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Abstract

In this paper, we combine fuzzy calculus, and conformable calculus to introduce the fuzzy conformable
calculus. We define the fuzzy conformable derivative of order 2¥ and generalized it to derivatives of
order p¥. Several properties on difference, product, sum, and addition of two fuzzy-valued functions are
provided which are used in the solution of the fuzzy conformable differential equations. Also, examples in
each case are given to illustrate the utility of our results.
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1. Introduction

In the real world, the data sometimes cannot be collected precisely. For example,
the water level of a river cannot be measured in an exact manner because of fluctuation.
Similarly, the temperature in a room also cannot be measured precisely because of a
similar reason. Therefore, the fuzzy numbers are used to deal with non-precise quanti-
ties possessing vagueness. Thus a more appropriate way to describe the water level is
to take the water level " around 25 meters" as a fuzzy number.

The concept of the fuzzy sets was originally introduced by Zadeh as an extension
of the classical set [32]. The basic arithmetic structure of the fuzzy numbers was later
developed by Mizumoto and Tanaka [28], Dubois and Prade [18]. Fuzzy calculus is
a basic structure in fuzzy mathematics. The concept of the fuzzy derivative was first
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introduced by Chang, and Zadeh ([17], [19]). H-derivative [22] was the starting point of
the topic of the set differential equations, and later for the fuzzy differential equations.
But this technique has the disadvantage that it does not exist for all the fuzzy-valued
functions. Also, the solution obtained using H-derivative is not bounded.

Bede [12] introduced a generalization of H-derivative based on the lateral type of
derivatives called strongly generalized differentiability to remove this difficulty. Here
derivative exists, and the solution of the fuzzy differential equations may have a de-
creasing length of support, but the uniqueness is lost. However, this disadvantage can
be seen as an advantage since we can choose the singular points where the support of
the solution changes its monotonicity. So we can obtain reversible solutions, stable, and
almost periodic solutions, and asymptotic behavior of solutions of the fuzzy differential
equations [8, 9, 10, 14].

Fractional calculus is a generalization of ordinary calculus where derivatives and
integrals of arbitrary order are defined. By considering fractional derivatives, we have
infinite choices of derivative orders that we can consider, and with it, we can determine
what is the order that better describes the dynamics of the model. So we can model our
problem more effectively.

The history of fractional calculus is the same as the history of ordinary calculus.
In the answer to the renowned mathematician L" Hospital’s question, if fv—";, then what
does it mean if m = 1/2, different explanations of the fractional derivative are presented.
The most famous approaches to fractional derivatives are Caputo derivative, Letnikove,
and R-L derivative [5, 6]. Few properties of these fractional-order derivatives are similar
to the classical order derivatives. However, there are a few complications.

1. These definitions, however, are non-local, which makes them unsuitable for inves-
tigating properties related to local scaling or fractional differentiability.

2. Riemann Liouville’s derivative does not fulfill DY (1) = 0.

3. For Caputo’s derivative, we have to assume that the function is differentiable.
Otherwise, we cannot apply this definition.

In short, all fractional derivatives are deficient in some mathematical properties like
product rule, chain rule, and quotient rule. Therefore, the solution of differential equa-
tions is not easy to obtain using these definitions.

Recently, [23] introduced a new definition of fractional derivative called conformable
derivative. This new definition is different from other fractional derivatives and similar
to the classical definition of the derivative. It depends on the limit definition of the
derivative of a function. So this definition seems to be a natural extension of the ordinary
derivative. [2] defined left and right conformable derivative, conformable power series,
and conformable Laplace transform. This theory has attracted many researchers to work
within and so many new concepts are introduced in conformable fractional calculus. For
more research works, we refer the interested reader to ([1], [11], [15]) and the references
therein. Modeling real-life problems with conformable derivatives ([16], [27]). Other
fractional derivatives do not have geometrical interpretation but conformable derivative
has [24]. For relevant concepts on conformable calculus, see for example ([29], [30], [31]).

A combination of these theories would be a ground-breaking strategy and can model
better real-world phenomena. Recently, few attempts have been made in this area such
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as [7]. The authors introduced a fuzzy conformable derivative of order ¥. Now, we
have extended their work to the fuzzy conformable derivative of order 2¥, and also
provide a generalization to the fuzzy conformable derivative of order p¥. Also, we have
proved relevant results on the fuzzy conformable derivative of addition, subtraction,
multiplication, and H-difference of two the fuzzy-valued functions.

We organized this paper as follows: Section 2 includes the basic concepts on the
fuzzy and conformable differential calculus. In Section 3, we have investigated the fuzzy
conformable derivative of order ¥, Section 4 contains the fuzzy conformable derivative
of order 2¥ while in Section 5, we have provided the generalization of the fuzzy con-
formable derivative up to order p¥. In the end, a summary of our results is presented.

2. Basic Concepts

2.1. Fuzzy Calculus

Definition 2.1. A fuzzy set is a map 1 : R — [0, 1] which generalizes classical sets from
{0,1} to [0,1].

Definition 2.2. ([4]) A fuzzy number n is a fuzzy set that satisfies some additional
properties of convexity, normality, upper semi-continuity, and compact support.

We use R¢ to denote the space of all the real fuzzy numbers.
Definition 2.3. For 0 < y < 1, y-cuts for a fuzzy number 1 is defined as
MY ={veR:n() >y}

Example 2.4. A triangular fuzzy number 1, denoted by an ordered triple (a, b,c), with
the condition a < b < c. The y-cuts associated with the triangular fuzzy number n are

(n.), = a+(b—a)y,
n*), = c—(c—bly,
where M]Y = [(M«)y, M*)y].

Definition 2.5. ([20])The Hausdorff metric Dy : Rp x Rp — Ry on the space of the
fuzzy numbers is defined as

7

Dy (n,v) = sup max{|m.), — (W), |, [0, = 0w, [},

0<vy<1

MY = [y, M)y ] DY = [(vi)y, (7))

Proposition 2.6. Arithmetic operations on the space of the fuzzy numbers are generalized from
that of real intervals. If n,v € Re, with y-cuts MY = [(Mx)y, M*)y], LY = [(Li)y, (VF)y].
Then addition on space of the fuzzy numbers by y-cuts is defined as

0¥ = [, + (va),, )y + (%), ]

Scalar multiplication is defined as

_ [“'(ﬂ*)y,fx'(n*)y]ifocelR>O,
[OCQT]]Y B { [‘X' (n*)y/(x' (T]*)'y] , X € R < 0.

Subtraction on the space of fuzzy numbers is [(n) — (V)]Y = [(N«)y — (V* )y, M)y — (Vi)y].
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Definition 2.7. A fuzzy-valued function @ is a function from arbitrary interval to Rep. A
fuzzy-valued function in y-cuts form is represented by [® (v)]Y = [(D.), (V), (D*) (V)].

Definition 2.8. Hukuhara derivative of a fuzzy-valued function @ : (a,b) = Rg is a
fuzzy-valued function @' such that forall 8 > 0 (3) ®(vo+0) © D (vg), ®(vg) © D (vy—0)

. DO +0)od(vg) . Dvo) O D(vg—0)
lim = lim .
00 0 0—0 0

Definition 2.9. ([12]) A fuzzy-valued function @ is strongly generalized differentiable
at vy € (a,b) if (3) @ (vy) € Rg such that

1. (V) 6 > 0, there exist H-differences ®(vg+ 0) © @ (vy), @ (vy) © ®(vy — 0) such that

. O(v+0)od@(v) . D(vg) ©D(vg—0)
lim = lim .
0—0 0 0—0 0

2. (V) © > 0, there exist H-differences ®(vy) © ®(vg+0), ®(vg—0) © ®(vy) and we have

I Ovo) ©D(vo+6) ..  D(vg—0) O D(vp)
im = lim .

0—0 —0 0—0 —0

Definition 2.10. We say that @ is a strongly generalized differentiable of type (1) if @ is
a strongly generalized differentiable in the first case and a differentiable of type (2) if ®
is strongly generalized differentiable in the second case.

Definition 2.11. A fuzzy-valued function @ is strongly generalized differentiable of or-
der two if (3) a fuzzy number ®@” (v) such that

1. (V) 0 > 0, there exist H-differences @ (vo+0) © @ (v) and @ (v) © @' (v —0) s.that

O (w+0)ed(v) . D (v)od(vwoo)
lim = lim .
0—0 0 0—0 0

2. (V) 0 > 0, there exist H-differences @ (vo) © @' (vg+0) and @ (vo —0) © @ (vp) such
that
Q' (v) 0D (v +0) . D(vg—0) O D ()
= lim .
8—0 —0

I
elgb —0

1. If ® (vo) and @' (vy) both are differentiable of type (1) or type (2), then case (1) of the
above definition can be written in the form

. D (vg+20)+ D (vg) O20 (vg +0)
lim
00 02

2. If @ (vy) is differentiable of type (2) and @' (vg) is differentiable of type (1), then case
(2) of the above definition can be written in the form

. 20 (VQ+9)®(®(VQ))+®(V0+29)
lim .
80 —02
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Definition 2.12. A fuzzy-valued function @ is strongly generalized differentiable of or-
der p at vy € (a,b) if (3) ®P)(vg) € R such that

1. (V) 0 > 0, there exist H-differences ® P~ (vy+0) 0 @ P~V (vy), PV (yy) 0 dP—D(y 0
0) such that

0P Vw+0) 0P Vv 0P Dv) 0 @P V(voe)
lim = lim .
0—0 0 0—0 0

2. (V) © > 0, there exist H-differences ® P~V (vy) © ®@P~V(yy+0), dP-V(vy—0)0

@ PV (v)
0P Dy oo®PDyy+0) . P D(yy—0)0odP(y)
lim = lim .
0—0 —0 0—0 —0

2.2. Conformable Calculus

Definition 2.13. Conformable derivative of order ¥ of a non-negative real-valued func-
tion @ is defined as v
) Ovi—r) -
oY (v) = lim brév ") )

2.1
0—0 0 ! 1)

where ¥ € (0, 1]. If the conformable derivative of order ¥ exists, then we say that @ is
Y-differentiable.

Remark 2.14. Note that the conformable derivative becomes equal to the usual derivative
when ¥ =1.

Proposition 2.15. Relation between Y-differentiable function ® and a function @ differentiable
with classical derivative is
oY) =vIYo).

Theorem 2.16. Taylor’s series for an infinitely differentiable function © with respect to con-
formable derivative at a point W is defined as

iuv P (v —arory

V‘y Vly
Example 2.17. Maclaurin’s series (Taylor series evaluated at 0) for e v and e~ ¥ has the
form

WV o V(2€+1)\¥
eV = Zi
g|\y2€+1
£=0
v 0 V(2£+1)W
DY
e'q]zZJrl

o~
Il
S

Similar to the classical case, Maclaurin’s series for cosv is

<

\l]
v © 20V

ev te
5 = coshv = ;) AT 20!
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Also for sinv, we have

T — eV YUY

2 =W (204 1)!

3. Fuzzy Conformable Derivative of Order ¥

Definition 3.1. A fuzzy-valued function @ is called conformable H-differentiable of
order ¥ at a point v € (a,b) if

(V) 6 > 0, H-differences ®(v+6v!~¥) © ®(v), and @ (v) © @ (v—0v1~Y) exist, and
we have

0] (v + le_w) O Dd(v) Ov)od (v - 6\)1_‘*')

Sy 0 = jim, 0 31)
Note that equation (3.1) has the form
[w]-v
. (D(VJFGVDN—W)@(D(V) ' CD(v)®<D<v—9 )
lim = lim , (3.2)
00 0 00 0

this can also be written as
oY (v) =vIYI"¥o'(v),

where [-] is the ceiling function.

Definition 3.2. Let @ be a fuzzy-valued function having a strongly generalized con-
formable derivative of order p¥. Then the strongly generalized conformable derivative
of @ of order V¥ is defined as

Oy oI o oI-1v)  o¥I-ly)o oY1y —ev¥I-¥)

oY (v) = lim = lim

0—0 0 0—0 0
(3.3)

where ¥ € (p,p + 1], and [] is the ceiling function.

Lemma 3.3. For a fuzzy-valued function ®©, which is strongly generalized conformable differen-
tiable of order Y, the following expression holds with ¥ € (p,p + 1]

oY (v) =P YOP (v),

Proof.
@W (V) = hmeﬁo @[W]fl (v+9v[‘y%;‘1’),®[\ﬂf1 (v)’
i O Y11 (yulY 1) V11 .
~ oo B M)y rw1-w, (3.4)
= vp_\l”(Dp (V) )
O
Remark 3.4. For ¥ = 1, conformable H-derivative coincides with the first-order H-

derivative. However, the zero-order conformable H-derivative ®° (v) of a fuzzy-valued
function does not return the fuzzy-valued function @ (v), because

O'(W)=t- O (V) £D(V).

7
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Proposition 3.5. For a fuzzy-valued function ® with y-cuts [® (v)]Y = [(D4)y (v), (O*) (V)]
if (®.)y and (O*),, are conformable differentiable, then [® (v)]Y is also conformable H-differentiable
and we have
@Y ()] = [(@.)Y(v), (@) (v)],
Proof. By definition of H-conformable differentiability, we have

. O (v+oviTY)oo(v) Y
lim

0—0 0

[@¥ ()Y =

Using the definition of H-conformable differentiability, and parametric form of level
sets, we obtain

(D* 0 1-v —(D* ,@* 0 1-v — @* Y
¥ [ P @000 0 0y
0—0 0
This gives us our result in the form
(D* 0 1-v —(D* O* 0 1-v — O* Y
DY) = | lim (v+ovi—¥) (v)’ (v+ov—Y) (v)
6—0 0 0
Thus proved. O

Remark 3.6. But the converse of the above proposition is not true. i.e. The H-conformable
differentiability of @ does not guarantee the existence of conformable differentiability
of @, and ®*. For example, a fuzzy-valued function ®(v) = sin® (v) ® (-1,0,1) for
v € [0,71] with y-cuts [®(v)]Y = sint-[(1+7v),(3—v)]. Then, ®(v) is conformable H-

differentiable, but the level-sets are not conformable differentiable for [%, Tc] .

Remark 3.7. A conformable H-differentiable function ® may not be differentiable with
the H-derivative.

For example, for ® (v) = yN120) (—1,0,1), we obtain 2 (v)] =1 (-1,0,1). Thus we
have :
(0)=lim®2 (v) =1 (-1,0,1).

v—0

Nj—=

O]

So @ (v) is conformable H-differentiable at 0, but its H-derivative does not exist.

Remark 3.8. Conformable H-derivative of a fuzzy-valued function has some disadvan-
tages such as

1. It does not gives a bounded solution.

2. For a fuzzy-valued function ®(v) = n ®P(v), where n is a fuzzy number and 1 is
a real-valued conformable differentiable function, conformable H-derivative does
not exist when ¥ (v) < 0. So we use strongly generalized conformable differen-
tiability which is a generalization of conformable H-differentiability.

Definition 3.9. ([7]) A fuzzy-valued function @ is called strongly generalized V- differ-
entiable at a point v € (a, b) if
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1. (V) 6 > 0, H-differences ®(v+0vI"¥)o ®(v) and @ (v) © ® (v — le_w) exist, and
we have
Ov+ov V) oor) O od(v-ovY)
m .
=0 0

2. (V) 8 > 0, H-differences ®(v)© @ (v+6vI~Y), and ® (v—06vI~%) © @ (v) exist,
and we have

. O(v)od (v + Bvlf‘y) ) (v — lef‘y) oD (v)
lim = lim .
8—0 —0 0—0 —0

If a strongly generalized W-derivative of a fuzzy-valued function @ exists, then
we say that @ is strongly generalized Y-differentiable on (a,b).

Definition 3.10. We say that @ is strongly generalized differentiable of type (W-1) if @ is
differentiable in the first case, and @ is strongly generalized differentiable of type (¥-2)
if @ is differentiable in the second case.

Example 3.11. Define a fuzzy-valued function ® as
OV) =nodv),

where 1 is a fuzzy number, and { : (0,00) — R is W-differentiable real-valued func-
tion. If ¥ (v) > 0, then @ is differentiable of type (W-1), and if ¥ (v) < 0, then @ is
differentiable of type (V¥-2).

Theorem 3.12. Let @ : (a,b) — Ro, then y-cuts representation of @ is [D(v)]Y = [(D)y (v), (O*)y (V)].
1. If @ is differentiable of type (¥-1), then @, and ®* are V-differentiable, and we get

(¥ (W)]Y = [(@.)y (v), (@*)y (V)]

2. If @ is differentiable of type (¥-2), then ®* and @, are V- differentiable, and we get

[@¥ (W)]Y = [(@*)y (v), (®.)y (V)]

Proof. We prove the case (1) only. Case (2) can be proved similarly.
Since @ is differentiable of type (¥-1), therefore we have

O v+ ) o oW = [D.v+oviTY) D, (v), D (v+ovITY) —D*(v)].  (3.5)
Similarly,
DV OOV—6vY) = [0,(v) - D, (v—0v'Y), O (V) -0 (v—0v' ). (3.6)

Now by dividing both sides by %, and taking limg_,o on both sides of equation (3.5),
and equation (3.6), we obtain our required result. O
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Theorem 3.13. Relation between Y-strongly generalized differentiable fuzzy-valued function
and strongly generalized differentiable fuzzy-valued function is

1. If @ is strongly generalized differentiable of type (¥-1), then we have

2. If @ is strongly generalized differentiable of type (¥-2), then we have
M () = v, (v).
Proof. Proof for case (2) is provided here. Case (1) can be easily proved similarly.

[@(‘P—Z)(V)]y _ [elin(r)\_ (q)*)v(\)) - (((D*e)y (\) + 9\)17‘11))/ elir{)l_ (q)*)y(\)) — (((1)8)y (\)—I— evl‘y))] |

Put 6vi—¥ = ), we have the above expression in the form

] . (D%)y (V) = ((D*)y (v+A)) .. (Dy)y (V) = ((Dy)y (V+A))
@ (¥-2) ] —- ( Y Y 1 Y Y _
[ v) G Y-l N A1
So we have
[(D v [1 Wllmx—m *)y(V)*(;(D*)y(V+7\))/hm}\_>0v]—\y((D*)V(V)*(;(D*)y(v+}\)) ,
[ 2)(\/)] =vl= [hmx_m (Q)*)V(V)_(;CD*)V(VH)),lim;\_m (Q*)Y(V)_(;q)*)y(v+7‘))] )

Thus our required result is obtained.
0¥ w)| " = w1 [0, (v)].

O

Theorem 3.14. If a fuzzy-valued function @ is V-strongly generalized differentiable at any point
v, then ®© is continuous at v.

Proof. The proof is straight-forward so left for the reader. O

1. Strongly generalized conformable derivative for fuzzy-valued function ® does not
obey index law for any non-negative constants ¥, A € (0,1), that is

OY A (v) £ 0¥ (v) D2 (v).
Let ® (v) =v*®(-1,0,1), ¥ =1/2, A =1/3. Then

(v) = 2vé ® (—1,0,1)
(V) @2 (v) =@ (-1,0,1)

)
)

W= oNa

However, this deficiency can be removed by taking A = 1.
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2. Strongly generalized conformable derivative for fuzzy-valued function ® does not
obey commutative law for any non-negative constants ¥, A € (0,1), that is

02 (V) e dY (v) £ 0¥ (v) @ 2 (v).

This result also holds with p > 2.

3. Triangular inequality for strongly generalized conformable derivative also does not
hold.

Lemma 3.15. ([26]) Let @, and \ : (0,00) — Ro have strongly generalized \V-differentiability
of the same case at any point v > 0, then ® 4+ is strongly generalized V-differentiable, and we
have

(@ +)" (v) = ©¥ (v) + ¥ (v).

Theorem 3.16. Consider fuzzy-valued functions @, and \p are strongly generalized differentiable
of a different type. If ®(v) ©(v) exists, then ® O is strongly generalized differentiable, and
its derivative is

(@0P)*(v) = 0¥ (V) + (1) Y¥ (v).

Proof. We take the case when @ is differentiable of type (1), and 1 is differentiable of
type (2). Then there exist fuzzy numbers 1y, and 1, such that

Ov+0ovi—Y) = OW) +n1(v,0,¥),
Pv) = pv+oviF) +ma(v,0,V¥),

and we get
Dv+v )+ h(v) = D) +hv+ v ) +11(v,0,¥) +12(v, 0, ).
As H-difference ®(v) ©P(v), and @ (v+ 6vI=¥)oP(v+ 0vI—Y) exists, we get
D)+ v ) opv+ovY) = 0(v) O v((v) +mi(v,0,¥) +ma(v, 0, ).
Since H-difference @ (v+0vi—*) o P (v+0vI—¥) 0 @ (v) © P (v) exists, and we have
Ov+ovi ) opv+oviY) o (@W) ov®) =ni(v,0,¥) +1a(v,8,¥).
Similarly, we have that (3) vi(v,6, ¥), and v2(v, 0, V) such that

Ov) = Ov—0vI—Y) 4vi(v,0,¥),
ll)(v_evliw) = 11)(\))—’_1)2(\)/9/\1])-

So we have,
DV) oYW O® (v—ov ) opv—ovT¥) = (v,0,¥) + v (v,0,¥).

Hence we obtain 6w 6w
lim m (V, s ) — lim T2 (V, s ) _ (D\y(v)

0—0 0 0—0 0
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Also (v,0,9) (v,0,¥)
. v1 (v, Y, 1 L2V, Y, —(_ A
R L

So we have our required result.
(@ 0P)*(v) = 0¥ (v) + (10 ¥ (v).
O

Theorem 3.17. If @ is Y-differentiable real-valued function, and \p is strongly generalized V-
differentiable fuzzy-valued function, then we have the following possibilities.

1 If ®(v) - @¥(v) > 0, and VP is differentiable of type (¥-1), then ® ® is differentiable
of type (¥-1), and

(@OY)* V) =¥ V) obH) + M) b (v).

2 If ®(v)- ®¥(v) < 0, and  is differentiable of type (¥-2), then ® 1 is differentiable
of type (¥-2), and

(@oP)¥v) =YWV o) + W) ov¥(v).

3Ifd(v)-d¥(v) >0, P is differentiable of type (¥-2), and ® ®1 satisfies condition (A),
then @ ® 1 is differentiable, and

(@oP)¥*v)=0¥v) o) o (—om) op?W)).

4 If d(v)- ®¥(v) > 0, 1 is differentiable of type (Y-2), and ® ©1 satisfies condition (B),
then @ ® 1 is also differentiable, and we have

(@oP)YV) =0 oY) o (—0¥ (V) (V).

5 If d(v)- d¥(v) < 0, is differentiable of type (Y-1), and ® © 1 satisfies the condition
(A), then ® ®1 is also differentiable, and

(@oP)YV) =0 op?v) o (—0¥ (V) ep(v)).

6 If ®(v)- ®¥(v) <0, is differentiable of type (¥-2), and ® © 1 satisfies the condition
(B), then @ ® 1 is also differentiable, and we have

(@O)* (V) =¥ V) obH) o (O™ (V).

Proof. We provide proof of case (1) only, other cases can be proved in a similar pattern.

As @ is a continuous fuzzy-valued function, therefore we have ®(v), ® (v — le_\y) ,
@ (v+ 6vI~Y) with the same sign. As 1 is differentiable of type (¥-2), so there exists a
fuzzy number 1 (v, 0, ¥), and vq(v, 0, ¥) such that

PW) =Ppv+vI=Y) +11(v,0,¥).
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Also
Ov) = Ddv+0viY) +v(v,0,¥).

Now we have

OV)oP(v) =dv+ovi ) opv+av )+ ov+oviY) o v, 0,V)
+v1 (V, er\y) @1])(\1 + evl—‘l’) ‘f‘Tll(V, G,W) ORI (vl e/\y)

Since H-difference @ (v) ® P (v) © © (v + 6\)1*\*’) O} (v + 9\)1*\*’) exists, so we get
Ov) PV OodV+v ) opv+oavY)
= O+ ) onmmv,0,¥)0 vi(v,0,¥) o pv+oviY)
om (V, elw) OV} (V/ erly)
Now, multiply both sides with =}, and taking limg_,o, we obtain our required result.
lim OV) PV o b+ oP(v+oevi—Y)
0—0 —0
= YW oY) + OV O (v).
Similarly, we obtain

Ov—ovi ) oyprv—0ovIY) o d(v)oP(v)

lim
8—0 —0
= oYW oW +om o (v).
So our required result is obtained. O

Theorem 3.18. Define a fuzzy-valued function by

O] =nopv),

where 1 is a fuzzy number, and if \p is differentiable, then @ is also differentiable, and its fuzzy
conformable derivative is given as

¥ () =nop?(v).

IfFP(v)-»Y(v) > 0, then @ is differentiable of type (Y-1).If P(v) - Y¥(v) < 0, then @ is
differentiable of type (W-2) and if H(v) - ¥ (v) = 0, then we have

O¥(v) =no¥(v).
Example 3.19. Define a fuzzy-valued function by
Qv) =noOP(v),
where 1 is a fuzzy number, P(v) is a (1, 1) polynomial given by
Pv) = v—v2 +1,

andv e (0,4).
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We have three possibilities.
Case 1: As p(v)-p¥(v) >0forv e (2,4), so by applying the above theorem, @ is
differentiable of type (¥-1), and we have

1
oY(v) =neov¥v) =no (vé — 2> .
Case 2: Since P(v) - p¥(v) < 0 for v € (0,2.2), so by applying the above theorem, @ is
differentiable of type (¥-2), and we have

1
o¥(v) =nov¥v) =106 (v; — 2> )
Case 3: We have P(v) - p¥(v) = 0 for (v) = 2.25, so by applying the above theorem, we
have .
Y1) =n ot —ne (vi- ).
Theorem 3.20. Let @, and V¥ are generalized differentiable fuzzy-valued functions at any v €
(0, 00).

1 If @ is differentiable of type (¥-1), and 1 is differentiable of type (¥-2), and ® +1
satisfies the condition (B), then ® + 1 is also differentiable of type (¥-1), and we
have

(@+)Y (v) =¥ (v) O (~1) d¥(v).

2 If @ is differentiable of type (¥-1), and  is differentiable of type (¥-2), and @ +
satisfies the condition (A), then ® +1 is also differentiable of type (¥-2), and we
have

(@+)" (v) = D¥(v) o (D b¥ (W),

Proof. We proof only case (1). Case (2) can be similarly proved.

Given that @ is differentiable of type (¥-1), so the H-differences @ (v+6v!~Y) ©
®(v), and ®(v) © ® (v — 9\11*‘1’) exist. So there exist fuzzy numbers n; (v, 0, ¥), and
2 (v, 0, ¥) such that

O(v+ov ) =D(v)+n(v,0, ¥).

Also
OV) =0 (v—0v'"F) +mp (v,0, ¥).

Since 1 is differentiable of type (¥-2). So there exist fuzzy numbers vy (v, 0, ¥), and
V7 (v, 0, ¥) such that
YV) = (v+ovI ) +u1 (v,0, ¥).

) (v — le_‘y) =PpV)+uvy(v,0, ¥).

Also (@ + 1) satisfies the condition (B), then the H-differences (v) + @ (v) © (Y (v+6vi—Y) +

Ov+ovi—Y), and p(v—0vI—Y)+ @ (v - Bvlf‘y) O (P(v) + @ (v) exist (V) 6 > 0, so there
exist fuzzy numbers w; (v,0, ¥), and w; (v, 0, V) such that

PWV)+Dd(v) = (v + le_\y) +Ov+6viY +wi(v,0, V),
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and
Y-+ (v—0v"T) =h(v) + D(V) +wy (v,0, V).

Then we have
yv) oy v+ ooV od (v+oviY) =w (v,0, V).
Similarly
Y (v—ov)opmod (v—avY) o d(v) = wy (v,6, V).

Now by multiplying both sides by §, and taking limit both sides, we obtain our required
result. O

4. Fuzzy Conformable Derivative of Order 2¥

Definition 4.1. A fuzzy-valued function @ is strongly generalized differentiable of order
2V if (3) a fuzzy number ®2¥(v) and

1 (V) 8 > 0, there exist H-differences ®¥ (vo + 6vI~¥) © @' (v)and ¥ (v) O " (v—ovi—Y)
such that

. Y (vo+ v o DY (v) . OY(vp oY (vgoaY)
lim = lim .
8—0 0 8—0 0

2 (V) 8 > 0, there exist H-differences ®¥ (vg) © ®¥ (vo+6v!~¥) and ®Y(vo — V'~ ¥) ©
@Y (vg) such that

. OY(vy) o dY(vg+0vIY) . Y (vo—oviTY o DY (v)
lim = lim .

0—0 —0 0—0 —0

1 If ® (v), and @Y (vp) both are fuzzy conformable differentiable of the same type, then
case (1) of the above definition can be written in the form

. O (vo+20vF) + @ (v) ©20 (vo + BVITY)
lim .
0—0 02

2 If @ (vp), and @Y (vg) are fuzzy conformable differentiable of a different type, then
case (2) of the above definition can be written in the form

. 20 (vo+ V) 0 @ (vo) + D (vo +20vIY)
lim .
0—0 —02

Theorem 4.2. Relation between the strongly generalized conformable differentiable fuzzy-valued
function of order 2V, and the strongly generalized differentiable fuzzy-valued function of second
order is
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1 If @Y is the conformable strongly generalized differentiable fuzzy-valued function of
the type (¥-1), then we have

2 If ®Y is the conformable strongly generalized differentiable fuzzy-valued function of
the type (¥-2), then we have

Proof. We prove case (1) here. Case (2) can be proved in a similar pattern easily.
Since we have

O (vo+20v17Y) + @ (vg) ©2@ (v + OV Y)

S 02
N (vo +20vIY) + @, (vo) — 2@, (vo + OV~ Y)
I 02 ’
. O* (vo+20vY) + @* (vo) — 20* (vo + Svl_w)]
lim .
0—0 02

Put 6v!~Y¥ = ), we obtain

@ (vo+20v17Y) + @ (vg) ©2@ (vo + BV Y)

S 02
. D, (vo+20) + Dy (Vo) — 2D, (Vo + A)
= |lim 5 ,
A—0 (AW¥—1)
. D* (vg+2A) + O (vg) —2D* (vg + A)
lim 5 .
A—0 (Av¥—1)

We prove the case (1) here. Case (2) can be proved in a similar pattern easily.
Since we have

@ (vo +20v1~Y) + @ (v) ©20 (vg + OvIY)

oy o7
. O, (vo+20vI7Y) + @, (vo) — 20, (vo + BVITY)
= |lim ,
0—0 02
i & (vo+20v! ™) + @* (vg) —20* (vo + 6v! ™ Y)
m

80 92
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Put 6vi—¥ = ), we obtain

@ (vo +20v1Y) + @ (vg) ©20 (vo + OvIY)

o 02
. D, (vo+2A) + Dy, (vo) — 2D, (v +A)
= |lim 5 ,
A—0 ()\V‘P—l)
. DF (vog+2A) + O* (vg) —2D* (vg + A)
lim .

A—0 ()\V\yfl)Z

Then we have
@ (vo +20v1Y) + @ (vp) ©20 (vg + OvI—Y)

lim

850 92
_20-%) g @ (Vo +2A) + D, (vg) — 2D, (vo + 7\),
A0 A2
. D (v 4+ 27) 4+ @* (vg) — 20* (g + A)
lim
A0 A2

This gives us our required result in the form

o 2Y)

2) (V) — v2(17‘1’) (D2

2) (v).
]

Theorem 4.3. Let ®, and 1 are generalizable conformable Y-differentiable fuzzy-valued func-
tions, and

1 If ® and @Y are differentiable of type (¥-1), and \,{ ¥are differentiable of type (V-
2). If H-differences ®(v) @ P(v), and ®¥(v) © Pp¥(v) exists, then ®(v) @ P(v) is
strongly generalized differentiable of order 2¥, and we have

(@) 0pW)* = ¥ (v) o p*¥ (v).

2 If @, and ¥ are differentiable of type (¥-1), and @Y, ¢ are differentiable of type (VY-
2). If H-differences ®(v) © P(v), and @Y (v) © v¥(v) exists, then ®(v) O P(v) is
strongly generalized differentiable of 2¥, and we have

(V) opW)H = 0% (v) o (~1)p*¥ (v).

3 If @ is differentiable of type (¥-2), and @Y1, and PpYare differentiable of type (Y-
1). If H-differences ®(v) ©Pp(v), and @Y (v) © Pp¥(v) exists, then ®(v) O P(v) is
strongly generalized differentiable of order 2¥, and we have

(@(v) O (W)* = (10> (v) + > (v).

4 If @, @Y, Y are differentiable of type (¥-2), and 1 is differentiable of type (V-2). If
H-differences @ (v) ©(v), and ®¥(v) 0 ¥ (v) exists, then @ (v) © (V) is strongly
generalized differentiable of order 2¥, and we have

(@(v) O (W)* = 0¥ (v) + (1> (v).
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Proof. We provide proof of the case (1) only. Other cases can be proved similarly. O

Since @Y is differentiable of type (¥-2), therefore @Y (v + 6v!=") 0 @Y (v) exists,
therefore (3) a fuzzy number n}y(v, 0, ¥) such that

oYv+oviY) =YW +nf (v, 0, V).
Similarly, Since PY is differentiable of type (V-2), there exists 1z (v, 0, V) such that
YY) =¥ v+ v ) +1) (v,0, V),
and we have
0¥ (v+0vi ) + (=1 (v)
= O¥YW) +nf(v,0, W)+ (1Y v+ v ) + (—1)nf (v, 0, ).

Since the H-difference ®¥ (v+0vi—Y) + (=¥ (v+ovi=¥) o ¥ (v) + (—1)p ¥ (v) exists,
so we have

OY(v4+ovi )+ (Y v+ v o @Y (v) + (—1) Y (v)
= nY(v,0, ¥)o (—1)ny (v,0, ¥).
Similarly, (3) v}y(v, 0, ¥), and v‘zy (v,0,V¥), such that
o¥(v) = o¥(v—0vY)+vi(v,0,¥),
Prv—ov) = Y+ (v,0,¥),
and therefore we get

(@Y (W) + (DY) o 0¥ (v—ov ) + (—1p¥ (v—oviY)
= T];y(vl er ‘{/) S (_1)1);1} (V, 9/ \y) .

Note that v
,0, ¥ . ,0, ¥
lim m v ) = lim Nz (v ) = 0?Y (v)
0—0 0 0—0 0
Also v
. vl (vl e/ \y) 1 U2 (V, e/ \lj) _ 2y
i — L — = (D).

Thus we obtain our required result.

(@) o b)) = 0¥ (v) + (—1)W?¥ (v).

Example 4.4. Consider strongly generalized differentiable fuzzy-valued functions @,
and W of order 2V defined as @ (v) = (1,5,7) & (%)%, ¥ (v) = (2,4,6) ©'sin (%)

1. Since @ (v), ®¥ (v) are differentiable of type (¥-1) and ¥ (v), ¥¥ (v) is differen-
tiable of type (¥-2). So applying case (1) of the above theorem, we

obtain v
2y [V
(® oY) <\y>

VY
— [2+8y,14—4y]®(—sin%)-[2+2y,6—2y], (V) v € (0, 0.
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2. Note that here @ (v), V¥ (v) are differentiable of type (¥-1) and @Y (v),
P (v) is differentiable of type (¥-2), so applying case (2) of the above
theorem, we obtain

Wy v
(@ OWP)? <\11)

v
:=(—ﬂn%ﬁ~D+2%6—hdem+8%14—hm (V) v € (0, 00l.

3. If we have the situation where @ (v) is differentiable of type (¥-1) and @Y (v), ¥ (v),
Y% (v) are differentiable of type (¥-2), then applying case (3) of the above theorem,

we obtain
v
2y [V
(@ o) (W)

VY
- LJJD+8%14—4ﬂ+(—ﬂn%ﬂ-D+2%6—2ﬂ,(V)veﬂlmL

4. While if @ (v), @Y (v), ¥ (v), (%)2 are differentiable of type (¥-1) and V¥ (v) is
differentiable of type (¥-2), then applying case (4) of the above theorem, we obtain

2y v¥ v¥
(® o) <\y> :—[2+2y,6—2y]-(—sin?)—k(—l)[2+8y,14—4[3], (V) v e (0,o00].

Definition 4.5. A fuzzy-valued function © is differentiable of type

1. (Y-1) if @ is differentiable in the case (1) of definition (4.1).
2. (Y-2) if @ is differentiable in the case (2) of definition (4.1).

Theorem 4.6. ([26]) Let @ is a fuzzy-valued function with y-cuts representation [®(v)]Y =
[(Dy)y(v), (@*)y (v)]. When we take a strongly generalized conformable derivative of a fuzzy-
valued function of order ¥, we have two possible cases. ®! (v), and @ (v). For the derivative
of order 2V, we have again two possible cases on each Y-derivative, which are

1 If CD;*' is differentiable of type (¥-1), then (®.)
we have

v and (®*), are Y-differentiable, and

(V), ((D*Z‘P)

(@2 ()Y = (@) (V)]

Y Y

2. If <D;y is differentiable of type (¥-2), then ((D*)y, and (®,)
we have

, are Y-differentiable, and

(@2 (W)]Y = [(@*) (v), (©FF), (v)).

Y Y

3. If @ is differentiable of type (¥-1), then ( ®*),, and (D)
we have

., are Y-differentiable, and

[@Z¥ (v)]Y = [(@*2Y) (v), (@3Y) (v)].

Y Y
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4. If d);y is differentiable of type (¥-2), then (®,) are Y-differentiable, and

we have

v and (®*)

(V), ((D*Z‘P)

v

(V.

Theorem 4.7. Suppose @, and \p are fuzzy-valued functions which are strongly generalized
differentiable of order pV at v in the same case, then © +1) is differentiable of order pWat v, and

(@ +P)PY (v) = DP¥(v) +pPH (v).

[ (v)]Y = [(©2Y)

Y Y

Theorem 4.8. If ®, and \p are conformable strongly generalized differentiable fuzzy-valued
functions of order 2¥ such that @ is differentiable in the form (Y-1), and p is differentiable in
the form (W-3) or @ is strongly generalized differentiable in the form (Y-2), and \ is differentiable
in the form (W-4) or @ is differentiable in the form (Y-3), and \p is differentiable in the form (W-1)
or @ is differentiable in the form (V-4), and \ is differentiable in the form (WY-2). If H-difference
O (v) O (v) exists for v € (0, 00), ® O is strongly generalized differentiable of order 2¥, and

(@ 0P)* (v) = 0% (v) + (~1) ¥ (v).

Proof. We prove the case (1) . Other cases can be proved in a similar pattern.
If @ is differentiable of type (W-1), and 1 is differentiable of type (¥-2), then we have
® O (v) is differentiable of type (¥-1), and

(@ o) (v) = 0¥ (v) + (1) ¥ (v).

Now if we differentiate @ in the form (¥-1), and differentiate \ in the form (¥-2),
then by theorem, ® © 1 (v) is differential of type (¥-1) differentiable, and we have our
required result,

Y= 0 (v) + (1) v (v).

(@oP)™ v) = (@Y () + (DY (v))
Il

Theorem 4.9. Let © : (0,00) = R, and 1 : (0,00) — R are differentiable functions of order
2V,

1If 0w - 0¥ (V) >0, 0¥ (v)- ®?Y (v) > 0, and 1 is differentiable of the type (¥-1),
then ® and 1 are Y-differentiable of the type (¥-1), and we have

(@)™ ) =0 V) o () +20Y V) oY (V) + @ (v) 0 v*Y (v).

2If O (v)-OY (v) <0, ®¥ (v)- ®*¥ (v) < 0, and 1 is differentiable of the type (V-4),
then @., and 1\ are Y-differentiable of the type (¥-2), and we have

(@ oY) (v) =0 W) o (v) +20Y (v) oY (v) + @ (v) 0 v (v).
Proof. If ® (v) - ®¥ (v) > 0, and 1 is differentiable of type (W-1), then we have
(@ oWV =0YV) ovE) + OV oY (v).

Now if we differentiate \ (v) in the form (¥-1), and @ (v) - ®¥ (v) > 0, then we obtain
our result. O
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Theorem 4.10. Let 1 : (0,00) — R be a conformable differentiable function of order 2V, and n
€ Rep. We define @ : (0,00) - R by @ (v) =n oY (v).

1IfPp(v)-Pp¥ (v) >0, and ¥ (v) - P?¥ (v) > 0, then @ (v) is differentiable of the type
(W-1), and it’s derivative of order 2V is

OFh (v) =nov? (v).

2 I () -pY(v) >0, and VY (v) - P*¥ (v) < 0, then @ (v) is differentiable of the type
(Y-2), and it’s derivative of order 2¥is

0f) (v) =n oY (v).

3. I (v)-pY (v) <0, and pY (v) - P2 (v) > 0, then @ (v) is differentiable of the type
(W-3), and it’s derivative of order 2V is

of) (v) =n o (v).

4. If Y (v) - »¥ (v) < 0, and Y¥ (v) - WY (v) < 0, then @ (v) is differentiable of the type
(W-4), and it’s derivative of order 2V is

O (v) =n v (v).

Proof. We prove case (1) only. Other cases can be easily proved with the same technique.
By Theorem 3.18, if we define

Ov)=noOv(v),
and VP (v) - p¥ (v) > 0, then @ is differentiable of type (¥-1), and we have

¥ (v)=nop? (v).

Now since we have ¥ (v) - p?¥ (v) > 0, then applying Theorem 3.18, we have @ is
differentiable of the type (¥-1), and it’s derivative of order 2V is

O% (v) =n v (v).
Example 4.11. Define a fuzzy-valued function in the form

OWV)=nob),

where 1 is a fuzzy number, and 1 is a (2, %) polynomial given by
VP (v) — 12 3y2 +5v—6,

and v ranges from 0 to 4. Now, we have five possibilities.
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1 We have ¥ (v) - ¥ (v) < 0, and ¥ (v) - $?¥ (v) < 0 for v € (0,1), so by applying the
above theorem, @ (v) is differentiable of type (V¥-4), and it’s derivative is

oY (v) = 2v3 — gv + gv% on.

2. We have ¥ (v) - ¥ (v) > 0, and p¥ (v) - ¥ (v) < 0 for v € (1,2), so by applying the
above theorem, @ (v) is differentiable of type (¥-2), and it’s derivative is

@2 (v) =2v3 — %v + gv% on.

3. We have ¥ (v) - ¥ (v) < 0, and p¥ (v) - ¥ (v) > 0 for v € (2,3), so by applying the
above theorem, ® (v) is differentiable of type (¥-3), and it’s derivative is

9 5
oY (v) = 2vi — 5V + EV% ON.

v

4. We have { (v)-¢ (v) > 0, and 1|)w (v)-P®¥ (v) > 0 for v € (3,4), so applying the
above theorem, ® (v) is differentiable of type (¥-1), and it’s derivative is

9 5
(DZW (V) = 2\)% — EV + EV% @T]

5. We have Y% (v) - p?¥ (v) = 0 for v = 1, so by applying the above theorem, @ (v) is
differentiable of order 2¥, and it’'s derivative is

DY (v) = 2v3 — ;V + gv% on.

5. Fuzzy Conformable Derivative of Order P¥

Throughout this subsection, we will use the terms given in the form ([21])

F(D(v) = O®(v) if @ (v) is differentiable of type (V-1),
F(D(v) = 00 (v) if ® (v) is differentiable of type (V-2),
and
FPY (@) = o®P DM () if o~ DM (y) is differentiable of type (W-1),
FPY@wv) = o@P DM () if @P=DM) (1) js differentiable of type (W-2),

where [P (v) = p(F PDW) (y),

Definition 5.1. A fuzzy-valued function @ is conformable strongly generalized differ-
entiable of order p¥ at vy €’(a, b) if (3) ®P¥(vy) € R such that

1 (V) 8 > 0, there exist H-differences ® P~ DY (vy +0vI=¥) 0 @ P~ 1¥ (yy), @(P—D¥(y) o
O P—D¥(yy 0 0v!—Y¥) such that

fim 270+ © T vy) _ ) 0P TD(vg) © 0P (v © BvIY)
6—0 or 0—0 op .
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2 (V) 6 > 0, there exist H-differences ® P~ ¥ (yvg) © @P—D¥ (yy 4 gv1—¥), @P-1¥(y, —
ovl—Y) © @ (P1¥ (y)

i QP ) 0 @ ¥ vg HovY) 0P (v — vl ) © @ P (vy)
80 —op 00 —or '

Remark 5.2. For p =1, the above definition becomes equal to the definition of the fuzzy
conformable strongly generalized derivative of order V.

Theorem 5.3. Above definition has four cases associated with odd and even values of p.
Case 1: If p is even, then we have two possibilities.

If @Y (vg) is differentiable of type (¥-1) for even values of i fori =1,2,--- p, and
differentiable of type (¥-2) for other values in the above definition, then

i ( p )(Fiw(q)(vo—b—(p—i)ev]—“')

OPY (vg) = limg_,o — - =5 ,
Z( 4 )(FW(@(VoHP—i—l)leW)
OPY (v) = limg o — - =5
i( P )(FiW(QJ(VoHPiZ)GVIW)
OPY (v) = limg o — - 55

Continuing in this way,finally we reach the step

P .
> ( 11) ) (F¥ (@ (vo+ (p—i6vI—¥))
pv — Tim =0
©F (vo) = lim or '
If ®™ (vy) is differentiable of type (¥-1) for odd values of i fori =1,2,---p—1, and
differentiable of type (¥-2) for other values in above definition, then

i ( ]z )(Fiw(qb(vo—i—ievlw))
i=0

OPY¥ (vg)  =limg_0 — ,
ﬁo( ]z )(F”(@(vw(il)evl‘h)

OPY (v) =limg_ —op ,
ii()( 11) )(Fi\y(@(voﬁ-(i—ﬂevl\y))

(Dp\y (VO) = 11me—>0 —op 7

The above definition has two cases associated with odd, and even values of p.

Theorem 5.4. Case 1: If p is even, then we have four possibilities.
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(i) If @Y (vo) is differentiable of type (Y-1) for even values of i for i = 1,2, - p, and
differentiable of type (\W-2) for other values in the above definition, then

ba ( P )(F“"(@(VOHP—UGV]“’)

oPY (vg) = limg_o — - =5
i( 14 )(FW(@(VoHpil)lew)
OPY (v) = limg o — - 55 ,
> P )(Fiw(q)(vOHpiZ)lew)
OPY (vg) = limg_yo — k 55 ,

continuing in this way,finally, we reach the step

.i ( Il) ) (FY(@(vo+ (p—1iovi—Y))
O (vo) = lim = or ‘

(ii) If @Y (vy) is differentiable of type (Y-1) for odd values of i for i = 1,2,--- p—1, and
differentiable of type (\W-2) for other values in above definition, then

i( P )(FW(@(VMinl_W))
i=0

OP¥ (vg)  =limg_0 : —55 ,
pa ( P )(Fi‘“(m(voﬂil)ev”))

OPY (vg) = limg o — - —ov ,
f ( P )(F“’(@(voﬂizwvlw))

OPY (vg) = limg_yo 2A —ov p

continuing in this way, finally, we reach the step

P .

. _ZO< v ) (F™ (@(vo+ (i—p+1) v ¥)
q)p — . 1=

(o) = fimy o

Case 2: For odd values of p, we have two possibilities.
(1) If @YY (vy) is differentiable of type (W-1) for odd values of i for i = 1,2,--- p, and
differentiable of type (W-2) for other values in the above definition, then

ha ( P )(Fw(d)(vo+(pi)9v1“’)

% . i=0 1
OP* (vo)  =limg o av ,
s P (FY (@ o+ (p—i-)ov¥)
i=0 1

OPY¥ (vg) = lime_o

OP¥ (vg) = lime_o
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continuing in this way, finally, we reach the step

P .

.ZO ( E’ > (F™(D(vo —iovi™Y)
p\y — . 1=

o o) = gim or -

(i) If " (vo) is differentiable of type (Y-1) for even values of i for i = 1,2,--- p—1, and
differentiable of type (\W-2) for other values in the above definition, then

5 ( E’ )(ﬁ“’(@(voﬁevl‘y)
i=0
(Dp‘y (Vo) = lim9_>0

—o7 ,
f( P )(F (@ (vor-(i-1)8v! )
OPY (vg) = limo_yp L ,
i( P )(F (@ (vo+(i—2)0v'Y)
OPY (vy) = limg 0 — - —op ,

continuing in this way, finally, we reach the step

P i

> ( v ) (F“’ (@(vo—i—(i—p—kl)evl*‘y)

OPY (vg) = lim = :
(vo) élg}) —ov

Remark 5.5. If we put p = 1 in the above equation, then we get the definition of the
strongly generalized conformable derivative of order V.

Theorem 5.6. Define a fuzzy-valued function by

Q) =noY(v),

where 1 is a fuzzy number. Now if \p is a differentiable real-valued function of order p¥, then ©
is the strongly generalized differentiable of order p¥, and we have

OPY (v) =nopPY (v).
Theorem 5.7. If p is odd, then we have four cases.

1. If a kth element of @' (v) is differentiable of type (W-1) for odd values of i, and
differentiable of type (¥-2) for other values, and an ith element of Y%V (v) is dif-
ferentiable of type (W-1) for odd values of j. Then ® (v) +1 (v) is differentiable of
order p¥, and we have

(@ (v) +P ()P¥ = 0P¥ (v) o (-1)PpP¥ (v).

2. If a kth element of @' (v) is differentiable of type (¥-1) for even values of i, and
an ith element of Y¥ (v) is differentiable of type (¥-1) for odd values of j. Then
@ (v) + (v) is differentiable of order p¥, and we have

(@ (v) + (V)PY = (1) YPY (v) + (1) P (v).
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3. If a kth element of @' (v) is differentiable of type (W-1) for even values of i, and
differentiable of type (¥-2) for other values, and an ith element of PY (v) is dif-
ferentiable of type (W-1) for even values of j. Then @ (v) +1 (v) is differentiable of
order pY¥, and we have

(@ (V) + ()PY =pP¥ (v) © (-1) OPF (v).

4. If a kth element of @' (v) is differentiable of type (¥-1) for odd values of i, and
differentiable of type (¥-2) for other values, and an ith element of PY (v) is dif-
ferentiable of type (W-1) for odd values of j. Then ® (v) + 11 (v) is differentiable of
order pY¥, and we have

(@ (V) + (V)PY = DPY (v) +hP¥ (v).

1. If a kth element of @ (v) is differentiable of type (¥-1) for odd values of i, and
differentiable of type (¥-2) for other values, and an ith element of II)]W (v) is dif-
ferentiable of type (W-1) for odd values of j. Then ® (v) © 1 (v) is differentiable of
order pV¥ if H-difference ®P¥ (v) 0 PP¥ (v) exists, and we have

(@ oP)P¥ (v) = OP¥ (v) + (=) VP (v).

2. If a kth element of @' (v) is differentiable of type (¥-1) for even values of i, and

an ith element of " (v) is differentiable of type (¥-1) for odd values of j. Then
® (v) © (v) is differentiable of order pV¥ if H-difference ®PY (v) © pP¥ (v) exists,
and we have

(@oP)PY (v) = (1) OP¥ (v) +PP¥ (v).

3. If a kth element of @ (v), and an ith element of Y (v) is differentiable of type (V-
1) for even values of i, and j respectively, and differentiable of type (¥-2) for other
values. Then @ (v) O (v) is differentiable of order pV¥ if H-difference ®P¥ (v) ©
PPY (v) exists, and we have

(@OP)PY (v) =pP¥ (v) O (1) @P¥ (v).

4. Tf a kth element of ®@"" (v), and an ith element of 1])“1 (v) is differentiable of type
(Y-1) for odd values of i, and j, and differentiable of type (¥-2) for other values.
Then @ (v) O (v) is differentiable of order p¥ if H-difference ®P¥ (v) 0 YPY (v)
exists, and we have

(@ OW)PY (v) = OPF (v) O pPY (v).
Example 5.8. Define fuzzy-valued functions ® and 1\ with y-cuts
D (v)=[B+n,5—v] sinv.

Here , )
Yv)=M4+v,6—v] - (v2—v+v2i—1),

and v ranges from 0 to 7.
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1. If fuzzy-valued functions @ and it’s first fuzzy conformable derivative are differen-
tiable of type (¥-1), and 1, and it’s derivatives of order ¥, and 2V are differentiable
of type (¥-2) or if one of @, and it’s derivatives of order ¥, and 2V are differentiable
of type (¥-1), and other two are differentiable of type (¥-2), and one of V), and it’s
derivatives of order ¥, and 2V are differentiable of type (¥-2), and other two are
differentiable of type (W-1). Now by applying the above theorem, @ (v) ©{ (v) is
differentiable of order 3V if H-differences ®" V)oY (v), ©2¥ (v) oYY (v) exist,
and we have

(@YY (v) =(—cosv)-B+7,5—y]+(—1) [4+v,6 —v]- (—83 (1—\)21)) .

2. If fuzzy-valued functions © it’s derivatives of order ¥, and 2¥ are differentiable of
type (¥-2), and 1, and it’s derivatives of order ¥, and 2¥are differentiable of
type (¥-1) or if one of ®, and derivatives of order ¥, and 2¥are differentiable of
type (¥-2), and other two are differentiable of type (¥-1), and one of \{, and it’s
derivatives of order ¥, and 2V are differentiable of type (¥-1), and the other two
are differentiable of type (¥-2). Now by applying the above theorem, @ (v) ©1 (v)
is differentiable of order 3V if H-differences ®¥ (v) o V¥ (v), ®Z¥ (v) 0 pZ¥ (v)
exist, and we have

@oP)*¥ (v)=(-1)B+v,5—7v]-(—cosv)+ 4 +v,6—7v]- <_83 (1—\;21)) )

3. If one of @, and it’s derivatives of order ¥, and 2V are differentiable of type (¥-2),
and other two are differentiable of type (¥-1), and one of \, and it’s derivatives
of order ¥, and 2V are differentiable of type (¥-2). Now by applying the above
theorem, @ (v) ©1 (v) is differentiable of order 3V if H-differences ®* (v) oy¥ (v),
%Y (v) 0 ?¥ (v) exist, and we have

V)=H4+vy,6—v]: (8 (1—\)21)) O(=1)B+v,5—v] (—cosv).

3y
)

(Pov

4. If one of @, and it’s derivatives of order ¥, and 2V are differentiable of type (¥-1),
and the other two are differentiable of type (¥-2), and all of 1, and it’s derivatives
of order ¥, and 2¥are differentiable of type (¥-1). Now by applying the above
theorem, @ (v) ©1 (v) is differentiable of order 3V if H-differences ®¥ (v) 0¥ (v),
@%Y (v) ©2¥ (v) exist, and we have

(® W)Y (v) = B+v,5—v] - (—cosv) © 447,61 <‘83 (1—v£)) |

Theorem 5.9. If p is odd, then we have four cases.
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1 If a kth element of @'Y (v) is differentiable of type (¥-1) for odd values of i, and
differentiable of type (¥-2) for other values, and an ith element of Y% (v) is dif-
ferentiable of type (V-1)for odd values of j. Then @ (v) 4+ (v) is differentiable of
order pY¥, and we have

(@ (V) + (V)PY = DPY (v) +hP¥ (v).

2. If a kth element of @Y (v) is differentiable of type (¥-1) for even values of i, and
differentiable of type (W-2) for other values, and an ith element of PI¥ (v) is dif-
ferentiable of type (¥-1) for odd values of j. Then @ (v) +1 (v) is differentiable of
order pY¥, and we have

(@ (V) + 1 (W)PY = (1) OP¥ (v) + (1) YP¥ (v).

3. If a kth element of ®'¥ (v) is differentiable of type (W-1) for even values of j, and
differentiable of type (¥-2) for other values, and an ith element of Y%V (v) is dif-
ferentiable of type (W-1)for even values of j. Then @ (v) 4+ (v) is differentiable of
order pY¥, and we have

(@ (v) + ()P¥ = (=1) dP¥ (v) o pPY (v).

4. If a kth element of ®*¥ (v) is differentiable of type (W-1) for odd values of i, and
differentiable of type (¥-2) for other values, and an ith element of Y%V (v) is dif-
ferentiable of type (Y-1) for odd values of j. Then ® (v) + 1 (v) is differentiable of
order p¥, and we have

(@ (V) + (V)PY =pP¥ (v) © (=1) @7 (v)
Theorem 5.10. If p is even, then we have four possibilities.

1. If a kth element of @'Y (v) is differentiable of type (¥-1) for odd values of i, and
differentiable of type (¥-2) for other values, and an ith element of P (v) is
differentiable of type (W-1) for odd values of j, and differentiable of type (V-2)
for other values. Then @ (v) © V (v) is differentiable of order pV¥ if H-difference
OPY (v) o PPY (v) exists, and we have

(@ OW)PY (v) = @P¥ (V) 0 pP¥ (v).

2. If a kth element of @'Y (v) is differentiable of type (Y-1) for even values of i, and
differentiable of type (¥-2) for other values, and an ith element of P (v) is
differentiable of type (¥-1) for odd values of j, and differentiable of type (¥-2)
for other values. Then @ (v) © ¥ (v) is differentiable of order pV¥ if H-difference
oPY (v) o YPY (v) exists, and we have

(@ oP)PY (v) = (1) dP¥ (v) o PP (v).
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3. If a kth element of ®¥ (v) is differentiable of type (Y-1) for odd values of i, and an
ith element of P (v) is differentiable of type (¥-1) for even values of j. Then
@ (v) ©1 (v) is differentiable of order p¥ if H-difference ®P¥ (v) © pPY¥ (v) exists,
and we have
(@oP)P¥ (v) =pP¥ (v) o (1) &P¥ (v).

4. If a kth element of ®*Y (v) is differentiable of type (W-1) for even values of i, and
an ith element of P¥ (v) is differentiable of type (¥-1) for odd values of j. Then
@ (v) © (v) is differentiable of order p¥ if H-difference ®PY (v) © pP¥ (v) exists,
and we have
(@oP)PY (v) = dPY (v) + (—1)YP¥ (v).

Example 5.11. Define fuzzy-valued functions ® and {, where @ (v) = [3+v,5—v]-
sinv, and ¥ (v) = 4+7,6 —v].(v2 —v+v2 — 1), where v ranges from 0 to 7.
We have four possibilities here.

1. If fuzzy-valued functions ® and 1\ and it’s derivatives are Y-differentiable of the same
type or if @ and it’s first three ¥- derivatives are differentiable of type (¥-1), and
P and it’s first three W-derivatives are differentiable of type (V-2) or vice versa.
Then by applying the above theorem, @ (v) © ) (v) is differentiable of order 4V if
H-differences @Y (v) oYY (v), ¥ (v) 0 v2¥ (v), @BY) (v) 0 pBY) (v) exist, and
we have

(@ o)) (v) = (—cosv)-B+v,5—vIO4+v,6—v] (I:D .

2. If one of @ and it’s first three W-derivatives are differentiable of type (¥-2) and other
two are differentiable of type (¥-1), and one of 1, and it’s first three W-derivatives
are differentiable of type (W-1), and other two are differentiable of type (¥-2) or if
one of @, and it’s first three W-derivatives are differentiable of type (¥-1), and other
three are differentiable of type (¥-2), and one of 1\, and it’s first three W-derivatives
are differentiable of type (¥-1), and other three are differentiable of type (¥-2) or
vice versa. Then by applying above theorem, ® (v) ©1 (v) is differentiable of order
4V if H-differences @Y (v) 0 WY (v), @2¥ (v) 0 p2¥ (v), @ (v) 0 pBY) (v) exist,
and we have

(@)™ (v) = (1) B+7,5—v] - (—cosv) © [4+7,6 -] (I:i) :

3. If one of @ it’s first three W-derivatives are differentiable of type (¥-2), and other three
are differentiable of type (¥-2), and all of 1, and it’s derivatives are differentiable
of type (¥-2) or all are differentiable of type (¥-1). Then by applying above the-
orem, @ (v) © (v) is differentiable of order 4V if H-differences o V)oY (v),
%Y (v) oYY (v), ©BY) (v) 0 pBY) (v) exist, and we have

(@oP)*™) (v) = (1) B+v,5—7]- (—cosv) O (~1) [4+v,6 -] - (I:i) .



A.Younus, M.Asif, U.Atta, T.Bashir, T.Abdeljawad / Some Fundamental Results ... 59

4. If all of @ and it’s W-derivatives are differentiable of type (¥-2), and one of 1 and it’s
first three V- derivatives are differentiable of type (¥-1), and other two are fuzzy
Y- differentiable of type (¥-2) or if @ and it’s W- derivatives are differentiable of
type (W-1) and one of 1 and it’s three W- derivatives are differentiable of type
(¥-2), and other three are differentiable of type (¥-1). Then by applying above
theorem, @ (v) ©1 (v) is differentiable of order 4V if H-differences ®¥ (v) 0¥ (v),
%Y (v) oY (v), Y (v) 9 pBY) (v) exist, and we have

(©0) ) () = B+y,5 -] (~cosvl + (-1 7,6~ (703 )

6. Conclusion

Our choice has certain advantages concerning other techniques for solving the fuzzy
conformable differential equations. First, solutions have a decreasing length of support.
Second, it can also solve the fuzzy conformable partial differential equations. Third, a
numerical solution of the fuzzy conformable differential equations can be obtained using
this technique, which is not possible with the fuzzy differential inclusion. The solution
obtained by using conformable strongly generalized differentiability is not unique. But
it can be seen as an advantage because we can choose among those solutions, the best
one that better reflects the real-life situation. The conformable strongly generalized
derivative has certain advantages over other fuzzy fractional derivatives. For example, a
solution of the fuzzy differential equations can easily be obtained using a conformable
strongly generalized derivative. It possesses the fundamental properties of the fuzzy
derivatives. For example, the derivative of a product of fuzzy-valued functions, fuzzy
chain rule, fuzzy mean value theorem, fuzzy Roll’s theorem, etc. In the case of other
fractional derivatives, some functions are not infinitely differentiable at some point, so
the fuzzy Taylor series does not exist for those fuzzy-valued functions, where using
fuzzy conformable calculus, these functions are infinitely differentiable.

In the future, we aim to introduce the fuzzy conformable integral calculus, and,
using these results, we will solve the fuzzy conformable differential equations of order
Y, 2V, and p¥. This combination of two theories of fuzzy calculus and conformable
calculus will help us to obtain better results in the modeling of real-life phenomena.
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