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Abstract

The theory of fractional integral inequalities plays a pivotal role in approximation theory. It is very use-
ful in establishing the uniqueness of solutions for some fractional differential equations. Here, a generalized
fractional integral identity is established to deduce new estimates for Bullen type functional and of some
related inequalities to provide some applications in probability and information theory for (s, p)—convex
function by use of basic techniques of analysis.
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1. Introduction

Over few years, the fractional calculus has attained a lot of attention due to its vast
nature along with its advance applications in various fields such as: Chaotic systems,
chronicles of fractional order, fluid flow, rheology, geotechincal engineering, electrical
networks, electromagnetic theory, probability [1, 2, 3, 4] etc. Like ordinary calculus,
fractional calculus has not unified representations. Fractional integrals and deriva-
tives are defined by many ways. For instance, fractional integral and derivative by:
Riemann-Liouville [5], Hadamard [6], Katugampola [7], Caputo fractional integrals and
derivatives [8] etc. Over a decade, these were further generalized by many authors, for
example, the Bullen’s inequality [9], Ostrowski’s inequality [10, 5]. Chen [11] in 2016
proved the following Riemann-Liouville fractional integral Hermite-Hadamard type
inequalities. Among mathematical inequalities, one inequality has a well-known area
along with the inequality theory. It is the well-known Hermite-Hadamard inequality.
The first propose of this inequality is ascribed to Hermite (1881), but until 1893, this
result was not taken into a consideration in the literature and was not vastly known as
Hermite’s inequality.
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Theorem 1.1. [12] Let f : ] C R — R be a convex function defined on the interval 1 of real
numbers and a,b € I with a < b, then the following inequality

b
f (a;b> < biaL flr)dx < (W +0) ;f(b) (1.1)

holds, known in the literature as Hermite-Hadamard integral inequality for convex
functions. It has several generalizations and extensions for univariable, bivariable, and
multivariable convex functions see [13, 14, 15, 16, 17, 18]. Moreover, it is known that
some of the classical inequalities for means can be derived from (1.1) for appropriate
particular choices of the function f.

Theorem 1.2. [12] Let f : [a, b] — R be a convex function, then

a+b 1 3a+b a+3b 1 (®
((537) < lr(35) + (57)] < oma |, e
1 Jb 1 [f(a+b> +f(a)+f(b)] < f(a) + f(b)

< f(x)dx < =
b_q), A<y 2 2 2

The inequality (2) is known in the literature as Bullen’s inequality.
Bullen type inequalities have attracted much attention since they are very remarkable
in the area of applications. Due to its significance in various fields, Bullen inequality
has considerable interest and concern from many scientists and mathematicians. Re-
searchers have devoted a great deal of time and effort over the years in improving and
generalizing the inequality of Bullen. Thus, for various classes of convex functions,
many scientists have generalized the classical version of the popular Bullen’s inequality.

2. Preliminaries
Throughout the whole discussion we consider p € R/{0} and I an interval in (0, co).

Definition 1. [19] Let f : I — R be real—valued function, then f is said to be p—convex if

f (vTxv T —T)yp) < tf(x) + (1—1)f(y) 2.1)

holds for all x,y € Tand T € [0, 1]. For f to be p—concave, (2.1) holds in reverse order. Moreover,
for s € (0,11, f is said to be (s, p)—convex if

f({/’txp—l—(l—”t)yP) < (%) + (1 —1)°%f(y) (2.2)

holds for all x,y € 1 and T € [0,1]. In case of (s, p)—concave function, (2.2) holds in reverse
order.

For example, let p > 0, s € (0,1] and f : (0,00) — (0, 00) be defined by f(x) = x*P. Then f is
(s, p)—convex function.
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Definition 2. [20] The gamma function T, beta function B and the hypergeometric function ,Fq
are respectively, defined by:

MNx) = J:o e "t*dt (x>0),

r(x)r !
B(x,y) := m = Jo >~ 11—1Yldr (x,y>0)
Fi(a,b;c,z) = 1J1 11— (1 —zr) 7%t (21 < 1)
2T B (b, —b) J

Definition 3. [21] The incomplete beta function B(z;x,y) is defined by:

z
B(z;x,y) ::J M 1—1)Yldtr (Re(x) > Re(y) >0,0<z<1).
0

Raina [15] introduced a class of functions as follows:
~ . ~0(0 k +
Joalx) = JM erk+7\x (p,A€RT,x € R)

where the coefficients o(k) € R, k € Ny form a bounded sequence.
Definition 4. [22] The left-sided and right-sided fractional integral operators are defined as:

X

(39 p arwd) (x) = J (x =130 w(x —1)°Ip(T)dT (x > a) (2.3)

a

b
(TS A bw®) (x) = J (1= 135 (T —x)Plp(T)dT (x <b), (2.4)

provided that, w € R,A > 0 and ¢ is a function such that the integrals on right hand side
exist. It is easy to verify that 39 oA at; WwP(x) and J g)\,b_;wcb(x) are bounded integral operators
on L(a,b) for M =737, 1 [w(b—a)f] < coc.

In fact, for € L(a,b),

|8 00 b 0], < (6= 0]

38-,?\,b*;wd)(x)Hl <Mb—a) o], (2.5)

Before discussing the main results, the following assumptions are necessary to discuss:

P PN\ P NP AP
_ ay —aj pl(m—1i)ay +iaj
Qf, a1, a;u) = Q= ZL&{( oB+1 [w( m > ]u)f(\/ -
ol (m—i—1)al + (i+1)a} P o
+“‘C<¢ n Tl —anp <\, muer e 09

m—i—-1af +({+1d}
(= ﬂ

n—1 . .
o/ (m—1)aP +1iab
5(f, a1, a2) = 6 (1—ul(B+1)f \/ 1 2 +ul(B+1)

N———
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pl(m—i—1)al + (i+1)a} ) B
f (\/ n - (a; _a{))ﬁ X J(nfi)af+ia]23+fog

((n—i—l)af—i—(i—i—l)a;))}

n
p_l a]29_a119 >
H a/a/a)/s+2 = F 7,6)/3_1_2’ - :
(a1, az ) =2 1( p (m—i-1)al +({+1)a}
ek, m, ;%) =2 Fi (o,k+1;m+s,hv(><)—><w)
X(x)

1-p
o1(k) :=o(k) (’\’/(nll)a}i+ (1—1—1)(15) {((n_:t—1> }f/(al)‘

+ <i+1>s ‘f’(aﬁ]) B(B +pk+1,s+1)

n

p—1 ay —ay >
Fi|—,B+pk+1;s+pk+p+2 - -
2 1( P P+ pk+p m—i—1af +({+1db
R (P okt s+ 1B+ pks 42 a; —aj

—, s+1; s+2, . .
1\ p P P m—i—1)al +(i+1)a}

[(n_iy I/ (a1)] + <i>s ‘f’(az)@ B (B—i—pk—i—s—i—l;l)}
n n

(1-p)
s P . P :
O'z(k) — O'(k.) (K/(n 1 1)(11 + (1+ 1)02 ) [IB(T(B + pk) + 1’1)];

n
1

rp—1) ‘ ay —af ) T
i (10 ’r(ﬁ+pk)+1’r(ﬁ+pk)+2’(n—i—l)af+(i+1)a§}

1-p
03(@;0(@(1\3/(“11)‘1’5*““)“5) BB, p+k+1,1)x

n

q—1

P_ P
p—1 Q-9 K
Fil——B+pk+1,p3+pk+2 - -
21< P P+ P+ (n—l—l)af—i-(l—i-l)a];)}
n—i—1\°
n

, q i+1\°
( o]+ (51
n
p—1 ay —af n—i\°
F 1s+2, - .
21< P st m—i—1Daf +(i+1)d} + n

’ q
£ (az)‘ B(B+pok+1,5+1)

' q
(an)| +

P_ P
a; — a4

/ q —1
f(az)‘ }szl (pp,ﬁ—kpk—l—s—kl;[ﬂ—l—pks—l—z,

x]B((s+pk+s+1,1)}%}

m—i—1af +({i+1)d}

)
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3. Main Results

Lemma 3.1. [23] Let f : I — IR be a differentiable function on 1°, interior of 1, a1, ax € 1I° with
a;<ayp,p, B>0;letgx)=Yxx>0uweRandn € N, then

pn—-1 P P\ P
a2 —aj a) —al
T naltB J HT 80,811 [|W| (n > TP —u} X

[(1—1) (n—l—l)cﬂf+(1—|—1)0L§j +T(n—1)a{’+1a§} T
n n

. i/(l_ﬂ (n—i—1)a£+(i+1)a§ +T(ni)af+iag) -

n

—1 . .
:n -p o " ab —al\* IR (n—1i)af +iad} N
— nb s n n
1=l
_-_1 p . 1 p
il Mm—i-1)a; +(i+1)aq; T P .
n (a} —al)P

n—i—1ad’+({i+1)ad
(s o) (B0 w010
pﬁ 4 9w n

Remark 3.2.

e Lemma 3.1 is a generalization of [9, Lemma 2.1]. For 2u, p, 3, 0(0) — 1, w — 0,
Lemma 3.1 reduces to [9, Lemma 2.1].

e Lemma 3.1 is the generalization of [9, Lemma 1.2]. For n — 2; 2u, p, 3, o(0) — 1,
w — 0, Lemma 3.1 reduces to [9, Lemma 1.2].

Theorem 3.3. Let f: I — R bea diﬁerentiable function on 1°, interior of 1, such that aq, ap €
I°,p,B>0uweRforse (0,1; let g(x) = ¥x for x > 0 and [f'| is (s, p)— convex, then

1-p
n—1 p P P P\ P ; P : P
ay —aj o1 ay —aj pfn—i—1)aj +(i+1)aj
Q1<) Saep {8 [ () [ L
1=

B(1,s+1) {’f/(al)l <(TH_1>S H(ay, az;1,s+2) + (n—i)s
n n

+1 S

H(al,az;s+1,s+2))+‘f’(az)’<<ln ) H(ai, az; 1,8+ 2)
i s

+<n) H(01,02;8+1,S+2)>}}

Proof. By the properties of modulus and repeated application of (s, p)—convexity to the
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Lemma 3.1, yield the following;:

n—1 1 p Py P
ab —af ab —a
Z 21+[5 J [{Tﬁggﬁﬂ [|W|< 2n 1) TP +|u|}
i=0
17
y [1_T n—i—1)al + (i+1)a} +T(n—i)af+ia§}%
n n
e (I\,/(lT)(nil)af+(i+1)a§ +T(ni)af+ia§) ] -
n n
n—1 1 oo k k (93—af Pk pk+p
<Z a]za—(l}aJ Z o(k)iwi “n T +hl
T4 nltB — F(B+pk+1)
i=0 k=0
. . . . 1-p
y [(1_T)(n—1—1)a§’+(1+1)a§ +T(n—1)a‘f+1a§} P
n n
e (]\J/(lT)(nil)af+(i+l)a§ +T(ni)af+ia§) ] e
n n
n—-1 1 % g(k)lw[* af—al | P¥ pk+p
_Zag—a]fJ ZG wh(=w—) ~ T
= +B
R M B P F(B +ok+1)
1—'p 1—
p/(n—i—1)al + (i+1)ad o ay —af A
—T
n m—i—1)af +({i+1)a}

. (r\,/(nil)af—i-(i—i-l)ag) g (1\3/(“”‘1{)4'“15)}] e
n n
pk

“al—adf Jl 0o G(k)lwlk<a§;a1) TPk +B \I
_ +lu
— Py | & (B +pk+1)
- P p] P P_ P e
VRSO S Ukl L S S G 51
n Mm—i-1)a; +(i+1)a;

() e (S it e [ (B2 e+ (1) e e
n L n n

_ oo K (a5—al\P¥ |
R e ==ramr
= — ni+p n

i (B +ok+1)

. s . S 1
{(“‘1_1> f’(a1)|+<‘“> |f'(az)|J Bk (] )
n n

0

=P

P

—aP P —i\$ i\$
S ey
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1-p

! B+pk+s 1 ag_a‘{’ v d
LT [ ”(n—i—l)a%(iﬂ)aﬂ N
1 1—p
s ) . P s S . S
+uW(n i 1)a1+(1+1)a2‘ {<<M) |f,(al)|+<l+1> f’(az)l)
n n n
! ay —af v s n—1i\*, i)°
J, (-t maremrmey) 0 [(5F) e+ (3)

) 1 . az—al v
]f(az)}]LT (1—T(n_i_1)a110_|_(i+1)(1§> ar

P k
| oK) (<=af)” IPRIREE
_Zaing > ( ) )1)1{<<n:L )!f/(aﬂ‘
k_

—0 F(pk+ B+ 1) (i/(n—i—l)ag—l—(i—o—l)ag

+ <i+1>s |f’(a2)\> B(B +pk+1,5+1)

n
p—1 aj —aj )
XoFi | ——,B+pk+1;s+pk+p+2, : ;
2 l( P P+e P+ P m—i—1)al +({i+1)a}
oF (P okt s L+ okt s 42 a; —af
- S ; N 7 . .
1\ P P m—i—-1af +({i+1)d}

() el (3) 1@l B 6 ok s+ 11
n n
1-p
— . . - L s . s
Wi = R

/ p—l . G‘g_af n—i\°
‘f (az)H]B(l,S-i-l) ><2F1 <p’1'S+2'(n—i—l)a‘f—l—(i—i—l)af)+[( n >
/ i\* ’ ‘p—l . a]Zp_af
‘f (al)}+<n> }f (0.2)‘:|IB(1,S+1)2F1 <p'S+1's+2'(n—i—l)cﬂf—l—(i—i—l)af)H

1-p
_nfl ab —a} ab —al\? nl ay —af p/(n—i—1)al + (i+1)ad
=2 —qare et W + g hul "

i=0 i=0

{K“_l_l) ‘f’(a1)|—|—<i+1> |f/(a2)@]B(1,s—|—1)
n n
p-1, af —af n—1i\°®,
<P (p'1'S+2'(n—i—l)af+(i+1)a§>+[( - ) /()|
i\%, ., p—1 ' ay —af
+<n> I (GZ)@B(LS+1)2F1< P 'S+1'S+2'(n—i—l)a‘f+(i+1)a§>}

1-p
n— P PP n-1 p__ : P (s P
af ay —aj aj Mm—i—1)aj +(i+1)aq;
Z WTFB Sop1 [|W|( n ) ) 1+r3 L (\/ n
i=0

i=0

—i-1\° p—1 al —a?
B(1,s+1)1 | n—rel F(—=1;5+2, =1
(1,s+ ){‘ (m)}(( - ) X2 1< , s+ RSy Iy
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n—i)\® p—1 ay —af by
F 1;s+2, ' f
+< n ) 2 1( p ST (n—i—l)af+(i+1)a§>>+| M‘« " >
p—1 ay —af ) (i>s
XoF1 | ——, 1,542, - : \n %
(% m-i-naf+irna)

= i >>}
F ,s+1;5+2, . .
2 1< P m—i—1)af +({i+1)ad}

This completes the proof. O

Corollary 3.4. Let f : I — IR be a differentiable function on 1°, interior of 1, such that a;,a; €
[°with ay < az, B >0, u,we R, s e (0,1]; let [f'| be (s, p)—convex, then

Cl
lf(al)—i—f(az) R rz f(x)dx‘ _ap—af [ [ (752 2543, %) 1 (a2)
2 ‘1129_“]13 a h pay” 1 (s+1)(s+2)
ap
oF (25 ) I (ar) , N o —a?
+ + ZFl 711/‘8"’_2/ P
(s+2) 2(s+1) p af

1
s+1s+2

7))

Proof. The proof directly follows from Theorem 3.3 for 2u, 3, o(0),n - landw — 0. O

[t'(a2)| +2 F <p

Corollary 3.5. Let f: I — IR be a differentiable function on 1°, interior of 1, such that a;, ap €
[° with ay < az, u € R, B, s € (0,1]; let |f'| be (s, p)—convex, then

1-p
5] < Z l+l31| (\/(n i )a;—k(l—i— )az) <(n:11> ()|

( 1) E (2)y> [lB(l,s+1){2><2F1 (p;l,[l,wz,- Q/ur(ﬁﬂ)],
ay —af B p—1 . ay —af
(n—i—l)af+(i+1)a§> 2F1( P '1'S+2'(n—i—l)af+(i+1)a§>}
—B(rs+1,s+1){2xm (p;l,[ﬁﬂ,sﬂﬂl Vure+1)],
af —af p—1 . ay —a}
(n—i—1)a$+(i+1)a§>_2h< P 'B+1'S+B+2’(n—i—1)a}0+(i+1)a§>}]

N ((“‘if 1#/(a0)| + (l) \f’(az)\) B (s +1,1)
n n
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P_ P
{22F1<pp [s+1s+2 ¢/ur [5+1] - >

(l—l—l)az
p—1 c12—ap
_F 7 1; 2/ . ].1
21< - s+1;,s+ (Tl—l—l) l+1(1 >} (B+s+ )
az—a{’
2% [B+s+1 B+s+2; f/ur fs+1}

(+1)a2
P . o o
—F <p,6+5+116+5+2'(n_i_]) 1 (+1)a2>}]

Remark 3.6. For p, 3, 2u, s — 1, n — 1,2, Corollary 3.5, respectively, reduces to [24,
Theorem 2.2] and [26, Corollary 3.4].

Theorem 3.7. Let f : I — R be a differentiable function on 1°, interior of I, such that a;,a; €
I°p,>0s€ (0,1,uwelR, qg>11=

ql,letg = Y/x for x > 0 and |f'|9 is
(s, p)—convex, then
— 1a ag—af P . (n—i—l)aij—i—(i—i-l)ag o
0] < ZO nw Sotaen | = + hul =
Jm—1i—1)a} (1—|—1)aZIB ag—a{’ 1 rp—1)+p
a];—a’f m—i—1)al +({i+1)ad"” P

ns(s—+1)

i/(n—i—l)s +(m—1)s ‘f(al)/]q +(i+1)s 418 ]f(az)/}q }

Proof. By the properties of modulus, Hélder’s inequality and repeated application of
(s, p)—convexity to the Lemma 3.1, yield the following:

n—1 p Pl P P\ P
al —a ad —a
Q| = Z iLl-Hil JO HTBSS,&H wl <2nl> TP —u}x
i=0
1—
11 (n—i—l)a{’4—(1L+1)a]2:’_{_T(n—i)af—i—ia;j TPX
n n
f,(]{/(lT)(ni1)af+(i+1)a§+T(ni)af+ia§)] -
n n
it ap—ap | [ otiohwl (SRe) T ek .
B +u X
§ ni+h Jo 1;) F(B+pk+1)

I—p

i p i P _\AP AP
[(1_T)(n i—1)aj +(i+1)af +T(n 1)ch11 —i—laz] v y
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. (i/(lﬂ (n—i—l)ai+(i+1)a‘2° +T(ni)c§+ia§) ] -

k 1
n—-1 p P 1) O-(k)|w|k (M)p 1 i 1)aP . aP 1-p
_ o S| Z n JT‘”‘“” pfn—i—=1)aj +(i+1)a}
0 n

+p
n L T(B+pk+1)

i=0

1-p
P_ P
a — 4 ]p

1—7
{ m—i—1)af +({i+1)ad}

el r (1_T)(n—i—1)af—&-(i+1)a§+T(n—i)af+ia§
n n
p -
Hofn—i—=1Dal +(i+1)d} ab —af P
+u/J;{¢ L P—Tmfd_1m¥+ﬁ+1mﬂ .
. (i/(lT)(ni1)af+(i+1)a§+T(ni)af+ia§)dT}]
n n

abl—aP pk
ap—ap | & ol (401

p
! p[(n—i—1)a] + (i+1)a}
_Z nl+p ;) I'(p+pk+1) Jo e {\/ 711 2}

1

I
1 ay —af v 4
x |1—71 T
[ (n—i—l)af—i—(i—i—l)ag]
» r o (1_T)(n—i—1)a{’+(i+1)a§+T(n_i)af+ia§
0 n n
- - T
. m—i—1)al +({i+1)ay al —aP v
1_T . P . ) dt
n m—1i-1)a; +(i+1)a;
f/(V(lT)(ni1)a£+(i+1)a§+T(ni)if+ia§)

B x (ab—a? pk 1 1—p
R Tal P | & (k)W (—zn 1) r ok {Y/(nil)af—i—(i—l—l)azp}
© 0 n

q
dt + ul

q

nl+h | &= T(B+pk+1)

1-p

ag_(ﬁlj i ' e s n—1i—1\° /
[l_T(n—i—l)a%(wl)ag] ) dT} UO“—T) Kn> /()|
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+ (i“)s |f'(a2)|q} oo [(‘H) (@)l + (1) |f’(az)|q] dT} i
n n n
1 P P " P_ P =
pf(n—i—1)aj +(i+1)a; a; —aj v
u Jo {\/ n ‘ <1_T(n—i—1)af+(i+1)a§> dr
1 s s . s
U 1-7) [(” k 1) ()| + (1“>
0 n n
I/ (a2)]9] +7° [(T) I (ag)]9 + (;) |f'(a2)|q} d’t]q]

aP—aP\ Pk 11—
_Zaz—ap %0 cr(k)lwlk(znl)>p |:§/(nil)a£+(i+l)a§‘ px

==

nl+B “— Fp+pk+1

[ r(pk+B) |1 a; —a Tl%pd
JOT [ _T(n—i—l)af—k(i—kl)ag] T
JJ(n—i—1)aP + (i+1)ab m a) —af P
Hhul {\/ n ‘ \/J0 <1_T(n—i—1)af+(i+1)a§> dr
1 . s . s
J(l—ﬂS[(“_l_l) |f’(a1)|q+(1“> |f/(02)|q]
0 n n
e [(“_i)s #(ap)]® + <1> |f’(a2)q] dr”
n n

_ o k [ ab—aP Pk 1 1=-p
i 1a§—a11’ o(k)wl (‘zn 1) pl(n—i—T1)al + (i+1)ab y
) n

1+B
i—o k=0 F(B+pk+1

! P_ P rip : —_— e R
X J rpk+B) [1 b S| P detjul | § m—i—1)al +({i+1)a}
\ 0 m—i—1Daf +(i+1)d} n

* J(nil)zaerl(iJrl)ug (1_u)r1% (n—i—l) (1+1)a2 du Jl(l_r;)s [(n—i-l)s
\ 0 aE—a’f 0 n

1

+ <i+1>s If’(az)lq} +t [<H>s [t'(a1)]9 + <i>s If’(az)lq] dT] q] [#"(a1)]]
n n n
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P_ 4P 1-p
_Z <12—<1p i o (k) wl* <u)pk (n—i—l)af+(i+1)a§ y
nl+B = FpB+pk+1) n

r | a o
\/JB(r(rs+pk)+1,1)zF1 (84000 + 15708 + 00 +2, o s

P_ P
0.2 0.1

af —af r1-p) . \]°
B((n—i—l) TGEDad T P “)] .

o (—i=1)s + (m—1)s [f(a)'|T + (@ +1)s +18 [f(ap)'|*
ns(s+1)
P P P\ P P P P
a2—a ay —aj pfm—i—1)a; +(i+1)a;
\Z St pﬁﬂllwl( ) \/ L

Jm—i—1)al +(i+1)a} ay —af o r(l—=p)+p
P P B . P . p/]-/
ay —aj Mm—i-1)a; +(i+1)aq; P

§/(n—i—ns F(n—1)8 [fla)|* + G+ 1)s +is f(az)’q]

"
T V(nil)af—i-(i—l—l)ag‘ ’ [(n—i—1)af+(i+1)a§
n

ns(s+1)

This completes the proof. O

Corollary 3.8. Let f : I — IR be a differentiable function on 1°, interior of 1, such that a;,a; €
[°witha; < az, p>0,u,w>0,s € (0,1 and q = ;75 > 1; let [t/|9 is (s, p)— convex, then

flag) +f 1 (@ P —af ) —af
() +flaz) - pJ f(x)dx| < 2 (111 (/B(r+1,1)2F r+1;r+2,%
2 a — a4 Jay paj K

2\ ab —d? P s+1

2 T4

+1{/ a B<a5—a‘i’,1, (- p)+")x{f'(al)qﬂ’(az)q}é]
a

Proof. The proof directly follows from Theorem 3.7 for 2u, 3, c(0),n - landw — 0. O

Theorem 3.9. [et f: 1 — R bea diﬁ‘erentiable function on 1°, interior of I, aj, a2 € I° p, B,
p>0,q=>1LuwelR, se(0,1];let g(x) = ¥x for x > 0and |f'| is (s, p)—convex, then

1-p
_._1 p . 1 ‘p
+[ul ‘\’/(“ k )G;HH Jaz>

n—-1 p

p P_P\P
a, —a a, —a
: 2 " Y |0 2 7Y
1Q(f, a1, az;u)| < E - nie Sopi1 [w| < - )
1=
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Jm—i-Dab +(i+1)a} b —aP 1 o n—i-1\°
ay —af <(n—i—1)a‘1’+(i+1)a§' ,P> {{<< >
}f,(al)‘q+(i+1

- ) \f'(az)}q> } B(1,s +1)H(ay, az 1,5 +2) + [((“

.\ S
1) If'(a1) |7+
n

n

<:1>S ‘f’(az)‘qﬂ ]B(s+1,1)H(a1,a2;s+1,S_I_Z)}q]

Proof. By the properties of modulus, power mean inequality and repeated applications
of (s, p)—convexity to the Lemma 3.1, yield the following:

n—-1 p

Pl P_P\P

a —q B o aQ —q
;) nit+h Jo HT So,p+1 [W< n ) ] —u}
1=

[(1—1) m—i—1af +({i+1)a} N

Q] =

1

T(n—i)af—i—iaf kR
n n
. (i/(lﬂ(nil)ai’—i—(i—i—l)a;’ H(ni)afﬂag)] -
n n
n—-1 »p

al—a 11-p
<Za2—af iﬁ(k)h’wk (7271 1) JlTpkHﬁ o/ (m—i—1)al + (i+1)ab
T 4= nltb F(p+pk+1) 0 n
i=0 k=0
1-p
x{/1—m1 aE—af
m—i—1)al +(i+1)a}

o (i/(l’t) (n—i—l)ai—i—(i—i—l)af +T(ni)af+ia§>

n

dT}
1 : P p] P P_ P 1-»
ol J pf(n—i—1)aj +(i+1)a; 1—1 . az—a1. ; y
0 n m—i—1af +({+1)d}
f,(i/(lT)(ni1)af+(i+1)a§+T(ni)af—l—iag)
n
P_ 4P\ Pk
ad—a | & U(k)|W|k<a2 al)

. p4)

JlTpk+B K/(n_i_1)af+(i+1)a§
ey
= n = Fp+pk+1)

n-1 p

0 n

q—1

ag_a{, 1—p q
1—7 drt
m—i-1af +({i+1)d}

n

L
J1T9k+ﬁ {(/mil)aer(iJrl)aE‘ "
0
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ab —a? e
1 2 — 9
m—i—1af +({i+1)d}

1
. . . : g E
f’wuT)““”“‘f”*”‘lgﬂ(“”a%mg) dT]
n n
1 . P . p-l_p P P =p !
+ ul J pl At ter 04 Lo 1-1 . azgal. p 4T
0 n m—i-1)a; +(i+1)a;
1 1—p 1-p
Jl o/ (m—i—1)al + (i+1)ab 1~ af —af
0 n m—i—1)af +({i+1)a}
q 1
. . . . q
f’wuT)“””“‘i’*““)“gﬂ“‘”a%mg) dT)
n n
n—1 00 k (ar—af P 1T
ey ap [ ol () [ V(n—i—ﬂa‘fﬂiﬂ)aé’
ntth = T(B+pk+1) 0 n
P_ P 1=r Tl i P p] "
e ' azgay ; it JTQHB §/(n—l—l)al—|—(1—|—1)<12
m—i-1)a; +(i+1)a; 0 n
1—p

ay —af s[/m—i—-1\° i+1\°
T s M (S N
1 117
.\ S .\ S q 1 s :
+1° K“‘l> If’(a1)|q+<l> |f'(a2)|q]}d'r] + i U 1\3/(“ : 1)a‘f+(1+1)a‘§‘
n n 0 n

1— e 1 1—p
P_ P P T . P p
e a; —aj dr J p/(n—i—1)aj +(i+1)a,
m—i—1af +({i+1)a} 0 n

1-p

P__P e ans
</1_T(n—i—il)2afil(i+l)a§’ {“‘T)S [(n;l> I'(a )Iq+< T) If’(az)lq]
- [(“‘iy (@)l + (‘) f’(az)lq] } dT]q”

n n

- « [ab—aP pk : : 1 1—p
_ Z ab —af Z o(k)wl <7Zn 1) JlTpHB {V(nll)a]f—k(l—i—l)agl
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q-1

+B
n = NpP+pk+1)
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q-1

1-p q
i/l_ﬂt(n—i—(ll;;algff(wrl)a;’ dT} [(Tl_:l_ly}f/(aﬂ‘qu (iil)s\f’(azﬂq
! (—i-DaP+ (it | P o 1-p
Jo R {]\g/ Tll 2‘ </1_T(T1—i—1)2a]f +1(i+1)a§ ar
() @l (2) )] [ e W(“il)ai+ ﬁ+l)a§‘ -
0
a; —q o L n—i—1Da’ +(i+1)a? T
Y/l_T(n—i—l)za? +1(i+1)a§ dT] e Uo \/ rlx 2‘

q=1

1—
b p P q

a, —a n—i—1\°%, , q i+1\°
1_T(n—i—1)a{’+l(i+1)a§ dT) H(TL) (el +< n >
p

1 (n—i—1)al + (i+1)a} af —af

raoyd s|p 1 2 2 Y
()] ]L(l—T) {\/ o ‘ i/l_T(n_i_l)af—i—(i—i—l)aE

1p
.\ S :\ S 7 rl 4 1
deit [(n;l) ‘f/(a1)|q+<;> ‘f’(az)‘q_ JO 5 !(/(n i 1)(13—1—(1—#1)(1;‘

Y/1_T a‘é’—a]f
m—i—1)a] +({i+1)a}

—aP
n-l (]_g — a'{) OO G( )|W|k 2 1

1-p

:,Z nl+p g (f3+pk+1

p
{/ —i—1al +(i+1)a} Jlrpkﬂsx
0

1-p -
a; —af —i-1\° / i+1\° /
K/l_ﬂt(n—i—l)zaf—i—l(i—i—l)a*z’ dT} H(n Tll ) |f (al)\q+<ln > k (a2)|q]
P _ P

1 P N AN
k+B3 s . a, a] n—1i ’ q l
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1 1—p 1—p q
of(m—i—1)al + (i+1)a} 1 b —af
1—7 - 5 - B drt
n 0 Mm—1i-1)a; +(i+1)a;

1-p

P P N .
§/1_T(“—i—;1)2f11;:1r1(i+1)a§ ot [(n;l) [#/(ar)|* + <r11> \f’(az)\q]
J1T3V1—T af —af 1_pdt a
° (n—i-Daf + (i +1)af
_ P P PN\ P - 5 : . 1-p

B P ait;fgll o pr1 [WI <aznal) + ul (v(“ll)arllJr(lJrl)az)

—1

q
o (n—i—l)a]f—i—(i—i—l)afﬂ3 ab —af q 1 n—i—1\°
ab —af m—i—-Daf +{i+Ddd" 7 p n

i4+1)° p—1 ab —a?
£(ay)]? + - f'(a2)] T} B(1, s+ 1)aF; | —, 1542, 2
o)+ (S5 ) 7B e (Bt 2 e
. S . S
+{<n 1) \f’(al)]q—i—(l) |f/(a2)\q}113(s+1,1)
n n
1
p—1 ay —af a
F ,$+1s+2, . -
le( P sthsH m—i—1)al +({i+1)ay
This completes the proof. O

Corollary 3.10. Let f : I — IR be a differentiable function on 1°, interior of 1, such that
aj, a2 € IPwithay < a3, p>0uw>0s¢c (0,1andq= "5 > 1;let If/]9 is
(s, p)—convex, then

q| 2F1 <p171,2;5+3/ agp?]f> f/(a2)|T 2F <Ll 2;5+3, a(;;a‘f> If/(ap)|?
2 2
(s+1)(s+2) + s+2
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q—1
1 ay ay 1 1 p—1 a) —a?
~| {28 T ——— ) R [ Ls+2, 2
+2<\/a§—af (cﬂ;—a{’ 'P)) (“s+1) {21< p ST T

q-1
-1 ap—ap q
' (a2)|* +2 Ty (pp ,s+1;s+2, zap_ll) !f’(cq)‘q} }

2

Proof. The proof directly follows from Theorem 3.9 for 2u, 3, 6(0),n - land w — 0. O

Corollary 3.11. Let f : I — IR be a differentiable function on 1°, interior of 1, such that
aj, a2 € IPwitha; < a3, p >0, u>0,8,s € (0,1and q =25 > 1, let If/19 is
(s, p)—convex, then

n-1 p

1-p
ab —ad? m—i—-1d’ +({1i+1)a}
81< Y gt lul ((/ = : [B(1,1)

i—0

-1 P_ 4P -1
[2><2F1<pp,[1,2;€/uF(B+1)}, — )—zh(pp 1,2,

m—i—1)al +(i+1)ay

P_ P
Q-9 B(+1,1) p—1
_ 2%y F | —, 1, 2; r 1),
(n—i—l)a‘f+ﬁ+1)a’§) ey [2x2f (o B e 2 VurE ]
-1
af —af -1 o} —ap =
s p>_2F1<pzf5+1;B+Z, — = p>
m—i-1aj +({i+1)a} P m—i—Dal +(i+1)ak

() o () )

p—1 ‘ ab —af
[B(1,5+1){2><2F1 (p, [Ls+2; Q/ul“([:’>+1)],(n_i_ 2 % )

Dal +({i+1)ad

P_ P
a —0q

m—i—1)al +(i+1)a}

-1
_2F1 <p‘p/1;s+2/ >}_]B(B+1/S+]—)

P

— 4P
{2 x5 Fq (ppl [[3+1,s—|—[3+2; E/ul“([3+1)},(n ay —af )

—i—1)af +(i+1)a}

p—1 . ag—a]f n—1i\* q
—F <p’B+1’S+B+2’(n—i—l)a}’+(i+1)a§>}]+<< - ) |/ (a1)]

+ <111>S ]f/(az)|q> []B(s+1,l) {2 x2 1 (p;l, [s+1,s+2; Vm} )

a; —aj ) F (p_l +1s+2 a; —aj >
- ,S ;S ’ . .
m—i—1af +(i+1)a} 2y m—i—1af +(i+1)a}



S. Hussain, S. Mehboob / On Some Generalized Fractional Integral Bullen Type ... 110

—B(B+s+1JJ{2xﬂa(p;1{ﬁ+s+4,s+s+z;wums+1ﬂ,

1
P_ 4P P_ 4P q
a, —aj p—1 a, —ag a
- F 7 1/ 2/ . .
(nil)af+(i+1)a§) 2 1( P Prstliptst (n11)af+(1+1)a§>H

Remark 3.12. For p, 3, 2u, s — 1, Corollary 3.11 reduces to [9, Theorem 2.1] and hence
forn —+ 1,2 and q — 1, it reduces to, respectively, [28, Theorem 2], [24, Theorem 2.2]
and [26, Corollary 3.4]. Moreover for n — 3, it reduces to [9, Corollary 2.1].

4. Applications

In this section, we provide some applications on f—divergence measure and proba-
bility density function.

4.1. f—divergence measures:

let ¢ be a set and v a o finite measure. Consider

Q= {xlx o — R, x(x) > O,J x(x)dv(x) = 1} , 4.1)

¢

set of all probability densities on v and f : I — R a real—valued function. Then the
Csiszar f—divergence ,D¢(x, 1), is defined by :

Drlx ) = L) Kt [31()((1))] avix) (v € Q) (42)

For f to be convex, the Hermite—Hadamard (HH) divergence denoted by D};H(x,ll)) is
defined as:

wix)
fg(x) f(t)dt

P (x)
x(x)
with f(1) = 0. Note that Df,};(x,¥) > 0 and Df,,,(x,¥) = 0 if and only if x = .

Dl ) = L} x(x) dv(x) (ob € Q) 4.3)

Proposition 1. Let f: I — R be a differentiable function on 1°, interior of 1, such that a;, ap €
I° with a; < ap, s € (0,1] and |f'| is s—convex and (1) = 0, then

’Df(x,lj)) —DaH(Xﬂl’)‘ < «(1,3,8%x)  «(0,2,s;%)

X ol i) x| 202 :

o (ll)bc)) ‘ L) () — x (o)l [oc(s+1,3,s;x) N oc(s,Z,s;x)] dv(x)

e s+2 2s+1)
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4.2. Probability density functions:

Let a;,a2 € R with a1 < az and g : [ay, az] — [0,1] be the probability density func-
tion of a continuous random variable X with cummulative distribution function F given

Fix) =p(X<x) = r g(t)dt, E(X) = Jaz TdF(T) = ay —Jaz F(t)dT. (4.4)

ai

Then from Corollary 3.4 , for p — 1, we see that:

’1_(12_E(X) < (a2 —ay)

9(az)l x2 Fy (0,255 +3, 9252 )
+2F1
2 a —aq

(s+1)(s+2)

0,s+2;s+3,az_al>
a

lg(ai)l 1 _ a—aqq
P +2(S+1) lg(az)l x 2F1 (0,1;5+2, o

a—a
+lg(ay)l x2 Fy <0,s+1;s+2,zal> H
1

2F1 (0, s+2;s+3, L;lal) 2F1 (0, s+1;s+2, —“2;1&1)
) s+2 " 2(s+1)

‘1 _LE(X) < (ap—a1) |lglag

2 a —aq

o1 (0,253,959 ) Ry (0,542,920 )

+lg(a)l s+ls+2) 25 +1)

5. Conclusion

e A new identity regarding Bullen type has been established.

e New weighted Bullen type inequalities for (s, p) convex functions using above identity
were deduced.

e Some applications in probability and information theory for (s,p) convex have been
given.

e We hope that our results can be applied to obtain several new results in different areas
of pure and applied sciences.
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