o .L.l s Journal of Fractional Calculus and Nonlinear Systems ] Frac Calc & Nonlinear Sys
~—] jfcns.sabapub.com (2021)2(2) : 13-30
b ISSN : 2709-9547 doi:10.48185/jfcns.v2i2.342

SABA Publishing

Analytical Solutions of Fuzzy Linear Differential Equations in
the Conformable Setting
AWAIS YOUNUS ¢, MUHAMMAD ASIF ¢, USAMA ATTA ¢, TEHMINA BASHIR ¢, THABET
ABDELJAWADY*

@ Centre for Advanced Studies in Pure and Applied Mathematics, Bahauddin Zakaryia
University, Multan, Pakistan

® Department of Mathematics and General Sciences, Prince Sultan University, 11586
Riyadh,Saudi Arabia

e Received: 30 August 2021 e Accepted: 12 December 2021 e Published Online: 30 December 2021

Abstract

In this paper, we provide the generalization of two predefined concepts under the name fuzzy con-
formable differential equations. We solve the fuzzy conformable ordinary differential equations under the
strongly generalized conformable derivative. For the order ¥, we use two methods. The first technique is
to resolve a fuzzy conformable differential equation into two systems of differential equations according to
the two types of derivatives. The second method solves fuzzy conformable differential equations of order
Y by a variation of the constant formula. Moreover, we generalize our results to solve fuzzy conformable
ordinary differential equations of a higher order. Further, we provide some examples in each section for
the sake of demonstration of our results.
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1. Introduction

Any or most of the data may sometimes be ambiguous when modeling real-world
phenomena. The initial state may not be known, for instance, or knowledge about
different parameters needed as part of the model may be uncertain. A natural way of
modeling is fuzzy differential equations in this case.

The term "fuzzy differential equation" was coined in 1987 by Kandel and Byatt [1]. To
study the solution of fuzzy initial and boundary value problems, we need the concept of
derivative of fuzzy-valued functions [2]. The first attempt, in this case, was H-derivative,
which had its starting point in the Hukuhara derivative of multi-valued functions and
then extended for fuzzy-valued functions [3]. Using Hukuhara derivative, [4] and [5]
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started to develop the theory of fuzzy differential equations. But this technique had
the disadvantage that it does not exist for all fuzzy-valued functions. Therefore, Bede
[6] introduced a generalization of H-derivative based on the lateral type of derivatives
called strongly generalized differentiability. This concept allows us to cope with the
above-mentioned shortcomings. So we use this differentiability concept in the present
paper.

Modeling with fuzzy differential equations can help us to understand our problem
in a better way. Several authors have solved real-life problems with fuzzy differential
equations. See for example, ([7], [8], [9], [10]). There are almost 25 definitions of the frac-
tional derivative. The most famous of them are Caputo and R-L derivatives. Both these
definitions include integral in their definitions. These definitions inherit only linearity
property from the usual derivative [11]. Therefore, the solution of differential equations
is difficult to obtain using these definitions, see for example [12]. To overcome these
disadvantages, Khalil [13] introduced a new definition of fractional derivative called
conformable derivative. This new definition differs from other fractional derivatives
and is similar to the classical one. Fractional derivatives have no geometrical interpre-
tation because of their non-local behavior but conformable derivative inherits the local
behavior of the usual derivative and possesses the geometrical interpretation [14].

Conformal differential equations can best describe certain real-world phenomena
([15], [16], [17], [18]). This is understandable because structures are typically not flawless
and can be broken (such as friction, coercion, external forces, etc. and integer-order
derivatives may not be appropriate to understand the state variables’ trajectories because
of this. We have infinite choices of derivative orders to consider by considering fractional
derivatives, and with this, we can determine what the fractional differential equation is
that we can use to model our phenomenon. For more research works and details on
relevant concept, see for example ([19], [20], [21], [22], [23]).

Fuzzy conformable derivative of order ¥ was introduced by ([24], [25]) and used
in [26] to solve fuzzy conformable differential equations. But they solved fuzzy differ-
ential equations with numerical techniques. In this paper, we have used the strongly
generalized conformable derivative to solve fuzzy conformable differential equations.
Moreover, we obtain solutions of higher-order fuzzy fractional differential equations of
conformable type.

We arrange the rest of this article in the following form: Section 2 includes the basic
concepts needed for the rest of the manuscript. In sections 3 to 5, we have solved the
fuzzy conformable differential equations with different orders. In the end, we conclude
the article with brief comments.

2. Basic Concepts

In this section, we will present the basic concepts which we will use in the major
part of the article. A fuzzy set is a map 1 : R — [0,1] which generalizes classical
sets from {0,1} to [0,1]. A fuzzy number 1 is a fuzzy set that satisfies some additional
properties of convexity, normality, upper-semicontinuity, and compact support. We use
R to denote the space of all real fuzzy numbers [27]. For 0 <y < 1, y-cuts for a fuzzy
number 1 is defined as (1, v) ={v € R:n(v) > v}. In y-cuts form, the fuzzy number 1 is
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represented in the form (1,v) = [(n.,v), (n*,v)]. A triangular fuzzy number 1, denoted
by an ordered triple (a,b,c), with the condition a < b < c¢. The y-cuts associated
with triangular fuzzy number n are [a+ (b —a)y,c — (c —b)yl. The Hausdorff metric
Dy :Ro xRep — IRar on the space of fuzzy numbers is defined as

Dy (m,v) = sup max{|(n.,v)— (v, V), IM*v)— (V).
0<vy<1

If n,v € Ro, then addition on the space of fuzzy numbers by y-cuts is defined as
M+v,v) = [Me,v)+ Ve, v), (%, v) + (V*,v)]. The H-difference for two fuzzy num-
bers 1 and v denoted by n © v and defined as a fuzzy number w such that w =
n+v. In y-cuts form, H-difference for two fuzzy numbers 1 and v has the form
Mmov,y) =IMn.y)— (.,y),m*v)— (v*,v)]. A fuzzy-valued function @ is a function
from arbitrary interval to R¢. In y-cuts form, @ is represented in the form @ (v,y) =
(@ (v,v), ©*(v,¥)].

Now, we present the definition of the derivative, which we have to use in our paper
to solve the fuzzy conformable differential equation [24].

A fuzzy-valued function @ is called strongly generalized conformable differentiable
of order ¥ at a point v € [0, c0) if

1. (V) 8 > 0, H-difference ®(v+6v!~¥) © @(v) and @ (v) © @ (v—OvI~Y) exist and we
have

1-v _aylew
hmd)(v—i—ev ) O D(v) m<D(v)®<D(v ov )

0—0 0 - é1—>0 0

2. (V) 8 > 0, H-differences ®(v) © ® (v+6v!~Y) and ® (v—6vI~*) © @ (v) exist and
we have

We say that a fuzzy-valued function ® is differentiable of type

1. (W-1), if @ is differentiable in the first case.
2. (Y-2), if @ is differentiable in the second case.

A fuzzy-valued function @ is continuous if (V) 6 > 0, there exists v > 0 such that
|D(v) — D (vg)| < ® whenever |v—vy| < v.
Mathematically, we express it as

Iim @ (v) = @ (vg).
v—Vo
For a fuzzy-valued function @, the fuzzy conformable integral of order ¥ is defined

as
Y

Yo (v) = L © () 1y,

where integration is in fuzzy Riemann sense.
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For a fuzzy-valued function ® with the y-cuts form

O (v,y) =[Ds (v,y), D" (v,v)].

If @, (v), and ®* (v) are conformable Riemann integrable, then ® itself is fuzzy con-
formable Riemann integrable such that its integral is a fuzzy number and its integral is
the integral of @, and ®* expressed in the form

r ® (v)v¥ldv = U: @, (v)v¥ldvy, Jv

O* (v) v‘y_ldv] .
0 0

Theorem 2.1. (First Fundamental Theorem) For a fuzzy conformable integrable fuzzy-valued
function ©, we have

1. If @ is differentiable of the type (¥-1), then

Jv oYY ldv =@ (v).
0

2. If ©@ is differentiable of the type (V¥-2), then

Jv oY ldvo @ (v) =0.
0

Proof. We provide proof for the first case. The second case can be proved in a similar
pattern.

The relationship between the strongly generalized conformable derivative and con-
formable derivative allows us to have the following

A% A%
J O (y)ut dp = vl“’J @' (,y)u Tdp.
0 0

Using the relationship between ® and @, ®*, we have

Jo @Y (y)u¥"tdy =v-¥ [fg (@) (wy)w¥ Ty, [y (@) (u,v)u“"ldu] :

Since derivative and integration are the inverse processes of each other, so cancel each
other.

,
J oY (1, y )t ldp = v o, (v, y) VWY IO (v, ).
0

So we have our required result in the form

Vv
JO Y ()t ldu =0 (v,v).

O

Theorem 2.2. (Second Fundamental Theorem) For a fuzzy conformable integrable fuzzy-valued
function ©, we have
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1. If @ is differentiable of the type (¥-1), then

v
ot tan = 0w o 0w
a

2. If @ is differentiable of the type (V¥-2), then

®(v) = B(a) O J@W(u) W ldy,

Proof. For proof, see [24].
Now we generalize the second fundamental theorem as follows: O

Theorem 2.3. For a continuous fuzzy-valued function ®PY, we have

1. Consider d)p‘y,p =1,2,---,k are strongly generalized conformable differentiable of
the type (¥-1), and the type of derivative same, then we have

b
(p—1V¥ _ Hp-Dw v w1
Dy (D) =@,y (a) + L Q&,_l) (v)v: dv.

2. IfoPY,p=1,2,--- ,kare strongly generalized conformable differentiable of the type
(Y-2), and the type of derivative same, then we have

b

)Y 1w _

(D((\E_z)) (b) = (D((\f,_z)) (a) +J q)g;{_lz) (v)v¥lav.
a

Proof. We prove the case (2) here. Case (1) can be proved similarly.

Since a continuous fuzzy-valued function is fuzzy conformable integrable, so we
have
pY

b
J d)&‘,{fz) (v)v¥ldv =
a

b b
J (0*)PY (V)v‘y_ldv,J (D.)

a

(v)vw_ldv] .
Using Theorem 2.2, we have
[0 @R )V lav = (@)Y (b) — (@) P (a),
(@)Y (0) = (@)Y (0)].
We can write as

JL Oy W) v tay = [(@1) Y (b), (@)
(@) (a), (@)™ ()]

(p—1)V¥

(v)] o

Thus we have

b
(p—1V¥ _ oY v w1
(D(w-z) (b) = (D(W-z) (a) + L (D&,_Z) (v)v " dv.
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Theorem 2.4. Let ® be a continuous fuzzy-valued function. Define a fuzzy-valued function

v (v) in the form

v(v)=no L — (@ (W) ¥ tdy),

then v (v) is differentiable of type (Y-2) and its strongly generalized conformable generalized
derivative is

3. Fuzzy Conformable ODEs of Order ¥

Now, we present the solution of fuzzy conformable solutions using the strongly
generalized conformable derivative. We divide this section into two parts. In the first
part, we show that the solution of the fuzzy conformable differential equation of order
¥ and the associated systems of differential equations are equivalent. In the second part,
we solve the fuzzy conformable differential equation of order ¥ with the variation of the
constant formula.

Consider the fuzzy conformable initial value problem of order ¥ in the form

F¥W) =0 (v, F(v),

F(0)=n, (3.1)

where @ is a continuous fuzzy-valued function and n is a fuzzy number.
Solution of the equation (3.1) can be determined in two possible ways:
Case 1: If / (v) is differentiable of type (¥-1), then we have

FY vy = [P0 ), (0" 7).

So the equation (3.1) can be translated into the following system of conformable differ-
ential equations:

Y vy) = 0.(v,7),
) (v,y) = 0% (v, v),
)(0,v) = (N, v),

) (0,v) = (n*,v).

Case 2: If / (v) is differentiable of type (¥-2), then

(3.2)

Frvy) = ()Y ), (F)Y (v y).

So equation (3.1) can be translated into the following system of conformable differential
equations:

(F*)“‘”y(v,v) =0*(v,v),

(F*) (V/’Y) - (I)*(V,'Y),

(F)0,v) = M« v), (3:3)
(F*)(0,v) =M0"v)

If the solution obtained from the case (1) and case (2) is a valid fuzzy number, then we
obtain the solution of the equation (3.1) in the form F (v,vy) = [F .« (v,v), F* (v,v)].
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Definition 3.1. Consider a fuzzy-valued function F such that both types of derivative
exist for F, then

1. If F and its strongly generalized conformable derivative of type (¥-1) satisfy equa-
tion (3.1), then F is called the solution of type (¥-1).

2. If F and its strongly generalized conformable derivative of type (V¥-2) satisfy equa-
tion (3.1), then f is called the solution of type (¥-2).

Example 3.2. Consider a fuzzy conformable initial value problem of order ¥

QY (v)=—Dd (V) +1+v,
®(0,vy)=[M0+v,3—v].

Case 1: If @ is differential of type (¥-1), then the equation (3.4) can be written in the
following system of conformable differential equations of order ¥

(3.4)

(@)% (v,y) = =@ (v,y) +1+v,
(@)Y (v,y) = =D, (v, ¥) + 1+ .

Solving the above system of the conformable differential equations, we obtain the solu-
tion in the form
W W W W W
LV v v Y Y
@, (v,y) = —sinh v (3—7v) —cosh v (14+v)+  Tisinig— sinh v
' W W W W
“(vy) = cosh L (3—y) —sinh "o Y itV sinn
@~ (v,y) = cosh v (3 —7vy) —sinh o (1+v)+ g +isinig + sinh v

Case 2: If @ is differential of type (V¥-2), then the equation (3.4) can be written in the
following system of conformable differential equations of order ¥

(@)% (v,y) = =0 (v,y) +1+v,
(@)Y (v, 7) = =Dy (v,7) + 1 4.

Solving the above system of the conformable differential equations, we obtain the solu-
tion in the form

v \)‘y
O, (vy)=(1+v)e ¥ + v

v VW
Q" (v,y) =B-vle" ¥ + .

Lemma 3.3. ([24]) The fuzzy conformable differential equation (3.1) is equivalent to one of the
following fuzzy conformable integral equations according to the type of (W-1) or (V-2) differen-
tiability.

LFE=n+[, ((\]}) q¥ldq.

2. F (v)=no(-1) [y ®(q)q¥ 'dqg.

Theorem 3.4. ([24]) Consider fuzzy conformable differentiable equation (3.1) with y-cuts in the
form

q) (V/Y) = [(D* (VIY) ’ (D* (VIY)] ’
if ©.and O are equi-continuous and satisfy the Lipschitz condition, then the solution of equation
(3.1) and both associated systems of conformable differential equations are equivalent.
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3.1. Variation of Constant Formula

Now, we use the variation of the constant formula to solve the fuzzy conformable
differential equations. For this, we take the fuzzy conformable initial value problem of

order ¥ in the form
P¥ (V) =a(v) oD (V) +B(v),

®(0) = v, (3.5)

where o € R, v is a fuzzy number and $ is a continuous fuzzy-valued function.

Definition 3.5. Consider a fuzzy-valued function @, such that both types of derivatives
exist for @, then

1. If @ and its derivative of type (¥-1) satisfy the equation (3.5), then @ is called the
solution of type (¥-1).

2. If ® and its derivative of type (V-2) satisfy the equation (3.5), then ® is called the
solution of type (V-2).

Now to solve the equation (3.5), we have three possibilities. We solve our problem
with « >0, x < 0, and o« = 0.

Case 1: For o < 0, we have two cases.

(i) When © is differentiable of type (¥-1), then the equation (3.5) can be converted
into the following system of conformable differential equations

(@)Y (v) = a(v) - @* (v) + B (v),
(@)Y (v) = & (v) - @ (v) + B* (v),
(D* (VO) :V*/
@~ (vo) = v*

We can write the above system of conformable ordinary differential equations in the

form
(©,)% (v) :[ 0 oc(v)} [cb* (v>] +[B*(V)]
afv) 0 o))" (B )]

So the above system obtains the form

¥ (v) =C(v)® (v) + D (v),

where @ (v) = ([g: Etﬂ) ,C(v) = [06(()\;) “(()V)] and D (v) = [E: Ezﬂ )

Using the variation of constant formula for conformable ordinary differential equa-
tions, we obtain the expression in the form

VvV VvV
J Clpp¥du J C(wu¥ap w1
D (v) =elo v+e JO D(r)r* 'dr
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Conformable Maclaurin’s of sinh v and cosh v helps us to obtain the form

< o, (v) > _ cosh <J0 o (W) u‘y_ldp> sinh (L o () u‘y_ldu> ) [(D*] )

sinh (Jvoc (W) u¥~tdu) cosh (Jvoc (u) u\y_ldp>
0 0

T T
cosh ( o (p) p¥tdp —sinh o () u¥dp
0 0 [B* (T)] Y14,
T B*

Jo r
—sinh (J o () p.w_ldu> cosh (J o () p.w_ldu>

0 0
Thus for o« < 0, we obtain the solution of equation (3.5) in the form

® (v) = cosh <Jv o (W) u‘y_ldu)

0

(v - JV |:B (r) cosh <Jr x (H) H\y_ldu> OB () Slnh(JT o (u) p"y_ld}l):| r\y_1dr)

0 0 0

+ sinh <J; o () uW1du>

<v + JV [ﬁ (1) cosh (JT o () Hw_ldu> O B (r)sinh (Jr o (1) HW_ldu)] rw_ldr) ,

0 0 0
with the condition that H-difference

B (r) cosh <JT o () p‘yldu> © B (r)sinh <J

0 0

T

o (p) ¥t du) rldr

must exist. Then this solution is differentiable of type (W-1).
(ii) If @ is differentiable of type (¥-2), then the solution of type (¥-2) has the form

@ (v) = elo x(wn¥dp (v OJ (—B (1) -e” Jo oc(u)u“’ldur‘i’ldr> , (3.6)
0

with the condition that H-difference must exist.
Proof. Since (v + 0B (W e Jo olr)rtldr p.wfldu> is differentiable of type (WY-1) being
a constant function, therefore using Theorem 2.4, its derivative is

v
(l) + Jv B (u) e fg a(r)rWIdrulyldu) _ B (V) e f(\]' oc(r)rwfldr.
0

If H-difference (U O Jy (=B (W) -e” [g a(r)r¥ar u‘y_ldp> exists, then it is differentiable
of type (¥-2) and by Theorem 2.4, its derivative is

v ‘y W
<v @J (—B (W) eI "‘(”T\“‘”u‘*’—ld@ _ B (v). e Jbalrrtlar,
0

Now, put @ (v) = elo (w1 and 4y (v) = v + Jo B (W) e—Jo «(r¥7lar Gince o (v) >
0, we get @ (v) - @Y (v) > 0, so we have

OV (V) =a(v) - ®(V)+B (V).

This proves our result. O
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Case 2: Now we take « > 0. Similar to case (1), we have two cases according to the
two types of differentiability.

(i) If @ is differentiable of type (¥-1), then the equation (3.5) can be changed into the
following system of conformable differential equations

(@)Y (V) = a(v) - D (v) + B (v),
(@)Y (v) = a(v) - @* (v) + B* (v),
(D* (\)0) :v*/
O (vo) =v*

Solving the above system of conformable differential equations, we obtain the solution
of type (¥-1) in the form

v T

J a(pw)p¥ldu v —J oo(p)pu¥"ldp

® (v) =elo v —|—J B(r)-e Jo ™ ldr |, (3.7)
0

(ii) If @ is differentiable of type (¥-2), then we have the system of conformable
differential equations in the form

(@)% (v) = a(v) - D* (v) + B* (v),
D, (V) + By (V),

Solving the above system, we obtain the solution in the form

@ (v) = cosh <Jv o () Wldu)

<v S Jv {B (1) cosh (J Thi 1du> B (r) sinh <Jr o () plylduﬂ rWldr>
0 0 0
—sinh (Jv o (1) pt— 1du>
0
(v OJ [[3 (r) cosh <J Thim 1du> B (r) sinh (J o (p) p‘yldpﬂ r‘yldr) ,
0 0 0

with the condition that H-difference

VO JV [[3 (1) cosh (J’r o () uWIdu> —B(r) sinh(J

0 0 0

T

x () u‘“du)] gy

must exist. Then this solution is differentiable of type (¥-2).
Case 3: If we put & = 0, then the equation (3.5) becomes

Y (V) =B (v),
@ (0) =v.
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The solution of type (W-1) obtained has the form
v
O((v)=v —|—J B(r)r¥tdr.
0
If H-difference exists, then the solution of type (¥-2) is of the form
A%
Ov)=v @J (—p (1) r¥1ar.
0

Remark 3.6. Note that solution of type (W-1) always exists but the solution of type (¥-2)
does not. It exists only when H-difference also exists.

Example 3.7. Consider fuzzy conformable initial value problem of order ¥
oY (v) =D (v),
®(0) =n,

where 1 is a fuzzy number with y-cuts MY = [1+v,3 —v].
We obtain the solution of type (¥-1) in the form

V‘y

Ov)=e¥ On,

and the solution of type (¥-2) is

D (v) = [cosh <‘$j> C) <— sinh <\$>>} oOn= e*%/ on.

Example 3.8. Consider fuzzy conformable initial value problem of order ¥

¥ (v) = (1)o@ (v)+n, (3.8)
@ (0) =(5,7,9).

Comparing the equation (3.8) with equation (3.5), we obtain « (v) = —1, § (v) =n.
Using equation (3.6), we have © (v) in the form

— (9 Y LYy g
Ov)=e v v '|(5790 (—) ev v )yt lar ) |
0

Taking ¥ = } in the above expression, we obtain the solution of type (¥-2) in the form

O (v) = e 4V [(5, 7,9)© ((—n) %e‘hﬁ— ;)] .
4. Fuzzy Conformable ODEs of Order 2¥

The general form of fuzzy conformable initial value problem of order 2V is

v (v) = (V,U (v),v¥ (V)) ,

v (0) =ny,vY (0) =ma. (4.1)
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Theorem 4.1. For a continuous fuzzy-valued function ©, a fuzzy-valued function v is a solution
of the equation (4.1) iff there exist continuous fuzzy-valued functions v and v¥, which satisfy
the following equation

1.
v v W
v (V) = J <J @ (r,v(r), 0¥ (1)) rw_ld") rlar +nz% +11,
0 \Jo
if v and LY are differentiable of type (¥-1).
2. W v v
v(v)=mol(-1) (ﬂzL) o (1) J <J () (T,U(T),UW (1)) rw_ldr> r¥lar,
0 \Jo
if v and LY are differentiable of type (¥-2).
3.
V‘P v v
v(v) =0(-1) <n2w —I—J (J ) (T,v(r),vw (r)) rw_ldr> r\y_ldr> +11,
0 \Jo
if v is differentiable of type (¥-1),and v¥ is differentiable of type (Y-2).
4.

W v
v(v)—m”@(—l)J (

v
v J ) (T,v(r),vw (r)) rw_ldr) ™ ldr 41,
0

0
if v is differentiable of type (¥-2) and v? is differentiable of type (W-1).

Proof. We provide the proof of case (1) only. Other cases can be proved similarly.
Since a continuous fuzzy-valued function is integrable, so fuzzy conformable integral
of ® must exist. Now integrating both sides of the equation (4.1), we have

v

v (v) = J @ (r,v (r),v? (T)) ' lar+u¥ (0).
0

Using the initial condition v¥ (0) =1y, we have,

v (v) = JV @ (r,v(r) oY (1)) ™ ldr 4+ 1.
0

Taking integration again, we obtain

-

Using the initial condition v (0) =11, we obtain our required result in the form

-

Jv @ (r,v(r) uY (r))rw_ldr) +n2> ™ 1ar +v(0).
0

W

Y
J @ (r,v (1), 0¥ (1) r‘yldr> rwfldr—knz% +1M1.
0
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Now we present the solution of fuzzy conformable initial value problem of order 2¥
given by
O (V) + a0 @Y WM +BO@ (V) =n(v),

 (0) =v, @Y (0) = w, (4.2)

where o, 3 > 0,v, w € Rg, and n (v) is a continuos fuzzy-valued function.

Theorem 4.2. Let @ (v) is a solution of the type (Y-p), we translate the equation (4.2) into a
system of conformable differential equations of order 2¥ which is called a system of type (W-p)
for equation (4.2).

System (¥-1)

(@)%Y (v,y) + o (
(@)%Y (v, y) + o - (

System (Y-2)

System (¥-3)

System (V-4)

0]
)

Theorem 4.3. If a fuzzy-valued function @ (v) = [@, (v), ©* (v)] has valid y-cuts and @, (v), ®* (v)
solve the associated systems, then @ (v) is a solution of type (W-p), where p € {1,4}.
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Example 4.4. Consider fuzzy conformable initial value problem of order 2V

% (v) =n,
®0)=v,0Y(0) =w,

where Initial conditions 1, v, and w are fuzzy numbers with y-cuts
Mmy)=0+v,3—v],(v,y)=4+v,6—v], (w,v) =[-3+2y,1-2y].
We have four possibilities relative to the four types of differentiability.

1. Associated to the system (¥-1), we have the solution

2V W

D, (v,v) = (1+v)\;7\1,+(—3+2v)%+(4+v),
2W v
O (v,y) = (3-¥) oy +(1-2v) 5 +(6—7).

2. Associated to the system (V¥-2), we have the solution

VZ‘P v‘i’

Q" (v,v) = (1+7) Syt (4+7v) vt (=3+2y),
VZ‘P v‘lf

O, (v,y)=0B~-7v) ﬁ+(6—v) ¢+(1—2v)-

3. Associated to the system (V¥-3), we have the solution

2V W

O* (v,y) = (1+7) 3 + (1-2y) 5 +(6-7),
V2 Y
0. (v,v) =B =) 5y +(=3+2y) 3y + (4 +v).

4. Associated to the system (¥-4), we have the solution

2V W

O* (v, ) = (1+7) o +(=3+2Y) - + (4+7),
2 W
. (v,y) = (B-¥) oy +(1-2v) 5 +(6-7).

5. Fuzzy Conformable ODEs of Order P¥

Fuzzy conformable initial value problem of order p¥ corresponding to the fuzzy
conformable differential equation of order p¥

FPY (v) = @ (T,v (1), v (1) VY (1), w1V (T))

is defined as

FPY(v) =@ (t,v (1), vY (1) v (1), ,vP Y (1)),
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Theorem 5.1. Fuzzy conformable initial value problem equation (5.1) has a unique solution
if for a continuous fuzzy-valued function @ : [0,00) x Rp x Ry % --- = Re, (3) positive
constants o fori=1,2,--- ,p such that

DH (q) (Trvllv2/"' ,\)p)),(D (T/FllFZ/" ' /F‘p)) < ZO(T.DH (vi/Fi)/
where vy and [ i are fuzzy numbers.

Theorem 5.2. For a continuous fuzzy-valued function @ : [0,00) x Rp x Rp X -+ = Re, a
fuzzy-valued function F is a solution of equation (5.1) iff following equation is satisfied

)Z‘F

&0 + o Bl(T;To)W T Ba(Tt—To

F(t) = Bp 2 )
+-- :_ ?(PT—U (pfl)lljk’! (T_ TO)(p : (52)
—i—ocpJ J J O (t,v(t), VW (t), - ,vP DY (1)) c(¥=Drlgr, ... dr,
ToJdTod To
1if F ™Y () is differentiable of type (V-1),
where oy = ey . .
O (=1) if F** (n) is differentiable of type (V-2).

Proof. Since @ is fuzzy conformable continuous, so fuzzy conformable integral of ®
must exist. The solution of the fuzzy conformable differential equation of order p¥

FPIY ) =0 (tv (), v (1), v (1), - v (1),

has the solution of the form

Br(t—10)*"

2W!

Bp—2) (T— T9) P2

(p—2)¥!

FW(T):OQ-FOCZ +ot Xp2) +

T T
oc(pl)J J O (r,v(r),v¥(r), - V¥ (1) dr, L, drrP 1),

To To
Now integrating both sides of the above expression, we obtain our required result. [

Example 5.3. Consider fuzzy conformable initial value problem

¥ (V) = (v),
 (0) =v, ¥ (0) = w, 53)
where Initial conditions v, and w are fuzzy numbers with y-cuts have the form

vy =k—11—v],(wy)=2-7].

Now, integrating on both sides of the equation (5.3), we have

W ARV
CD(v,v)z[v—l,l—v]+ocz[y,2—v]-v\y+oc1J J @ (q) ¢*¥"Vdqdq.
0 Jo

Now, we have four possibilities relative to the four types of differentiability.
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1. If @ (v) and @Y (v) both are differentiable of type (¥-1), then using Theorem 5.2,
we have

W VoV
vy =k—1,1-vl+,2-v] % +J J @ (q) ¢*?¥~Ydqdq.
0 Jo

Now, solving the above equation, we have the solution in the form

v 2W v VZ‘P

Oy = [y=D+y G+ =1 1=+ 2=y G+ (1= o |-

2. If ® (v) and @Y (v) both are differentiable of type (¥-2), then using Theorem 5.2,
we have

W AaY
Ovy)=v—L1—-vlo(-1)ly,2—v]- % —l—JO L @ (q) > ~Vdqdq.

Now, solving the above equation, we have the solution in the form

W W2¥ W W2
OWv,y)=|y-1D+(2-v) W"‘(Y_l)'W/(l—Y)‘FY'W‘F(l—Y)'W .

3. If @ (v) is differentiable of type (¥-1) and @Y (v) is differentiable of type (V-2),
then using Theorem 5.2, we have

W Ay
O W,y) = y=11-vo(Dh2-v- o0 [ 0@ Vg,

Now, solving the above equation, we have the solution in the form

W W2¥ W W2
vy =|v-D+2-v) 5 +0=v) 5 A=V+v 5+ -1 5|

4. If @ (v) is differentiable of type (¥-2) and ®% (v) is differentiable of type (¥-1),
then using Theorem 5.2, we have

Y vV v
Oy =-1,1—v+y,2—v] % o (—1)J J @ (q) ¢*¥Vdqdg.
0 JO

Now, solving the above equation, we have the solution in the form

W VZ‘P W VZ‘P

@ (v,y) = (vf1)+y-%+(1ﬂ/)-ﬁ,(lfv)+(2fv)-%val)-ﬁ :

6. Conclusion and summary

We have used a newly defined conformable strongly generalized type derivative to
solve fuzzy conformable ordinary differential equations of order ¥, 2¥ and then also
generalized our results to solve fuzzy conformable differential equations of order p¥.
Also, we have defined relevant results on fuzzy conformable calculus which are needed
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to solve fuzzy conformable ordinary differential equations. It seems to be the first ap-
proach to solve fuzzy conformable ordinary differential equations with an analytical
method. So we obtain the solution that has a decreasing length of support. Our future
goal is to define the fuzzy conformable partial derivative and then use it to solve the
fuzzy conformable partial differential equations.

Acknowledgment. The author T. Abdeljawad would like to thank Prince Sultan Uni-

versity for the moral support through the research group Nonlinear Analysis Methods
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