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Abstract

In this manuscript, we conclude a comprehensive approach to a class of nonlinear coupled system of
fractional differential equations with mixed type boundary value conditions. Subsequently, the solution of
coupled system exists and unique under mixed type boundary value conditions with the reference of Schaefer
and Banach fixed-point theorems. Further, we developed the Hyers- Ulam stability for the considered problem.
Finally, we set an example for the support of our results.
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1. Introduction

Fractional calculus is three centuries old calculus but not very popular calculus in the
field of engineering or science. The generalization of ordinary differential equations are
known as fractional differential equations (FDEs) with an arbitrary (non-integer) order. In
other words, may be this article interprets the facts of nature. Therefore, aiming to make
this idea of differential equations available as a popular area for the engineering and
science, another aspect has been added to better comprehend or explain the basic nature.
Perhaps the calculation of the fraction is what nature understands and the communication
with nature in this language is therefore effective. For the last three centuries, it has been
a topic with mathematicians, and only in the last few years has it been extended to many
applied fields of engineering and science and economics see in [1, 2, 3, 4, 5, 6, 7]. The
next decade will see a number of applications based on this three hundred-year old new
article. In fractional calculus, the basic idea of fractional derivative was introduced by
Liouville and Riemann.

The research area, that has received the best and most attention from scholars is ded-
icated to the existence of solution for different models. Some different researchers have
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been set up interesting results of the existence of solutions of FDEs in view of different
fixed points theorems. For detail study, see [8, 9, 10]. Although, the study of coupled
systems of the FDEs is also very significant because this kind of systems seem to be used
in different variety of problems of applied nature, see [11, 12, 13].

Cabada and Kaithoum [14], presented their work in which the considerable model
is all concerned about the existence and uniqueness (EU) of positive solution of implicit
nonlinear fractional problem with mixed type boundary conditions, which is as follows;

DBu(x) — Au(x) + f(x, x2 Pu(x)) =0,

limy_0x% Pu(x) =0 and u/(1)=0. VxeJI=10,1].

Where A € R, 1 < B < 2, DP is Riemann-Liouville (R — £) fractional derivative and f is
continuous function.

Cabada and Kaithoum in [15] also studied the existence and non-existence results for
the solutions of nonlinear FDE with three parameter family under mixed type integral
boundary conditions.

DPu(x) —Au(x) +y(x) =0,

limy,0x2 Pu(x) = p [yuly)dy and /(1) =n fyu(y)dy. ¥Vx €I =[0,1].

Where A € Rand 1,1 > 0,1 < B <2, DP is R — £ fractional derivative and y is continuous
function. For more refinements of above model see [16, 17].

FDEs have been studied for different angles. Among these results in stability analy-
sis,Hyers Ulam (HU) stability was introduced by Hyers and Ulam in 1941. The sense of
HU stability is an important which gained a great interest from many researcher. In ad-
dition to above investigations, different researchers have been examined the HU stability
for differential equations having different orders, see [18, 19, 20, 21, 13, 22, 23].

In this paper, we discuss the EU of the solution for nonlinear coupled FDEs with bound-
ary conditions

DPu(x) —Au(x) + g(x, X>Pu(x), x> Pv(x)) =0,V x €9,

DIv(x) — Mv(x) + hix, x>~ 9u(x),x* " 9v(x)) =0,V x € J,

(1.1)

lim x> Pu(x) =u'(1) =0,
x—07T

lim x>~ 9v(x) =v'(1) =0,
x—07F
where A;,A\; € Rand 1 < p,q < 2, DP and D9 are R — £ fractional derivatives and g, h
are continuous functions.

This article is comprised as follows; our Section 2, we study, some basic and relative
introductory result and definitions. Next section is totally devoted to deduce Green func-
tions for our considered problem by using classical theory of fractional calculus. Moreover,



Saifullah et al. / Existence theory and stability analysis to ... 37

we also construct some main properties of the Green functions. Finally in the last section
we ensuring the EU of positive solutions of implicit coupled nonlinear problem under
mixed type boundary conditions and we also investigate that under adequate conditions
the implicit coupled model is HU stable. At last, we give an example to support our results.

2. Preliminaries and some basic definitions

In the following section, we recollect preliminary result and some basic definitions,
which will be used throughout this paper. These definitions and result are taken from
[24].

Definition 2.1. [24] The Riemann — Liouville R — £ fractional integral of fractional
order 3 > 0 for a measurable function u(s), is defined as

IBu(s) = F(1[3) E(s —t)B~1u(s)ds,

where I is Euler Gamma function.

Definition 2.2. [24] The R — L fractional derivative of order B > 0 for measurable
function u(s) is given by

Bue) L AV [P g
DPu(s) = Fn_p) Jo(s t) u(s)ds.

Here n = [B] + 1, where [3] denote the integer part of (3.

Definition 2.3. [24] Mittag Leffler is played a very key role in the theory of FDEs. It is
defined with two parameter function as;

E -y - un>0,leR
un(C) ;)F(uwrn) wn>0,C€

Theorem 2.4. [24] The general solution of FDE of order n—1 < 3 < n, n € N and
AeR
DBu(s) —Au(s) +y(s) =0,

has solution given by
S

u(s) = Z cksP T Ep pr1-k(AsP) +J (s—t)PEg pA(s —t)Ply(t)dt,
k=1 0

withcy € R,1=0,1,2,...,m, chosen arbitrary and where y be a given real function defined
on R.
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3. Green’s function of coupled problem

In this section, we obtain Green’s functions in the equivalent integral equations of the
associated proposed system (1.1). Moreover, we give some properties of Green’s functions.

Theorem 3.1. Consider p,q € (1,2] and g,h:J x R x R — R, then system

DPu(x) —Mu(x)+g(x) =0,vVte],
DIv(x) —Av(x)+h(x)=0,Vte],

lim x> Pu(x) =u’(1) =0,
x—07F

lim x*~9v(x) =v'(1) =0,

x—0+t
where
glx) = gxx* Pu(x),x* Pv(x))
h(x) = h(x, x>~ 9u(x),x* 9v(x)),

has an equivalent integral

1
u(x) = L G (x,y)g(y)dy,Vx €7,

1
v(x) = J;) G, (x,y)h(y)dy,Vx €7,

where Gy, (x,y) and Gy, (x,y) are the Green’s functions given as

P B AP Epp 1M (1—y)P] o oy
G (X ) _ (1I—y)Z PEpp_1(A1) (X U) Ep,p(}\l (X U) )/
MY XPTE, L (A1xP)Epn 1 (A1 (1—y)P)

(179)27PEp,p71(7\1) /

X9 'Eqq(AaxNEqq-1(Aa(l=y)9)  ( 1q-1 g
G, y) = 1=y TEq.q 1 %2) (x=y)9 Eq,q(Aalx—y)9),
A Y XqilEquU‘p‘q)Eq,qflw\z(l*y]q)

(1_U)Zinq,q—l(7\2) 4

Proof. Let
DPu(x) —Mu(x) +g(x) =0,
by using Theorem (2.4), we get

u(x) = Clxp_lEp,p(Alxp) + szp_zEplp,l(Alxp)

—LJX—UW‘prONX—yFWMyMy

(3.1

O<y<x<l
(3.2)
0<x<y<1

N

<1
3.3)

y<x<
x<y<l.

NN

0
0
3.4

(3.5)
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Since lim,_,o+x?>"Pu(x) = 0, it is clear that C, = 0. Now, we take the derivative of (3.5)
for x > 0, we have

X
u (x) = C1xP?Ep p 1 (MxP) — JO (x—y)P Epp1(Ai(x —y)P)g(y)dy.
Using condition u'(1) = 0 implies that
Cy = Jl (1 _U)p_ZEp,p—l (}\1(1 _y)p)
1 —_
0 Epp-1(M1)
As consequence, the unique solution of (3.4) is given by

g(y)dy.

1
u(x) = Epp_ll(m L(l PP (xP)Ep o (M (1 — y)P)g(y)dy

X
- | e x =y Mgy,
Hence, (3.4) has the unique solution given as
J'X (Xp_lEp,p (AxP)Ep p—1(AM(1—y)P)
0 (1 _U)ZipEp,p—l(Al)
Jl Xp71E‘p,p ()\lxp)Ep,pfl (A (1T—y)P)
x (1_U)zipEp,pfl()\l)

Further we can write u(x) in term of Green’s function as:

ul) = —(x =y Epp a(x—y))) g(y)dy

g(y)dy.

1
u(x) = L Ga, (x,y)g(y)dy.

where Gy, (x,y) is given by (3.2).
Similarly, one can follow all the above steps and show Green’s function Gj,(x,y) for
the differential equation given as;

DIv(x) —Av(x) +h(x) =0,

gives equivalent integral equation, i.e.,

1
v(x) = JO G, (x, y)h(y)dy,
where, G,,(x,y) is given by (3.3). O

In the following lemma, we describe A a set of parameters, for which the Green’s
function has a constant sign. Now, we introduce A} and A; as the biggest negative zero of
E‘p,p—l (?\1) =0 and Eq,q—l (?\2) =0.

Lemma 3.2. Let G, and Gy, be the Green’s functions coupled system (1.1). Also A] and A;
be the first negative zero if Ep, ,_1(A1) =0 and Eq q—1(A2) =0, then for 1 <p,q <2, it is
satisfies that

Gy (xy) >0 V xye(0,1),
G, (x,y) >0 V xye(0,1),
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provided that Ay > A} and A > A.

Proof. On contrary supposed that there are A3 > A and Ay > A; and (xo,yo) € (0,1) x
(0,1), such that Gy, (x0,yo0) = 0 and Gj,(xo,yo) = 0, where G,, and G,, be the Green’s
functions for coupled system (1.1).

Now, we define functions u,v: [0,1] — R,

u(x) = Ga,(x,yo) and v(x) = Gx,(x,yo).

Let suppose yg > x¢ from Green’s functions we know that u(x) # 0 and v(x) # 0 on
interval [0, xg]. So, from the definition of Green’s function it follows that u is a solution of
the problem:

DPu(x) —Azu(x) =0, 0<x < x, lirr(l) x> Pu(x) =u'(x) =0. (3.6)
x—

Similarly, v is the solution of the problem:

DIv(x) —Av(x) =0, 0<x<xo, irr})xzfqv(x) =v'(x) =0. (3.7)
x—

In particular, A; and A4 are the eigenvalue for (3.6) and (3.7) respectively.
Arguing as in the beginning of this section, one can easily verify that A;,, and A, are
the eigenvalues for the problem (3.6) and (3.7) given by the expression:

Epp(AmxP) =0 and Eqq(Anxd) = 0. (3.8)

Since, A} is the biggest negative zero of E,, (A1) and AJ is the biggest negative zero of

Eq,q(A2), so we deduce from (3.8) that; A= %, and A\ := % are the first eigenvalue of
0 0

the problem (3.6) and (3.7). Thus, we conclude that (A3, u) and (A4, v) are the eigenvalue

eigenvector pair of the problem (3.6) and (3.7), and

A3 >Af >Ap and Ag > A > A,

which contradicts the fact that A} and A are the first eigenvalue of the problem (3.6) and
(3.7).

As consequence, we have proved that if \; > A} and A» > AJ, then the Green’s function
is positive on J x J. Now, consider A; < A} and A, < A3, such that E, (A1) # 0 and
Eq,q(A2) # 0, so Green’s function exists and yo be small enough such that A;(1—yo)P < A}
and A2(1 —yo)9 < A;, then, we have that E, ,(A1(1—yo)P) and Eq,q(A2(1 —yo)9) change
its sign on [y, 1). Therefore, Gy, (xo,y) and Gy, (xo,y) change its sign on [y, 1]. O

Now, let us prove the following inequalities for Green’s function, which will be funda-
mental to existence of solutions of our main result.

Lemma 3.3. Let G, and Gy, be the Green’s functions associated to coupled problem (1.1),
1 <p,q <2 and Ay > A]. Then 3 My and M, positive constants and my(x) and my(x)
continuous functions, my(0) = my(0) = 0 and my(x) > 0, my(x) > 0. Then the following
inequalities are satisfied:

x> P G7\1 (x, U)
2

y(l_y)pi < Ml v Xy € (011)

my(x) <
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and

x>79Gy, (%, y)
<X EnXY)
mZ(X) B y(]. y)q )

Proof. Define

<My V xye€(0,1)

XZ*}) G?\l (X/ Yy )

g —yp2z 2nd haloy) =

hl (X’I U) =
which are continues on J x (0, 1].
In addition, for x € J, we have

lim hy(x,y) = nmXZ?peélep,p(M(l—y)P)—(1—y) “PE, L, 1 (A)ep Y
y—0 !

y—0 YEp p-1(A1)
= H(x).

So, H(x) exists and finite and H(x) > 0 for all x € (0,1]. As direct consequence, we get
that
my(x) = minyeshi(x,y) and M = max(yyjesxshi(x,y),

is continuous function on J, m(0) = 0 and m(x) > 0 for all x € (0, 1]. Similarly, we can get
my(x) and M, for hy(x,y):

my(x) = minyesha(x,y) and My = maxyyjesxsha(x,y).
O

Theorem 3.4. Let Gxy and Gy be the Green’s functions. Then G and Gy satisfies the
following properties:
(C1) Ga1 and Gy, are continuous.

(C2) Ga1(0,8) = G2(0,5) = Ga1(x,0) = Grz(x,0) = £ Ga1(x,y) T L Grlx,y) o

(C3) IGa1(x,y)| = 400 and [Gaz(x,y)| = +o0.
(Ca) f31Ga1(x,y)ldy < 0o and [31Gaa(x, y)ldy < oo

(Cs) [o [LETSutu) gy < 00 and [} | PE1CnU)| gy < oo,

Proof. It is very easy to prove (Cq) — (C3), so we leave it and for (C4), (C5) we can use
below theorems. O
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4. Existence and uniqueness of a solution of coupled system

The following section is devoted to the EU of positive solution of nonlinear coupled
system (1.1). For fixed point result we apply a Schaefer’s fixed-point theorem.

Let B be real Banach space with cone B,. Consider x € B with |Juy|| < 1 and also
define the sub-cone P,,, and P, on Banach space B i.e., Py, = {x € B, x > |[xllup} and
Puy ={v e Coq(T): v(x) = vo(t)[Vll—g}, where Co_p(I) ={u:J — R;x2Pu(x) € C1(J)}
and Co_q(J) = {v:J = R;x*>"9v(x) € C1(J)} such that C!(J) be the Banach space of all
continues functions. Thus, It clearly shows that P,,, € Co_,(J) and P,, C C_¢(J).

Consider sub-cone P, C Co_(J) and P,;, C Co_4(J) of a Banach space B, which is
given as

Py ={ue G5 (9) : ulx) Zugx)llull—p} and Py, ={v € Co—q(I) : v(x) = vo(t)[Vll2—q},

with ug(x) and vo(x) are defined as;

up(x)

_ X'pr my (X) V()(X) _ Xq72m2(x) = j,

M; M, ’
where my(x), M1, mo(x) and M, were defined in (3.3). So, it is clear that ug(x) € B and
vo(x) € B with [[ugll—p < 1 and [jvoll2—q < 1.

Define an operator T: B x B — B x B as

Jo G (x,y)g(y)dy
T(uw,v)(x) = ’
J5 G (x, y)h(y)dy
(T‘p (w, 9)(X))
T(uw,v)(x) = .
Tq(v,h)(x)

The solution of the proposed system (1.1) coincides with the fixed point of the operator

T, where
1

Tou(x) = L G, (x,Y)g(y, y* Puly), s> Pv(y))dy,

and
1

Tqv(x) = L Gra(x, y)N(y, v~ Tuly), y? Wv(y))dy.

where G,1(x,y) and Gax(x,y) are defined in (3.2) and (3.3).
For rest of paper, we assume the following hypothesis:

(H1) g, h:J xR xR — J are continuous functions.

(Hy) There exists constants M, and M;, such that

M, = max|g(x,u,v)| and M; = max |h(x,u,v)|.
x€J xeJ
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M M,
(Hg) Wg_l)<1andwg_l)<1

(Hg) There exists a constant 0 < Ky <1,V u,,v,s,t € R, such that

Kl P (w— )+ k> P (v — 1)}

lg(x, X2 Pu, x> Pv) — g(x, x2Ps, x2Pt)| <
< Ki{llu=sll—p + v —tlh—p}

Similarly, there exists a constant 0 < K, < 1, Vu,v, s, t € R, such that

(x,x*~ 9w, x*~9v) —h(x,x* 95, x*"9t)| < Kof® I (u—s)|+ > (v—t)}
< Koflu—=sla—g + v —tlla—q}

Theorem 4.1. Assume that (H;) and (Hy) hold and A > A}, A > A3. Then T : Py, x Py, —
Py, x Py, is completely continuous operator.

Proof. We have that Tu(x) > 0 Vx € J and [[Tu(x)|[—p < co. Now letu € Py, and v € P,
then

1
CPT, W) = szPGM(x,ng(y,yZPu(y),y“v(yndy
1

my (t) JO y(1—y)P2g(y,y* Puly),y* Pv(y))dy

WV

WV

1
n;\l/l(?) L r{ggg{xz‘me (x,Ylg(y, y* Puly),y* Pv(y))dy

my(x)

1
> = max{J X PGy, (%, Y)g(y, y* Puly), y*> Pviy))dy}
1 x€J Jo

my(x)
= M, ||Tu||27p-

Similarly, one can also write

ma(x)

M,
Next, we will show that T is uniformly bounded. Let Q; C Py, Q, C Py, be bounded sets
in Py, Py,, then 3 two positive numbers M and L such that

TG (v) = ITvll—q-

lulb—p <L and [vlb—q <M.

Using condition (H;), we have V (u,v) € Q, where Q = (Q4, Q,).

1
K PTul) < Mo L 2P G, (x,y)dy
1

< M0M1J y(1—y)P%dy
0
MM,

plp—1)
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Similarly,

1
Ixz_qTqv(XH < MéJ'OXZ_qG;\Z(x,y)dy

1
< M[)sz y(1—y)92dy
0
MM,
q(q—1)
Hence, T(Q) is bounded.

Now, we are showing that T(Q) is equi-continuous in C,_,(J) and C;_4(J). Consider,
0<x1 <xp <1andu e B, then

ng_pru(xz) — x%_pru(xl |

1
= ‘ L X5 PG, (x2,9)9(y, y* Puly), y* Py(y))dy

1
- JO X7 PGa, (xl,y)g(y,yz’pu(y),ykpv(y))‘dy

Jxl (1 _y)pfz‘XZEp,p O‘lXE)Ep,pflp\l(l _y)p]
0 F—p,p—l()\l)

x1Ep p (AxP)Ep p_1[A1 (1 —y)P] _ _
— A AN 7 L ’9(9,92 Puly), y? Pv(y))dy

Ep,p—l (}\1)
X1
o
0

X P —y)P e p1 (M (1 —y)P)
— %5 Pl —y)P e —y)‘”)‘g(y,yz‘pu(y),yz‘p\)(y))dy

2 Epp(AMxD)E, 1A (1—y)P
+ J (1—9)]”*2‘Xz p.p (A1x3 ) Ep p—1[A1 (1 —y)P]
X1 EP,‘p—lO\l)
Ev oA XP)Ep » 1A (1 —1y)P
e ]‘g(y,y2‘Pu(y),y2‘Pv(y))dy
Ep,pflo\l)
X2
+ g " J (x2 = y)P " Epp (A1 (x2 —y))P ‘ 9(y,y* Puly)y* Pv(y))dy
X1
< L1y 20 s i Zy)T
h X2 Ep,pfl(}\l)
X1Epp (MXT)Ep p—1 M (1 —y)P

- ] 2—p 2-p g
Epp—1(A1) ‘g(y,y u(y),y= Pv(y))dy

. . x1Epp (M xP)Ep b 1[A1 (1—y)P Eqq(AM1x3)Eq g 1[A1(1—y)d .
Since, the functions X1Er2 A JEpp 1M1 7y) X2Baa (Mg ) Baq 1MW) e ypiformly
Epp-1(A1) Eq,q-1(A1)

continuous in given intervals. Then, for ¢ > 03 & > 0 > if [x; — x2| < &, we obtain that
first integral is bounded.

] and

*1 Mype
MeJ (1—y)P2dy < ———,
o k ) (p—1)
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third and last integrals are bounded

X2 Moe
Moe | (1—-yP2dy< ——,
qu y y (p_]')
and
1 Mpe
Moe | (1—-y)P2dy < —2.
0 JX2 y y (p_l)

The function in second integral is uniformly continuous on J x R?. So, we deduce that sec-

tEpp AXT)Epp1[A(1—y)P]

ond integral is bounded by Mge. Also, the function is continuous,

Ep/pfl(}\]
then the fourth integral is
|Ep,p Mx—y)P)I <My
So,
X2
S = 1| -y et - y)Plgly, v Puly) v Pv(y)dy)
X1
MoM
< 02 Lixg —x1)P.
Finally, for every € > 036 > 0 3 if [xo — x1| < , we deduce that
_ _ 3M
b PTpule) =X PTpvia)l < ( _(i +M0+1>e.

Similarly, we can also find for

_ _ 3M ,
|x§ qTqu(Xz)_X% Mev(xa)l < (q_()l—i—MO—i-l)e.

Then, operators x> PTu(x) and x>~ 9Tv(x) are equi-continuous in C(J) and also T(Q) is
equi-continuous in Co_p,(J) and Cp_4(J).

By Arzila Ascoli’s theorem, T(Q) is a relatively compact in Co_(J) x Co_4(J). As
consequence, T : Py, x Py, = Py, x Py, is completely continuous operator. ]

Theorem 4.2. Suppose the functions g,h : J x R x R — R are continuous. If the hypothesis
(H1)-(H3) holds. Then the coupled system (1.1), has at least one solution.

Proof. Since, the functions Gj,, Gj,, g and h are continuous functions, so the operator T
is also continuous. For each € 3 Ry > 0, such that

Ry < SpMo + SqMy.

To show set

B={(w,v)€eBxB: |l(uv)llaxs <Th
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For u € B, we have

1
*PT, (W) (x)] < Ixz_pjo G1(x%u)g(y, y* Puly), y* Pv(y))dy|

1
< M0|JOX2PGl(X,U)dU|
Mo r 5
< — (1—-y)P“dyl
M, ), Y Y y
<« M
Mip(p—1)
implies that
M,
ITp (Wlls < (4.1)
vl < 1o 1)
On the same way, we get
M/
ITgWlls € ——2—. (4.2)
Wl S Voata—1)

From (4.1) and (4.2), we have

/

Mo N M,
Mip(p—1)  Maq(q—1)

ITp (Wlls +TqW)lls < = SpMo + SqM,.

Thus,
IT(w,v)llzaxs < Rap.

Hence, by Theorem (4.1) the operator T is completely continuous and bounded. Thus, T
has at least one solution corresponding to coupled problem (1.1). O

Theorem 4.3. Assume that (Hp)-(Hy) holds, then proposed coupled problem (1.1) has a
unique solution in Py, provided that

Zg+Zh<1

Proof. We apply the Banach fixed point theorem. So, let us show that T is a contraction
operator in Py, Py,. Suppose, (u1,v1), (U2, v2) € Py, Py,

T, v) =X P T (g, va)

1

< 27| G lo)aly, ¥ T ), v P ) — 907 () P Pvalu)|dy
1

< KMy JO y(1—y)P 2 (ly* Pur —y* Pual + [y Pvi —y? Pal)dy
1

< KaMy | I =l + I —valap fu(1—y)P2dy

KiMy
< — — — . :
< Syl + v —vallp | “3)
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By this way one can also show for

_ _ KoM
9T, v1) =T va) | € o (I —wwlla g v vl g (44)

q(q—1
So, from (4.3) and (4.4), we have

KiMy KoM,y

=1 gl I — e vl
< (Zg+Z){lw, ) — (w2, vl |

Hence, T is a contraction operator and has a fixed-point corresponding to unique solu-
tion of coupled problem (1.1). O

T v) = Thewlllss < {5

5. Hyers-Ulam stability analysis for coupled system

In the following section, we deduced the HU stability for FDE with given boundary
conditions. For some 6; > 0,1=1,2,... consider the system given by

[DPu(x) — Aju(x) + g(x, x> Pu(x), x* Pv(x))| < 81,
(5.1
IDIv(x) — Aav(x) + h(x, x2~9u(x), x>~ 9v(x))| < 6,.

Definition 5.1. System (1.1) is H{U- stable, if there is ¢ = (C,,Cq) > 0 such that for
some & = (61,8,) > 0 and for each solution (u,v) € B x B of (5.1) there is a solution
(s,t) € B x B of (1.1) with

I(w,v)(x) = (s, t)(x)] < €& forall xel. (5.2)

(u,v) € B x B is a solution of (5.1), if there are functions —4 and <y which depends
upon u, v respectively, such that

(R1) : |wg(x)] < 81,

(R2) :

Yr(x)| <8,V x €7;
DPu(x) = Mu(x) —g(x, X>7Pu(x), x> Pv(x)) + wgy(x),Vxel,

DIv(x) = Mu(x) — h(x, x> 9u(x), x> 9v(x)) + Pr(x),V x € J.
Theorem 5.2. Let (u,v) € B x B be the solution of (5.1), then the following inequalities

hold:
u(x) —=m(x)] <Xpdy

v(x) —n(x)]  <Xqb.
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Proof. Using (R,) from Remark (5), we have

DPu(x) = Au(x) — g(x, x> Pu(x), x> Pv(x)) + wg(x),Vxel,

DIv(x) = Av(x) — h(x, X2~ 9u(x), x>~ 9v(x)) + Y (x),V x € J,

(5.3)

lim x> Pu(x) =u'(1) =0,
x—07F

lim x>~ 9v(x) =v/'(1) =0,
x—0+
We can get the solution of (5.3) by Theorem (3.1)

1

1
u(x) = L Ga, (x,y)g(y)dy + L G, (x, y)wg(y)dy.

and
1

1
V(x) = L G, (6, y)h(y)dy +JO Gy () (y)dy.

From the first equation we have
ux) = * (XplEp,p(Alxp)Ep,pl(Al(l —y)P)
Jo (1 _y)z_pEp,pflo\l)
! Xp71Ep,’p (A1xP )Ep,pfl (M(1—y)P)

—(x=y)" TEpp a(x—y))) g(y)dy

* Jx (1=y)* PEpp-1(M) oIy

* XP1E, 5 (MXP)E, » 1(A1(1—y)P) -
* 0 ( ?T—U)Z_P%Z,Pfl(h) —(x—y)? 1Ep,p(7\1(x_y)p)>wg(y)dy
. 1 xpflEp,p(7\1xp)Ep,pf1(?\1(1—y)p)wg(y)dy.

Jx (1_y)2_pEp,pfl(?\l)
So, the above equation becomes

fu(x) —m(x)|

JX (XplF—p,p (ArxP )Ep,pfl (A (1—=y)P)
0 (1 - y)zipF—p,pfl()\l)

Jl XpilEp,p (ArxP )Ep,pfl (A (1—y)P)
X (1 _y)z_pEp,pfl()\l)

— (= y)" Epp (i (x —y)P) g (y)dy

~

wg(y)dy/

m(x) _ JX <XplEp,P (AlXp)Ep,p—l()\l(l _y)p) . (X*U)p_lEp,p (Al(xfy)p))g(y)dy

(1—y)2PE,p_1(M)
. (1—-y)2PEpp1(M1)

g(y)dy.
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Using (5), we obtain
u(x) —m(x) < Xpd.
Similarly, for v(x) we obtain
v(x) =n(x)| < Xgdo.
O

Theorem 5.3. Under the hypothesis (Hq)-(Hy), the proposed coupled system is HU stable if
1— 242, > 0.
Proof. The solution (u,v) € B x B of the system (1.1) is given

DPs(x) —Ais(x) + g(x, x> Ps(x), x> Pt(x)) =0
DIt(x) — Art(x) + h(x, x>~ 9s(x), x>~ 9t(x)) =0

lim x> Ps(x) =s’(1) =0 (5.4)

x—0

lim x>~ 9t(x) = t/(1) = 0.
x—0

Then by Theorem (3.1), the solution of (5.4) is given by

rl
s(x) = ) G, (% Y)g(y,y* Ps(x),y* Pt(x))dy

. (5.5)

th) = | G, (%, Y)Y, y? Is(x), y* 9t(x))dy.




Saifullah et al. / Existence theory and stability analysis to ...

50

Now consider

u(x) —s(x)|

N

u(x) = m(x)| +m(x) —s(x)|

N

_l’_

XxPIE, 5 (MXP)Ep p—1 (M (1 —y)P
xp61+(J X ppl 1x21 pp—1A(1—=y)P)
0 (1*9) pEp,p—lU\l)

1

N

0
1

/N

0

N

Using (Hy4), we obtain

l9(y) — gs(y)|

Now, (5.6) implies that

My
xp61+mlg(y)*gs(y)|dy

Jl XP T p (MxP)Ep p1 (M (1 —y)P)
. (1—y)2PEpp-_1(A1)

)Ig(y) —9gs(y)ldy,

Xpd1 +J Yy PGy, (%, y)lg(y) — gs(y)ldy

Xpd1 +J Miy(y —1)P?g(y) — gs(y)ldy

< 1gly, Yy Pulx), y? Pv(x) — gs(y, y* Ps(x), y* P(x))]
< PP (ulx) — s+ ly* P (v(x) — t(x)|
< Kiflu(x) = s(x)| 4 w(x) — t(x)I[}.

M
u() = s(x)l < Xpdy+ s (Kafulx) = s0al + () — ()]}
b1 KiMy
< Xp + v(x) —t(x)|
KiM —1)—KiM
<1_p(;37i)) plp—1) —KiMy
implies that
u(x) —s()l < Xpby + Zgv(x) —t(x)],
where 5 KM
o = ! and 2, = Tds v(x) — t(x)|
K M 9 —-1)—-KM
(1_]9(]197;)) plp—1)—KiMy
u—sl < Xpdy+2Zgllv—tl.
Similarly for second equation, we have
Iv—tll < Xq8+Zpllu—sl.
From (5.8) and (5.9), we get
1 -2y | [ lhu—sls Xp5;
< .
2, 1 v —t[|s Xy,

(5.7)

(5.8)

(5.9

—(x _U)pilEp,p (A1(x _y)p)

(5.6)
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Z,, /
w—s|s 5 © Xpd,y
< ,
v —tlls %{1 1 Xqdy
where
©=1-242, >0.
Further simplification, we have
Xpdy  ZgXqd,
_ < PY1 9”42
u—sll < —57+—35
and
Xqby 23X,
] g 2922 h*q02
-t < =324+ 2h5
Xpdy  Xqby  ZgXgdy  21X40,
_ _ < P¥1 q~2 grqr2 hVq©2
hu—sll+lv—tl < B4 =202 20742 Sntat
implies that
I(wv)—(s, ) < €,
where
_ Xy Xq Z;qu Z;qu
e = ote T e T o
Thus the coupled system (1.1) is HU stable. O
6. Example
Consider, the coupled system (1.1) for particular values as given below
DPu(x) — Mu(x) + g(x, ¥ Pu(x),x* Pv(x)) =0,
(6.1)

D9v(x) — Av(x) + h(x, x>~ 9u(x), x>~ 9v(x)) =0,
,q=13, M, €Rand

x+ x%u(x) x26v(x)

e50x el0ox 7
B sinu(x) x2~9sinv(x)
h(X, XZ qu(x), XZ qv(x)) = 75 — XZ_qCOSU(X) 100x

By (H;), there exists constants M, and M;, such that

x+ x%u(x) x26v(x) 1
Mo = max|g(x,u,v)| = max 50x 100x | — 225
e e e
/ o sin(u(x)) x>~ 9sinv(x)
M, = hix, @, 9) = = 0.08.
© max fh(x, @, 9) max‘75_xz_q cosu(x) 100x
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Using Theorem (4.2) and hypothesis (H;) — (Hs), the system (6.1) has at least one solu-
tion. Also, using the following inequalities from Theorem (4.3), we have

KiMy a KoM,
20 = L 790670 <1 and 2q = 22~ 0.8746 < 1,
P plp—1) 17 q(q—1)

this implies that
Zg+Zn < 1.
then the proposed model has a unique solution. Moreover, the following inequality
1— 242, ~132.2 >0,
where
Z,=153x10"%" and Z; =6.9744
also satisfied. Thus, the system (6.1) is HU-stable.

7. Conclusion

In this paper, we have explained the required conditions for the existence and unique-
ness of the proposed system (1.1). The desired results are obtained by using fixed-point
theorems i.e., Banach and Schaefer’s fixed-point. Further, we also investigate Hyers-Ulam
stability for our proposed model. At last, we set an example for support of our results.

References

[1] Ahmad N, Ali Z, Shah K, Zada A, Rahman G (2018). Analysis of implicit type nonlinear dynamical
problem of impulsive fractional differential equations, Complexity.2018, 1-15.https://doi.org/10.
1155/2018/6423974

[2] Benchohra M, Lazreg JE. (2013). Nonlinear fractional implicit differential equations, Commun. Appl.
Anal., 17, 471-482.

[3] Brillouét-Belluot N, Brzdek J, Cieplinski K. (2012). On some recent developments in Ulam’s type stabil-
ity, Abstr. Appl. Anal., 2017, 716936, 1-41. https://doi.org/10.11565/2012/716936

[4] LiM, Wang J, O'Regan D. (2017). Existence and Ulam’s Stability for Conformable Fractional Differential
Equations with Constant Coefficients, Bull. Malays. Math. Sci. Soc., 2017, 1-22. https://doi.org/10.
1007/s40840-017-0576-7

[5] Wang J, Zada A, Li W. (2018). Ulams-Type Stability of First-Order Impulsive Differential Equations
with Variable Delay in Quasi-Banach Spaces, Int. J. of Non. Sci. and Num. Sim., 19, 553-560. https:
//doi.org/10.1515/ijnsns-2017-0245

[6] Zada A, Ali W, Farina S. (2017). Ulam-Hyers stability of nonlinear differential equations with fractional
integrable impulsis, Math. Meth. Appl. Sci., 40, 5502-5514.https://doi.org/10.1002/mma.4405

[71 Zada A, Ali S, Li Y. (2017). Ulam-type stability for a class of implicit fractional differential equations
with non-instantaneous integral impulses and boundary condition, Adv. Differ. Equ., 2017, 1-26. https:
//doi.org/10.1186/513662-017-1376-y

[8] Nieto JJ, Ouahab A, Venktesh V. (2015). Implicit Fractional Differential Equations via the Liouville-
Caputo Derivative, Mathematics, 3, 398-411. https://doi.org/10.3390/math3020398

[9]1 ShahR, Zada A. (2018). A fixed point approach to the stability of a nonlinear volterra integrodiferential
equation with delay, Hacettepe J. Math. Stat., 47(3); 615-623.

[10] Zhang X, Liu L, Wu Y. (2012). Existence results for multiple positive solutions of nonlinear higher order
perturbed fractional differential equations with derivatives, Appl. Math. Comput., 219, 1420-1433.
https://doi.org/10.1016/j.amc.2012.07.046


https://doi.org/10.1155/2018/6423974
https://doi.org/10.1155/2018/6423974
 https://doi.org/10.1155/2012/716936
https://doi.org/10.1007/s40840-017-0576-7
https://doi.org/10.1007/s40840-017-0576-7
https://doi.org/10.1515/ijnsns-2017-0245
https://doi.org/10.1515/ijnsns-2017-0245
 https://doi.org/10.1002/mma.4405
https://doi.org/10.1186/s13662-017-1376-y
https://doi.org/10.1186/s13662-017-1376-y
https://doi.org/10.3390/math3020398
https://doi.org/10.1016/j.amc.2012.07.046

Saifullah et al. / Existence theory and stability analysis to ... 53

[11]
[12]

[13]

[14]

[15]

[16]
[17]
[18]
[19]
[20]
[21]

[22]

[23]

[24]

[25]

Chen Y, An H. Numerical solutions of coupled Burgers equations with time and space fractional deriva-
tives, Appl. Math. Comput. 2008; 200; 87-95.

Gejji VD. (2005). Positive solutions of a system of non—autonomous fractional differential equations, J.
Math. Anal. Appl., 302, 56-64. https://doi.org/10.1016/j. jmaa.2004.08.007

Zada A, Shah O, Shah R. (2015). Hyer’s Ulam stability of non—autonomous systems in terms of bound-
edness of Cauchy problems, Appl. Math. Comput. 271, 512-518. https://doi.org/10.1016/j.amc.
2015.09.040

Cabada A. (2019). Kalthoum Wo. Existence and uniqueness of positive solutions for nonlinear fractional
mixed problems, arXive:1903. 09042v2 [mah CA] 2019.

Cabada A, Kalthoum Wo. (2020). Existence results for nonlinear fractional problems with non-
homogeneous integral boundary conditions, Mathema-tics, 8(2), 255. https://doi.org/10.3390/
math8020255

Cabada A, Hamdi Z. (2016). Existence results for nonlinear fractional dirichlet problems on the right
side of the first eignvalue, Georgian Math. J., 2016, 1515. https://doi.org/10.1515/gmj-2016-0086
Cabada A, Dimitrov N. (2020). Existence of solutions of nth-order nonlinear difference equations with
general boundary conditions, Acta Mathematica Scientia, 2020, 226-236.

Hyers DH, Isac G, Rassias TM. (1998). Stability of Functional Equations in Several Variables, Birkhdiuser,
Boston.

Jung SM. (2006). Hyers-Ulam stability of linear differential equations of first order, Appl. Math. Lett.
19, 854-858.

Rassias TM. (2000). On the stability of functional equations and a problem of Ulam, Acta. Appl. Math.62,
23-130.

Peng S, Wang J, Yu X. (2018). Stable manifolds for some fractional differential equations, Nonlinear
Anal. Model. Cont. 23, 642-663.

Zada A, Li T. (2016). Connections between Hyers-Ulam stability and uniform exponential stability of
discrete evolution families of bounded linear operators over Banach spaces, Adv. Differ. Equ., 2016, 153.
https://doi.org/10.1186/s13662-016-0881-8

Zada A, Wang P, Lassoued D, Li TX. (2017). Connections between Hyers-Ulam stability and uniform
exponential stability of 2-periodic linear nonautonomous systems, Adv. Differ. Equ. 2017, 192. https:
//doi.org/10.1186/s13662-017-1248-5

Kilbas AA, Srivastava HM, Trujillo JJ. Theory and Applications of Fractional Differential Equations,
North-Holland Mathematics Studies, vol. 204, Elsevier, Amsterdam, 2006.

Ulam SM. A Collection of the Mathematical Problems, Interscience, New York, 1960.


https://doi.org/10.1016/j.jmaa.2004.08.007
https://doi.org/10.1016/j.amc.2015.09.040
https://doi.org/10.1016/j.amc.2015.09.040
https://doi.org/10.3390/math8020255
https://doi.org/10.3390/math8020255
https://doi.org/10.1515/gmj-2016-0086
https://doi.org/10.1186/s13662-016-0881-8
https://doi.org/10.1186/s13662-017-1248-5
https://doi.org/10.1186/s13662-017-1248-5

	1  Introduction
	2 Preliminaries and some basic definitions
	3 Green's function of coupled problem 
	4 Existence and uniqueness of a solution of coupled system
	5 Hyers-Ulam stability analysis for coupled system
	6 Example
	7 Conclusion

