
Then Q has at least one fixed point.

3. Main results

In this portion, we prove the existence and uniqueness of positive solutions for (1.1).
Before starting, we introduce the following lemma:

Lemma 3.1. Let 1 < ϑ ⩽ 2 and ϖ : [0, 1] → R+ is a continuous function. Then the linear σ-
Caputo FDFs

CDϑ,σ
0+ κ(ζ) +ϖ(ζ) = 0, 0 < ζ ⩽ 1,
κ(0) = m, κ(1) = n,

(3.1)

is equivalent to

κ(ζ) = m+ (n−m)Υ(ζ) +

∫ 1

0
σ′(s)Gσ(ζ, s)ϖ(s)ds, (3.2)

where

Gσ(ζ, s) =
Υ(ζ)

Γ(ϑ)


(
σ(1) − σ(s)

)ϑ−1
− 1

Υ(ζ)

(
σ(ζ) − σ(s)

)ϑ−1
, 0 ⩽ s ⩽ ζ ⩽ 1,(

σ(1) − σ(s)
)ϑ−1

, 0 ⩽ ζ ⩽ s ⩽ 1,
(3.3)

with Υ(ζ) :=
N(ζ)
N(1) , and N(ζ) := σ(ζ) − σ(0).

Proof. Applying Iϑ,σ
0+ on both sides of the first equation of (3.1), and using Lemma 2.5,

we reduce the equation CDϑ,σ
0+ κ(ζ) = ϖ(ζ), into its equivalent FI equation as

κ(ζ) = −Iϑ,σ
0+ ϖ(ζ) + c0 + c1[σ(ζ) − σ(0)]

= −
1

Γ(ϑ)

∫ζ
0
σ′(s)

(
σ(ζ) − σ(s)

)ϑ−1
ϖ(s)ds

+c0 + c1

(
σ(ζ) − σ(0)

)
. (3.4)

Then we have κ(0) = c0 and

κ(1) = −
1

Γ(ϑ)

∫ 1

0
σ′(s)

(
σ(1) − σ(s)

)ϑ−1
ϖ(s)ds+ c0 + c1

(
σ(1) − σ(0)

)
.

From the boundary conditions κ(0) = m and κ(1) = n, we obtain c0 = m and

c1 =
n−m

σ(1) − σ(0)
+

1
σ(1) − σ(0)

(
Iϑ,σ

0+ ϖ(s)
)
(1).
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Substitute the values of c0 and c1 in (3.4), we get

κ(ζ) = m+ (n−m)Υ(ζ) +
Υ(ζ)

Γ(ϑ)

∫ 1

0
σ′(s)

(
σ(1) − σ(s)

)ϑ−1
ϖ(s)ds

−
1

Γ(ϑ)

∫ζ
0
σ′(s)

(
σ(ζ) − σ(s)

)ϑ−1
ϖ(s)ds

= m+ (n−m)Υ(ζ) +
Υ(ζ)

Γ(ϑ)

∫ζ
0
σ′(s)

(
σ(1) − σ(s)

)ϑ−1
ϖ(s)ds

+
Υ(ζ)

Γ(ϑ)

∫ 1

ζ

σ′(s)
(
σ(1) − σ(s)

)ϑ−1
ϖ(s)ds

−
1

Γ(ϑ)

∫ζ
0
σ′(s)

(
σ(ζ) − σ(s)

)ϑ−1
ϖ(s)ds

= m+ (n−m)Υ(ζ) +
Υ(ζ)

Γ(ϑ)

( ∫ζ
0
σ′(s)

(
σ(1) − σ(s)

)ϑ−1
ϖ(s)ds

−
1

Υ(ζ)
σ′(s)

(
σ(ζ) − σ(s)

)ϑ−1
ϖ(s)ds

)
+
Υ(ζ)

Γ(ϑ)

∫ 1

ζ

σ′(s)
(
σ(1) − σ(s)

)ϑ−1
ϖ(s)ds

= m+ (n−m)Υ(ζ) +

∫ 1

0
σ′(s)Gσ(ζ, s)ϖ(s)ds.

This shows that (3.2) is satisfied.

As result of Lemma 3.1, we get the following Lemma:

Lemma 3.2. Assume that f : [0, 1]× R+ → R+ is a continuous, and κ be a function. Then the
σ- Caputo FDFs (1.1) is equivalent to

κ(ζ) = m+ (n−m)Υ(ζ) +

∫ 1

0
σ′(s)Gσ(ζ, s)f(s,κ(s))ds. (3.5)

Note that, The equation (3.5) is also equivalent to

(Qκ) (ζ) = m+ (n−m)Υ(ζ) +

∫ 1

0
σ′(s)Gσ(ζ, s)f(s,κ(s))ds, (3.6)

where Q : K → K is an operator such that Qκ(ζ) = κ(ζ), κ(ζ) ∈ C[0, 1].

Lemma 3.3. [8] The function Gσ defined by (3.3) satisfies

1. Gσ(ζ, s) > 0 for ζ, s ∈ (0, 1).
2. Γ(ϑ)max0⩽ζ⩽1 Gσ(ζ, s) = [σ(1) − σ(s)]ϑ−1 , s ∈ (0, 1).

Definition 3.4. [18] The upper and lower control functions are defined by

∆(ζ,κ) = sup
a⩽η⩽κ

f(ζ,η) and ∆(ζ,κ) = inf
κ⩽η⩽b

f(ζ,η),

respectively, where a,b ∈ R+(b > a) and κ ∈ [a,b].
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It is clear that ∆(ζ,κ) and ∆(ζ,κ) are non-decreasing on κ and

∆(ζ,κ) ⩽ f(ζ,κ) ⩽ ∆(ζ,κ).

Definition 3.5. [18] Let κ(ζ),κ(ζ) ∈ K and a ⩽ κ(ζ) ⩽ κ(ζ) ⩽ b satisfy

CDϑ,σ
0+ κ(ζ) +∆(ζ,κ(ζ)) ⩾ 0, 0 ⩽ ζ ⩽ 1,
κ(0) ⩾ m, κ(1) ⩾ n,

or

κ(ζ) ⩾ m+ (n−m)Υ(ζ) +

∫ 1

0
σ′(s)Gσ(ζ, s)∆(s,κ(s))ds

and
CDϑ,σ

0+ κ(ζ) +∆(ζ,κ(ζ)) ⩽ 0, 0 ⩽ ζ ⩽ 1,
κ(0) ⩽ m, κ(1) ⩽ n,

or

κ(ζ) ⩽ m+ (n−m)Υ(ζ) +

∫ 1

0
σ′(s)Gσ(ζ, s)∆(s,κ(s))ds.

Then, κ(ζ) and κ(ζ) are called upper and lower solutions for (1.1).

Now, we give the following hypothese:

(H1) f : [0, 1]× R+ → R+ is continuous.

(H2) There exists a constant Lf > 0 such that

|f(ζ,κ1) − f(ζ,κ2)| ⩽ Lf |κ1 −κ2| , ∀ζ ∈ [0, 1], κ1,κ2 ∈ R+

(H3) There exists a constant ρ > 0 such that

|f(ζ,κ)| ⩽ ρ, (ζ,κ) ∈ [0, 1]× R+.

Theorem 3.6. Suppose that (H1)-(H3) hold. Let κ(ζ), κ(ζ) are upper, lower solutions of
problem (1.1). Then the σ- Caputo FDF (1.1) has at least a solution κ(ζ). Moreover,

κ(ζ) ⩽ κ(ζ) ⩽ κ(ζ), ζ ∈ [0, 1].

Proof. Convert the problem (1.1) into a fixed point problem. Consider the operator
Q : K → K defined by (3.6). Then we shall make use of Theorem 2.9 to verify that Q has
a fixed point. The proof will be presented in some steps.

Step1: The operator Q : K → K is compact.
From the continuity and nonnegativity of Gσ(ζ, s) and f(s,κ(s)), the operator Q is

continuous. Define a ball

Br = {κ ∈ K : ∥κ∥ ⩽ r, ζ ∈ [0, 1]},
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Let κ ∈ Br and by assumptions (H1) and (H3). Then we get

|(Qκ) (ζ)| ⩽ m+ (n−m) |Υ(ζ)|+

∫ 1

0
σ′(s)Gσ(ζ, s) |f(s,κ(s))|ds

⩽ m+ (n−m) |Υ(ζ)|+ ρ max
0⩽ζ⩽1

∫ 1

0
σ′(s)Gσ(ζ, s)ds

= m+ (n−m)

∣∣∣∣σ(ζ) − σ(0)
σ(1) − σ(0)

∣∣∣∣+ ρ
(
σ(1) − σ(0)

)ϑ

Γ(ϑ+ 1)

⩽ n+
ρ
(
σ(1) − σ(0)

)ϑ

Γ(ϑ+ 1)
.

Hence

∥(Qκ)∥ ⩽ n+
ρ
(
σ(1) − σ(0)

)ϑ

Γ(ϑ+ 1)
.

This show that Q : Br → Br is uniformly bounded.
Now, we prove that Q is equicontinuous. For each κ ∈ Br. Then for ζ1, ζ2 ∈ [0, 1]

with ζ1 < ζ2, we have

|(Qκ)(ζ2) − (Qκ)(ζ1)| ⩽ (n−m) |Υ(ζ2) −Υ(ζ1)|

+

∫ 1

0
σ′(s) |Gσ(ζ2, s) −Gσ(ζ1, s)| |f(s,κ(s))|ds. (3.7)

Now, we need to simplify the expression |Gσ(ζ2, s) −Gσ(ζ1, s)|. Let us consider for
0 ⩽ s ⩽ ζ ⩽ 1,

|Gσ(ζ2, s) −Gσ(ζ1, s)|

=

∣∣∣∣Υ(ζ2)

Γ(ϑ)

(
σ(1) − σ(s)

)ϑ−1
−

1
Υ(ζ2)

(
σ(ζ2) − σ(s)

)ϑ−1

−
Υ(ζ1)

Γ(ϑ)

(
σ(1) − σ(s)

)ϑ−1
+

1
Υ(ζ1)

(
σ(ζ1) − σ(s)

)ϑ−1
∣∣∣∣

=

∣∣∣∣∣∣∣
(
σ(1) − σ(s)

)ϑ−1(
σ(1) − σ(0)

)
Γ(ϑ)

((
σ(ζ2) − σ(0)

)
−
(
σ(ζ1) − σ(0)

))

+
1

Γ(ϑ)

((
σ(ζ1) − σ(s)

)ϑ−1
−
(
σ(ζ2) − σ(s)

)ϑ−1)∣∣∣∣
Let g1(ζ) = σ(ζ) − σ(0) and g2(ζ) =

(
σ(ζ) − σ(s)

)ϑ−1
. By applying the mean value

theorem, we obtain

|Gσ(ζ2, s) −Gσ(ζ1, s)|

= |ζ2 − ζ1|
( (

σ(1) − σ(s)
)ϑ−1(

σ(1) − σ(0)
)
Γ(ϑ)

g′1(ξ1) +
1

Γ(ϑ)
g′2(ξ2)

)



HA Wahash, SK Panchal J Frac Calc & Nonlinear Sys 8

where ξ1, ξ2 ∈ (ζ1, ζ2). Therefore, as ζ2 − ζ1 → 0, |(Qκ)(ζ2) − (Qκ)(ζ1)| → 0, which
means that (QBr) is equicontinuous. Hence by the Arzela–Ascoli theorem, Q : Br → Br

is completely continuous.
Step2: To apply Theorem 2.9, we need to prove Q : S → S, where

S = {κ(ζ) : κ(ζ) ∈ K, κ(ζ) ⩽ κ(ζ) ⩽ κ(ζ), ζ ∈ [0, 1]}. (3.8)

From (3.8), it follows that S is a closed, convex, and bounded subset of C([0, 1], R+). For
any κ(ζ) ∈ S, we get κ(ζ) ⩽ κ(ζ) ⩽ κ(ζ), it follows from Definitions 3.4 and 3.5 that

(Qκ) (ζ) = m+ (n−m)Υ(ζ) +

∫ 1

0
σ′(s)Gσ(ζ, s)f(s,κ(s))ds

⩽ m+ (n−m)Υ(ζ) +

∫ 1

0
σ′(s)Gσ(ζ, s)∆(s,κ(s))ds

⩽ κ(ζ),

and

(Qκ) (ζ) = m+ (n−m)Υ(ζ) +

∫ 1

0
σ′(s)Gσ(ζ, s)f(s,κ(s))ds

⩾ m+ (n−m)Υ(ζ) +

∫ 1

0
σ′(s)Gσ(ζ, s)∆(s,κ(s))ds

⩾ κ(ζ).

So, κ(ζ) ⩽ Qκ(ζ) ⩽ κ(ζ), 0 ⩽ ζ ⩽ 1 which gives Qκ(ζ) ∈ S, ∀ ζ ∈ [0, 1]. This
shows that Q : S → S. As an outcome of Theorem 2.9, Q has at least one fixed point
κ(ζ) ∈ S, 0 ⩽ ζ ⩽ 1. Thus, the problem (1.1) has at least one solution κ(ζ) ∈ C[0, 1] and
κ(ζ) ⩽ κ(ζ) ⩽ κ(ζ), ζ ∈ [0, 1].

Corollary 3.7. Suppose that f : [0, 1]× R+ → R+ is continuous, and there exist ℵ2 ⩾ ℵ1 > 0
such that

ℵ1 ⩽ f(ζ,σ) ⩽ ℵ2, (ζ,σ) ∈ [0, 1]× R+. (3.9)

Then there exists at least a solution κ(ζ) of the Caputo-FDF (1.1). Moreover,

κ(ζ) ⩽ κ(ζ) ⩽ κ(ζ), for ζ ∈ [0, 1], (3.10)

where

κ(ζ) = m+ (n−m)Υ(ζ) +

((
N(1)

)ϑ−1
−
(
N(ζ)

)ϑ−1
)

ℵ2

Γ(ϑ+ 1)
N(ζ),

κ(ζ) = m+ (n−m)Υ(ζ) +

((
N(1)

)ϑ−1
−
(
N(ζ)

)ϑ−1
)

ℵ1

Γ(ϑ+ 1)
N(ζ).

Proof. From Definition 3.4 and hypothesis (3.9), we have

ℵ1 ⩽ ∆(ζ,σ) ⩽ ∆(ζ,σ) ⩽ ℵ2, (ζ,σ) ∈ [0, 1]× [a,b]. (3.11)
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Now, we consider the following σ-Caputo problem

CDϑ,σ
0+ κ(ζ) +ℵ2 = 0, 0 ⩽ ζ ⩽ 1,
κ(0) = m, κ(1) = n.

(3.12)

Duo to Lemma 3.1, the σ-Caputo problem (3.12) has a positive solution

κ(ζ) = m+ (n−m)Υ(ζ) +
ℵ2Υ(ζ)

Γ(ϑ)

∫ 1

0
σ′(s)

(
σ(1) − σ(s)

)ϑ−1
ds

−
ℵ2

Γ(ϑ)

∫ζ
0
σ′(s)

(
σ(ζ) − σ(s)

)ϑ−1
ds

= m+ (n−m)Υ(ζ) +
ℵ2Υ(ζ)

Γ(ϑ+ 1)

(
σ(1) − σ(0)

)ϑ

−
ℵ2

Γ(ϑ+ 1)

(
σ(ζ) − σ(0)

)ϑ

= m+ (n−m)Υ(ζ) +
ℵ2

Γ(ϑ+ 1)

(
σ(ζ) − σ(0)

)
(
σ(1) − σ(0)

)(σ(1) − σ(0)
)ϑ

−
ℵ2

Γ(ϑ+ 1)

(
σ(ζ) − σ(0)

)ϑ

= m+ (n−m)Υ(ζ) +

((
N(1)

)ϑ−1
−
(
N(ζ)

)ϑ−1
)

ℵ2

Γ(ϑ+ 1)
N(ζ).

By (3.11), we conclude that

κ(ζ) ⩾ m+ (n−m)Υ(ζ) +

∫ 1

0
σ′(s)Gσ(ζ, s)∆(s,κ(s))ds.

Thus, the function κ(ζ) is the upper solution of the σ-Caputo FDE (1.1).
In the above same way, if the σ-Caputo problem of the type

CDϑ,σ
0+ κ(ζ) +ℵ1 = 0, 0 ⩽ ζ ⩽ 1,
κ(0) = m, κ(1) = n.

(3.13)

Obviously, the σ-Caputo problem (3.13) has also a positive solution

κ(ζ) = m+ (n−m)Υ(ζ) +
ℵ1Υ(ζ)

Γ(ϑ)

∫ 1

0
σ′(s)

(
σ(1) − σ(s)

)ϑ−1
ds

−
ℵ1

Γ(ϑ)

∫ζ
0
σ′(s)

(
σ(ζ) − σ(s)

)ϑ−1
ds

= m+ (n−m)Υ(ζ) +

((
N(1)

)ϑ−1
−
(
N(ζ)

)ϑ−1
)

ℵ1

Γ(ϑ+ 1)
N(ζ).

By (3.11), we conclude that

κ(ζ) ⩽ m+ (n−m)Υ(ζ) +

∫ 1

0
σ′(s)Gσ(ζ, s)∆(s,κ(s))ds.
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Thus, the function κ(ζ) is the lower solution of the σ-Caputo FDE (1.1).
By Theorem (3.6), we get that the σ-Caputo FDE (1.1) has at least one positive solu-

tion κ(ζ) ∈ S, which justifies the inequalitiy (3.10).

The final result is based on Theorem 2.8.

Theorem 3.8. Suppose that (H1)-(H2) hold. If

(
σ(1)−σ(0)

)ϑ

Γ(ϑ+1) Lf < 1, Then the σ-Caputo FDE
(1.1) has a unique positive solution κ(ζ) ∈ C[0, 1].

Proof. Theorem 3.6 shows that the σ-Caputo FDE (1.1) has at least one positive solution
in K. Now we consider Q : K → K defined by (3.6). Hence, we need only to show that Q
is contraction map in C[0, 1]. Let κ1,κ2 ∈ C[0, 1] and ζ ∈ [0, 1]. Then we have

∥Qκ1 −Qκ2∥
= max

ζ∈[0,1]
|(Qκ1)(ζ) − (Qκ2)(ζ)|

⩽ max
ζ∈[0,1]

∫ 1

0
σ′(s)Gσ(ζ, s) |f(s,κ1(s)) − f(s,κ2(s))|ds

⩽
1

Γ(ϑ)

∫ 1

0
σ′(s)

(
σ(1) − σ(s)

)ϑ−1
Lf ∥κ1 −κ2∥ds

⩽

(
σ(1) − σ(0)

)ϑ

Γ(ϑ+ 1)
Lf ∥κ1 −κ2∥ .

Since

(
σ(1)−σ(0)

)ϑ

Γ(ϑ+1) Lf < 1, Q is contraction mapping. As a result of Theorem 2.8, we
can infer that Q has a unique fixed point which is the unique positive solution of (1.1)
on [0, 1].

4. Examples

In this portion, we provide two examples to enlighten our results.

Example 4.1. Consider the following σ-Caputo FDE

CD
3
2 ;eζ

0+ κ(ζ) = 1 +
κ(ζ)

37+sin(κ(ζ)) , 0 ⩽ ζ ⩽ 1,
κ(0) = 1, κ(1) = 2,

(4.1)

where ϑ = 3
2 , σ(ζ) = eζ, m = 1, n = 2, and f(ζ,κ) = 1+ κ

37+sin(κ) . It is not difficult to
see that f is a continuous and nonnegative function. For ζ ∈ [0, 1] and κ, v ∈ [0,∞), we
get |f(ζ,κ) − f(ζ, v)| ⩽ 1

37 |x− y|. Here Lf =
1
37 . Therefore (H1) and (H2) are satisfied.

Moreover, by some simple calculations, we get

(
σ(1)−σ(0)

)ϑ

Γ(ϑ+1) Lf ≈ 0.05 < 1. All assump-
tions of Theorem 3.8 hold. Therefore, Theorem 3.8 assurances that (4.1) has a unique
positive solution κ(ζ) ∈ C[0, 1].
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Example 4.2. Consider the following σ-Caputo FDE

CD
3
2 ;e

ζ
2

0+ κ(ζ) = 1
ζ+6

(
ζκ(ζ)

1+κ(ζ) + 6
)

, 0 ⩽ ζ ⩽ 1,
κ(0) = 1, κ(1) = 2,

(4.2)

Note that, ϑ = 3
2 , σ(ζ) = e

ζ
2 , m = 1, n = 2, and f(ζ,κ) = 1

ζ+6

(
ζκ

1+κ + 6
)

. Since f is
continuous and

6
7
⩽ f(ζ,κ) ⩽ 1

for all (ζ,κ) ∈ [0, 1] × R+. Thus, ℵ1 = 6
7 and ℵ2 = 1. Hence by Corollary 3.7, the

σ-Caputo FDE (4.2) has a positive solution which verifies κ(ζ) ⩽ κ(ζ) ⩽ κ(ζ) where

κ(ζ) = 1 +

√
eζ − 1√
e− 1

(√
e

1
2 − 1 −

√
e

ζ
2 − 1

) √
e

ζ
2 − 1

Γ( 5
2)

,

κ(ζ) = 1 +

√
eζ − 1√
e− 1

(√
e

1
2 − 1 −

√
e

ζ
2 − 1

)
6
√
e

ζ
2 − 1

7Γ( 5
2)

,

are respectively the upper and lower solutions of σ-Caputo FDE (4.2). Furthermore, for
all (ζ,κ) ∈ [0, 1]× R+, |f(ζ,κ)| ⩽ 1 = ρ. Thus, since all the hypotheses in Theorem 3.6
and Corollary 3.7 are fulfilled, our results can be applied to the σ-Caputo FDE.

5. Conclusions

We have deliberated a category of BVPs for nonlinear FDEs involving σ-Caputo
fractional derivative. With the Green function, the fixed point techniques of Banach and
Schauder, and the upper and lower solutions method, we have proven the existence and
uniqueness of positive solutions for the suggested problem. In the end, two examples to
justify the main results. Many results of the corresponding problems that hold standard
fractional operators are covered as special cases of (1.1). The announced results here are
a new and significant contribution to the current literature on the theme.
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