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Abstract

In this paper, we present two qualitative results concerning the solutions of nonlinear generalized
differential equations, with a local derivative defined by the authors in previous works. The first result
covers the boundedness of solutions while the second one discusses when all the solutions are in L2.
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1. Introduction & Preliminaries

The nature of numerous systems sorts that they can be more accurately modeled
utilizing fractional differential equations (FDEs). The fractional calculus have found
applications in various fields of science and engineering like electrochemistry, viscoelas-
ticity, mechanics, control theory, diffusion processes, heat conduction, electricity, chaos,
and fractals(cf. [1, 2, 3, 4]). In the last few decades, research of varied aspects of these
equations and his qualitative theory has been paid much attention by many authors (see
[5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19] and references cited therein). In these
research, two qualitative properties that have not been well studied is the case of the
boundedness of the solutions and which are square integrable.
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Although local operators began to be used since the 1960s, it was not until 2014
(see [20] and [21] for example), when defined fractional operators appear in terms of a
certain incremental cocient, unlike the classics, which are defined using a certain integral
operator. The multiplicity of applications of fractional operators, local and global, has
led to the appearance of new differential and integral operators, causing that there is
no single fractional derivative operator, or at least one unanimously accepted definition,
see [22] for a quite complete classification of the most used operators.

It is noteworthy that, in general, they are centred on equations with the classical
"global" fractional derivatives and qualitative research is almost non-existent, using local
fractional derivatives (see [14, 15, 16] and [18] for attempts in that direction, the first
three in a global sense and the last two local ones). In [23] it is proposed the definition of
an improper conformable local derivative (originally named non-conformable), various
applications and extensions of this derivative can be consulted at [24, 25, 26, 27, 28, 29].

Definition 1.1. Let f : [0,+∞) → R. The N-derivative of f of order δ is defined by

Nδ
1 f(r) = lim

ε→0

f(r + εer
−δ
) − f(r)

ε
, for all r > 0, δ ∈ (0, 1).

Moreover, If f is δ−differentiable in some (0,a), and lim
r→0+

N
(δ)
1 f(r) exists, then we have

N
(δ)
1 f(0) = lim

r→0+
N

(δ)
1 f(r).

The conformable term which is sometimes used in local fractional derivatives, may
or may not be appropriate here, since this was initially referred to as a conformable
fractional derivative Dδf(r), when δ → 1 satisfies Dδf(r) → f′(r); i.e., when δ → 1,
Dδf(r) preserves the angle of the tangent line to the curve, while in our definition,
this angle is not conserved. However, there is a detail that we want to point out, our
derivative is conformable "at infinity", that is, when t tends to infinity, our derivative
coincides with the classical derivative, which is of vital importance in the qualitative
theory.

Also, the following properties will be used throughout the work:
a) Nδ

1 (fg)(r) = fNδ
1 (g)(r) + gNδ

1 (f)(r)

b) If f is differentiable then Nδ
1 (f)(r) = er

−δ
f′(r)

c) Nδ
1 (f ◦ g)(r) = Nδ

1 f
′(g(r)) = f′(g(r))Nδ

1g(r).
Throughout the paper we will denote by I := [r0,+∞), R := I× R and K := I× R2

and r0 > 0.
In this note, based on the above definition of derivative, we consider the forced

improper conformable FDEs differential equations of order δ with damping:

Nδ
1
[
p(r)Nδ

1κ(r)
]
+ f(r,κ(r))Nδ

1κ(r) + g(r,κ(r)) = e(r), (1.1)

for r ∈ I, and 0 < δ < 1, under the following assumptions:
i) p(r), e(r) are continuous functions on I with 0 < p ⩽ p(r) < +∞ and e(r) is

square-integrable on I.
ii) f ∈ C(I, R+) with 0 < f0 ⩽ f(r,κ), and g ∈ C(0,δ)(I, R) such that

∫±∞
0 g(r,κ)dκ =

±∞ uniformly in r and κ∂g(r,κ)
∂r ⩽ 0.
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We will establish sufficient conditions for boundedness and L2 properties of solutions
of Eq. (1.1). Our approach differs greatly from those of the previous research as all they
built energy or Liapunov functions, thus our results are obtained by techniques very
different from those previously reported.

The solutions of Eq. (1.1) are bounded if there exists a constant K > 0 such that
|κ(r)| < K for all r ⩾ T > 0 for some T . By an L2-solution, we mean a solution of Eq. (1)
such that

∫∞
r0
κ2(r)dr < ∞.

The classical Liénard equation κ′′ + f(κ)κ′ + g(κ) = 0, and its equivalent system
(with F(κ) =

∫κ
0 f(r)dr) {

κ′ = y− F(κ),
y′ = −g(κ),

shows up as a rearranged model in numerous areas in science and engineering. It has
been studied extensively during the first half of the twentieth century as it very well may
be utilized to model simple pendulums or oscillating circuits, for this situation, f and g

represent the friction and acceleration terms. The Liénard equation is frequently taken
as the typical example of a nonlinear self-excited vibration problem, it can likewise be
utilized to model resistor-inductor-capacitor circuits with nonlinear circuit components,
and model certain mechanical systems with nonlinear damping, stiffness, or restoring
force. In addition, some nonlinear evolution equations (such as the Burgers-Korteweg-
de Vries equation) which emerge from different physical phenomena can also be turned
into the Liénard equation. One of the main models where this equation shows up was
presented by Van der Pol, he considered the equation

κ′′ + µ(κ2 − 1)κ′ +κ = 0,

for modeling the oscillations of a triode vacuum tube. In this way, the investigation
of these equations is of actual importance in physic.

On the other hand, the investigation of these equations has prompted research that
has affected different mathematical areas, to have a more complete idea of their signifi-
cance for nonlinear analysis in specifically, and for mathematics in general, it very well
may be counseled in [30, 31].

Notwithstanding, in the non-integer case, the consideration that has gotten in these
equations is scarce and negligible.

In [32], the authors considered the following system:{
C
0 Dδ

rκ(r) = y(r) − F(κ(r)),
C
0 Dδ

ry(r) = −g(κ(r)),
as a natural generalization of the classical Liénard system, using the Caputo frac-

tional derivative, with F(κ) as above, and f and g are continuous functions such that
f : R → R+, and g : R → R with κg(κ) > 0 for κ ̸= 0. The above system is equiv-
alent to the Liénard fractional (global) equation C

0 D2δ
r κ(r) +C

0 Dδ
r [F(κ(r))] + g(κ(r)). It

is then natural to study generalizations of the Liénard equation using local fractional
derivatives.

If in Eq. (1.1) we make p(r) ≡ 1, e(r) ≡ 0, f(r,κ) = f(κ) and g(r,κ) = g(κ), it is clear
that equation Eq. (1.1) becomes equation
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Nδ
1
[
Nδ

1κ(r)
]
+ f(κ(r))Nδ

1κ(r) + g(κ(r)) = 0, (1.2)

our generalization of the Liénard Equation. So, every qualitative result for Eq. (1.1)
produces a qualitative result for Eq. (1.2), the equivalent Liénard fractional equation but
in local sense and improper conformable.

2. Results

We are now ready to prove a general boundedness theorem.

Theorem 2.1. We assume that conditions i), ii) above hold. Then any solution κ(r) of Eq. (1.1),
as well as its derivative, is bounded as r → +∞ and

∫∞
r0
κ′2(r)dr < ∞.

Proof. By standard existence theory, there is a solution of Eq. (1.1) which exists on [r0, r)
for some T > r0 > 0.

Set

ξ0 =

∫T
r0

e−s−δ

ds, ξ =

∫ r
r0

e−s−δ

ds, P(ξ) = p(r), E(ξ) = e(r),

F(ξ,X(ξ)) = f(r,κ(r)), G(ξ,X(ξ)) = g(r,κ(r)),

Let κ(r) = X(ξ). Then Nδ
1κ(r) = κ′(ξ) so, Eq. (1.1) is transformed into(

P(ξ)X′(ξ)
)′
+ F(ξ,X(ξ))κ′(ξ) +G(ξ,X(ξ)) = E(ξ), (2.1)

Multiply Eq. (2.1) by X′ and then use the integration by parts from ξ0 to ξ on the
last term of the left hand side of Eq. (2.1) we get

p
(κ′(ξ))2

2 +
∫ξ
ξ0

F(z,X(z)) (X′(z))2
dz+

∫κ(ξ)
κ(ξ0)

G(ξ,u)du−

−
∫ξ
ξ0

∫κ(ξ)
κ(ξ0)

∂G(z,u)
∂z dudz

⩽ p
(X′(ξ0))

2

2 +
∫ξ
ξ0

|E(z)X′(z)|dz.

(2.2)

Now if X(ξ) becomes unbounded then we must have that each term on the L.H.S. of
Eq. (2.2) become positive from our assumptions. By the Cauchy-Schwarz inequality for
integrals on the R.H.S. of Eq. (2.2), we obtain

p
(κ′(ξ))2

2
+

∫ξ
ξ0

F(z,X(z))
(
X′(z)

)2
dz+

∫κ(ξ)

κ(ξ0)
G(ξ,u)du−

−

∫ξ
ξ0

∫κ(ξ)

κ(ξ0)

∂G(z,u)
∂z

dudz

⩽ p
(X′(ξ0))

2

2
+

(∫ξ
ξ0

E2(z)dz

) 1
2
(∫ξ

ξ0

(
X′(z)

)2
dz

) 1
2

.
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Now, let H(r) =
(∫ξ

ξ0
(X′(z))2

dz
) 1

2
. Dividing both sides by H(r) yields

H−1(r)
[
p
(X′(ξ))2

2 +
∫ξ
ξ0

F(z,X(z)) (X′(z))2
dz+

∫κ(ξ)
κ(ξ0)

G(ξ,u)du −

−
∫ξ
ξ0

∫κ(ξ)
κ(ξ0)

∂G(z,u)
∂z dudz

]
⩽ H−1(r)p

(X′(ξ0))
2

2 +
(∫ξ

ξ0
E2(z)dz

) 1
2

.

(2.3)

Taking into account the positivity of L.H.S. of Eq. (2.3) if X(r) increase without bound
and that term

H−1(r)f0

∫ξ
ξ0

(
X′(z)

)2
dz = f0

(∫ξ
ξ0

(
X′(z)

)2
dz

) 1
2

is bounded by the R.H.S. of Eq. (2.3) we get that X′ is square integrable and is also a
bounded after we examine the first term of the L.H.S. of Eq. (2.3). However, the above
implies that |X(ξ)| must be bounded. Otherwise, the L.H.S. of Eq. (2.3) becomes infinite
which is impossible. A standard argument now permits the solution to be extended on
all r of I, see e.g., [33] and [34]. The proof is finished.

By imposing more strict conditions on g(r,κ) and p(r), all solutions become L2-
solutions. This case is covered by the following Theorem.

Theorem 2.2. Under assumptions of Theorem 2.1. Let g(r,κ)κ > g0κ2 for some positive
constant g0, and 0 < p < p(r) < P < +∞. Then all the solutions of Eq. (1) are L2-solutions.

Proof. In order to show that κ2 ∈ L2[0,+∞), we must first multiply Eq. (2.1) by X, the
integration from ξ0 to ξ yields

X(ξ)
(
P(ξ)X′(ξ)

)
−

∫ξ
ξ0

P(z)
(
X′(z)

)2
dz+

∫ξ
ξ0

F(z,X(z))X′(z)X(z)dz+

+

∫ξ
ξ0

G(z,X(z))X(z)dz

= X(ξ0)
(
P(ξ0)X

′(ξ0)
)
+

∫ξ
ξ0

E(z)X(z)dz. (2.4)

Next, let F(X(ξ)) =
∫X(ξ)
X(ξ0)

F(X−1(u),u)udu. So, Eq. (2.4) may be rewritten as

X(ξ)
(
P(ξ)X′(ξ)

)
− P

∫ξ
ξ0

(
X′(z)

)2
dz+ F(X(ξ)) + g0

∫ξ
ξ0

X2(z)dz ⩽ K, (2.5)

where

K = X(ξ0)
(
P(ξ0)X

′(ξ0)
)
+

∣∣∣∣∣
∫ξ
ξ0

E(z)X(z)dz

∣∣∣∣∣ .
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Notice that the last term is bounded by(∫ξ
ξ0

E2(z)dz

) 1
2
(∫ξ

ξ0

(X(z))2 dz

) 1
2

due to using the Cauchy-Scwharz inequality. Dividing Eq. (2.5) by M(ξ) =
(∫ξ

ξ0
(X(z))2 dz

) 1
2

we obtain  M−1(ξ)
[
X(ξ) (P(ξ)X′(ξ)) − P

∫ξ
ξ0

(X′(z))2
dz+ F(X(ξ))

]
+

+g0

[∫ξ
ξ0

X2(z)dz
] 1

2
⩽ K

M(ξ) ,
(2.6)

Since the R.H.S of Eq. (2.6) is bounded and all the terms of the L.H.S are either
bounded or positive, the result follows because the L.H.S cannot be unbounded. Here,
we shown that κ is square integrable.

Remark 2.3. Under assumptions 0 < p ⩽ p(r) and f(r,κ) ⩾ f0 > 0 for some positive
constants p and f0, the class of Eq. (1.1) is not very large, but if this conditions are not
fulfilled, we can exhibit equations that have unbounded solutions. For example

Nδ
1

[
e−r−δ

Nδ
1κ(r)

]
− 2Nδ

1κ(r) + er
−δ

κ(r) = 0,

has the unbounded solution κ(r) = er.

3. Conclusion

In this paper, we deal with the qualitative behavior of the solutions of a differen-
tial equation, which involves a derivative defined by the authors in a previous work,
using a certain transformation. As you can see, the change of variables used is very
important, since it transforms an improper conformable differential equation into an
ordinary integer differential equation, whose oscillation criteria can be established us-
ing the generalized Riccati Transformation The results obtained can be generalized to
investigate the oscillation of differential equations with other local derivatives and with
higher orders.

Regarding the technique used in this work, we would like to add a final observation.
Although in recent years the number of researchers and research on the qualitative

properties of FDEs has increased, in many of these works a Geometric Transformation
like the one used by us in this work is used. However, we must say that this proliferation
of results has caused that sometimes the results are not correct (to mention just a few
examples we refer the reader to [7], [8], [35], [10], [14], [15], [17], [36], [37], [19], and [38]),
all of which use a result of [39], where a Chain Rule is presented for a modification of
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the Fractional Derivative of type Riemann-Liouville, which is incorrect (see [40] who put
several counter-examples that prove the incorrectness of said result). In this way, all the
results obtained in said works, which use a Geometric Transformation that implicitly
uses the Chain Rule, are wrong.

Acknowledgment. The authors wish to thank the reviewers for their suggestions and indica-
tions, which have improved the quality of the work.
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