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Abstract

In this paper, a multi-term nonlinear delay differential equation (DDE) of arbitrary order is studied.
Adomian decomposition method (ADM) is used to solve these types of equations. Then the existence and
stability of a unique solution will be proved. Convergence analysis of ADM is discussed. Moreover, the
maximum absolute truncated error of Adomian’s series solution is estimated. The stability of the solution
is also discussed.

Keywords: Nonlinear delay differential equation, Arbitrary orders, Fixed point theorem, Convergence
analysis, Stability, Adomian decomposition method.

1. Introduction

Differential equations of arbitrary orders and delay differential equations (DDEs)
have many applications in engineering and science, including electrical networks, fluid
flow, control theory, fractals theory, electromagnetic theory, viscoelasticity, potential the-
ory, chemistry, biology, optical and neural network systems with delayed feedback [1]-
[19]. In this paper, Adomian decomposition method (ADM) [20]-[26] is used to solve
nonlinear fractional delay differential equations (FDDEs). This method has many ad-
vantages; it is efficiently works with different types of linear and nonlinear equations
in deterministic or stochastic fields and gives an analytic solution for all these types of
equations without linearization or discretization.

The paper is organized as follows: In section two ADM is applied to the problem un-
der consideration. In section three uniqueness, convergence; error analysis and stability
are discussed. Finally two numerical examples are presented by using MATHEMATICA
package.
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2. Formulation of the Problem

Let o € (n—1,n),k=1,...,m. Consider the nonlinear FDDE,

D™ (t) = f(t,x(t—7),D%x(t—711),..., D% x(t—11)), t>0, (2.1)
x00) = x, j=01,...,n—1, (2.2)
x(t) = x, t<0. (2.3)

Where D = %,t e I =1[0,T,T € R",x(t) € C(I) and D% is the Caputo derivative
defined by,

D (t) = I™M*D™(t), n—-1<a<n,
1 t
I%x(t) = J (t—1)* 1x (1) dr.
() Jo
Let
n—1 j
D" (t)=y(t) = x(t) = x57+1“y (1)
R
Now
n—1
t) 1 (t
x(t) = XD+ J t—t)" Ty (r)dt =
— ! (m) Jo

C(t—1)
= x) ( ],'T) +My(t—r). (2.4)
=0 '

Then from equation (2.4), we get

D%x(t—71;) = I"" %D (t—13)
= I"%yt—ry), i=12,...,m (2.5)

Substituting the equations (2.4) and (2.5) into equation (2.1), we get

n—1 ]
y)=~f[t) x
j=0

¢ o)
( j'TO) +IMy(t—rg), " My (t—r1),..., I %y (t—71m)

(2.6)
Now, f satisfies Lipschitz condition, i.e.,

m
|f (t/y01y11~ . /ym) —f (t,ZO,Zl, .. -/Zm)| g LZ |y1 _Zi| ’ (27)
i=0
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where L is a Lipschitz constant, which implies that

f t,ng) ,, —i—I“y( —70) e, IOy (E—Ty)
j=0 '
n—1 j
t—
—f |t xé( .'m) + 1"z (t—71g),..., I %z (t—1m)
— j!
j
m
< LZ ‘I”_“iy (t—7ry) —I""%z(t—71i)|, x=0.
The solution algorithm of equation (2.6) using ADM is,
Yol(t) = plt), (2.8)
yi(t) = Aja(t), j=>1 (2.9)

Where A; are Adomian polynomials of the nonlinear term
f (t > o Lorel (= rO) +1™y (t—71o),..., IM "%y (t—rm)) which take the form,

A = ’d)\] [ ( Z)\‘I“yl —10), ZM“ Fmyy —rm)>]

Thus, the solution of equation (2.6) will be,

A=0

y(t) =) yilb). (2.10)
i=0
Finally,
n—1 jtj N
Xy + 1My(b). (2.11)
= )

Remark: Let 0 < o1 < 0t < ... < &m < n.. Then the nonlinear FDDE,

D™ (t) = f(t,x(t—7),D%x(t—711),...,D¥x(t—11)), t>0,
() _ ) Xo j=0,

0 = {0, j=1,...,n—1,
x(t) = xo t<0

can be transformed to equation (2.6) and then applied the ADM.

3. Analysis of Convergence

3.1. Uniqueness result

Define F : E — E , E is the Banach space, (C (I), ||-]|), is the space of all continuous
functions on I with the norm ||x|| = max e Ntix(t)],N > 0.
te
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Theorem 3.1. The problem (2.6) has one and only one solution y (t) € C (I) if f satisfies the
Lipschitz condition (2.7).

Proof. Define F: E — E as,

n—1 j

(t—10)

Fy(t) ="~ (t, Z xg)( j'TO) +IMy (t—71), " XMy (t—my),..., I %y (trm)> .
j=0 '

Lety(t),z(t) € E, then

n—1 i
Fy(t)—Fz(t) = f (t, Z xg) (t—j'fo)] +IMy(t—rp),..., IV %y (trm))

which implies that

m
Fy(t) —Fz(t)] < L) [I™ %y (t—r)—I" Sz (t—1y)]
i=0

o 1 ¢ n—oi—
< L;‘ML(‘(—T) Ty (t—ry) —z(t—1y)]dr

t

m
1
Nt N(t—7)
F —F < E
ntnealxe [Fy (t) z (t)] L 0 M i)r?&xjo e

t— )i leNT ly(t—ri) —z(t—ri)ldr

—_ e

X

m
1 © e
”Fy—FZH < L‘y—Z’ZMJO e NSSn i 1dS
i=0 t

UL
g LZ Nn_“i Hy_Z”'
1=0

m
Now, we choose N large enough such that L }_ ﬁ <1, we get
i=0

IFy —Fzl| <y —z[|.

Then F is a contraction and hence there exists one and only one solution y (t) € C (I) to
the problem (2.6). O



E.A.A. Ziada / Numerical solution for multi-term fractional delay differential ... 5

3.2. Convergence Proof

Theorem 3.2. The series solution (2.10) of the problem (2.6) converges if [yi(t)| < ¢, wherec
is a positive constant.

Proof. Define the sequence {S;, (t)} such that, S, Z yi(t) is the sequence of partial

sums from the series solution Z yi(t). From equations (2.8) and (2.9) we have,
i=0

Dy =pt)+) Ai1(t)
i=1
And
q q
Sq()=) yi)=p®)+)_ Air1(t)
i=0 i=1
]
Now, we will prove that {S;, (t)} is a Cauchy sequence in E.
P q p—1
Sp()=Sq(t) = ) Aia(—) Aiq()=) Ai(t)
i=1 i=1 i=q
m
Sp (1) —=Sq (1) < LZ [TV S, g (t—1) = I *Sq g (t—1y)
i=0
1m 1 .
—ai—1
< L;MLUT)“ x ‘Sp—l (T*Ti)*sq—l (T*Ti)’d’f
Nt ¢ ~N(t—71) 1
- _ < L —T _ n—ei—
ISp (1) = Sq (t)] Znoqj (t—1)
xXe NT}S -1 (T—Ti) Sq 1 ‘dT

=1
ISp—=Sal < L) s 1Sp—1—Sa]
i=0

< BSp1—=Sqll-

Let p = q+1 then,

[Sq+1—Saqll <B[Sq—Sq-1] <B*[|Sq-1—Sq2f <~ <BIS1—Soll.
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From the triangle inequality we have,

ISy~ Sqll < [Squ1—S = Squal| 4+ Sp = Spa]
< [Bq+5q+1+...+ﬁpfl] 1S1— Sol|
_pP-
q(-—P°
< o0 [

m
Since, 0 < B =L ﬁ <1, and p > q then, (1 —B3P~9) < 1. Consequently,
i=0

1

! max e "V yq(t)]
1—p tel !

But, if [y(t)| < c and as g — oo then, [|S;, —S4|| — 0 and hence, {S;, (t)} is a Cauchy

B
1Sp —Sqll < fBHylH

<

sequence in E so, the series ) y;i(t) converges.
i=0
3.3. Analysis of Error

Theorem 3.3. The maximum absolute truncation error of the solution (2.11) to the problem
(2.1)- (2.3) is estimated by

Proof.
q n—1 Bq
x—éxi (ZO KN k) (1—5 HylH) if n is odd,
q o)kt (K
(T) pI o
and X—in (Z TN - ly1]l ) if nis even.
i=0 k=1
From Theorem 2 we have,
1Sp = Sqll < T gmax e Ny ().
But, S, Z yi(t) as p — oo then, S;, (t) — y(t) so

Bq
[y —Sqll < IIylH
So,

y— Zyl

S22 Hy1|| (3.1)

Form equation (2.11), we get

00 n—1 : 00
D xit)=) Xé; +1" (Z Yi (ﬂ) : (3.2)
i=0 i=0 i=0
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Using equations (2.11) and (3.2), we obtain

q q
=) xi(t) = I'y)—1" (Zm(ﬂ)
i=0 i=0
t t q
= J --- n—fold J (y(ﬂ—Zyﬂ*r)) dt---dt.

0

t t
= J ... n—fold J e~ N(t—1),—N7
0

q
- Z xi(t)
i=0

q
_Zyi

i=0

-dt

q t t
—in < ly— Zyl n —fold - J NP ... dr
i=0 0 0
From equation (3.1), we get
q n—1 k
(=T) i .
_ Al < .
X le < ( R Nn—F 5 llyal if n is odd, (3.3)
i=0 k=0
and )
q n— k+1 Tk
=D=M pI o
‘X—in < <Z (kI Nm—® ) <1—f3 ly1]] if n is even. (3.4)
i=0 k=1
And this completes the proof. O

3.4. Stability of the Solution
Theorem 3.4. The solution of the problem (2.1)- (2.3) is uniformly stable.

Proof. Let x (t) be a solutlon of the problem (2.1)- (2.3) and let x (t) be also a solution of
this problem such that x9)(0) = xo, then

x () =x(t)] < + 1™ [y () —y (D)l

e ; ;
Z ZXO T
j=0

n—1

Ix—x[ < )
j=

From equations (3.3) and (3.4), we have

j _ % T [t t _N(t—1)
Xo—xo‘jﬁﬂLHy—yll 0---n—fold--- € drt---dr.

—_

n—

- Ui 5. (v 1F e
HX—XH < Z T ‘XO —XO‘ + Z W ”y —yH if nis Odd, (35)

j= ' k=0

—



E.A.A. Ziada / Numerical solution for multi-term fractional delay differential ... 8

And

n—1 5 n—1 k+1 k
5 T s) (3 EUm e
”X—XH < Y ‘xg]—xg)‘ + ( W Hy—yH if n is even. (36)

i=0
n—1
T
i _ 5
< Y K- T
j=0 '

= —ai) Jo
Tlfl s m
_ Ty 1 N
ly—yll < - ‘X%-X%HLZ e 1Y~
j=0 ): i=0
m -1 /fhn-1_.
~ 1 Ty
ly—yll < (1—LZ Nnm) (Z 7 xz)xg]) : (3.7)
i=0 j=0

Substituting the equation (3.7) into equation (3.5), we get

N n—1 T k m 1 -1 n—1 .
HX—XH < (1+ <Z W{) (1_LZ Nn—oci> ) (Z ]l Xg)xg)‘) .
k=0 i=0 =0

if n is odd, (3.8)

Substituting the equation (3.7) into equation (3.6), we get

R Nl kL Tk mo WA= I
[x—=x| < (1+<Z W) (1—LZ Nncxi> ) (Zj!xéxg))
i=0 j

k=1
if n is even. (3.9)

Therefore from equations (3.8) and (3.9), if Z]Tl;()l % X} —ia‘ < 5(€), then ||x —X|| < ¢,

which completes the proof. O
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4. Numerical Method and Results
Example 4.1. Consider the following nonlinear FDDE,

dx(t) 1 1 1/ 31 4
= - (1—t)+=x(t—03)+— (DY3x (t—0. — (DY (t—04
g 2( t)—|—5x(t 03)+15< x(t 005)) +20< x(t—0 )) , t(zi);

x(t) =0.1, t<O0.

Using equations (2.4)-(2.6), we get
yt) = (0.52 2) + 5 Iy (t—03)+ 2 [1 y (t 0.05)} + 5 [1 y (t 0.4)} . (42)

Applying ADM to equation (4.2), we have

wie) = (052-3), @3)
(1) = l[I t—0.3)] lA t 1B t i>1 4.4
yilt) = 5 Yi1 (t— )+E i—l(H‘% io1(t), i>1L (4.4)

Where A; and B; are Adomian polynomials of the nonlinear terms [1*/3y (t — 0.05)]3

and [13/ 4y (t—0.4)]4 respectively. From equations (4.3)and (4.4), the solution of the
problem (4.2) is,

y(t) =) yilb). (4.5)

Finally

x(t) = 0.14+TI[y(t)]
= 0.1+ 0.52t —0.18697t> — 0.00732539t> — 0.00130407*
—0.00206309t° + 0.00117699t° — 0.000528417t” + - - - .

The maximum absolute truncated error at different values of m (when t = 1,N = 10)
are given in Table 1. Figure 1 shows ADM solution (when m = 5).

Table 1: Max. Absolute Error
m Max. error

5 | 3.07849x10°8
10 | 9.93029x10—
15 | 3.20321x10~
20 | 1.03326x10~%*

Example 4.2. Consider the following nonlinear FDDE,

2t /2t 2 e4t? 1 2 1 4
2 [z G & oY Vo NP 3/2 (4
D2x (t) =2 ﬂ<3 0.1) 5n2+8(D x (t 0.1)) + 55 (D X (t 0.2)) L t>0,
(4.6)
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X

0.2 0.4 0.6 0.8 1

Figure 1: ADM solution.

x(0) = 0,X(0)=0,
x(t) = 0, t<0,

The exact solution of this problem is t2.

By using equations (2.4)-(2.6), we get

[13/2y (t—o.1)]2+21—0 [Il/zy t—02)]", @z

2t (2t . 2_64t2+1
502 8

Where x'(0) = 0.
Applying ADM to equation (4.7), we have

2t (2t > e4t?
UO(t) = 2-— ; <3 — 0.1> - W’ (48)
1 1 .
yi(t) = ghi-1 (t) + 50811 (t), i>1L (4.9)

Where A; and B; are Adomian polynomials of the nonlinear terms [13/ 2y (t— 0.1)] 2 and
[Il/ 2y (t— 0.2)]4. From equations (4.8) and (4.9), the solution of the problem (4.7) is,

y(t) =) yilb). (4.10)

Finally
x(t) =12 y(t)l.

The absolute error of ADM series solution (when q = 2) are shown in Table 2 and the
maximum absolute truncated error (using Theorem 3) at different values of q (when
t = 1,N = 25) are given in Table 3. Figure 2 shows ADM and exact solutions (when

q=2).
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5. Conclusion

HKnow

— == XBxact

Figure 2: ADM and exact solutions.

Table 2: Absolute Error

t [XExact —XAaDM]|
0.1 9.75482x10~7
02| 3.49447x10°°
0.3 6.8164x10°
0.4 0.0000487299
0.5 0.0000934568
0.6 0.0000266693
0.7 0.000740444
0.8 0.00287597
0.9 0.0077946

1 0.0174979

Table 3: Max. Absolute Error

q Max. error
2 ] 0.02614538

5 | 0.00574685
10 | 0.000460068
15 | 0.0000368312
20 | 2.94855x10°

In this paper, an interesting method (ADM) has been used to solve a nonlinear multi-
term fractional delay differential equation. This method has given an analytical solution.
Moreover, when we have compared the ADM solution with the exact solution, we have
seen that it gives a good approximate solution and it is enclosed with the results ob-
tained from using Theorem 3 (see Tables 1,3).
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