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Abstract

We define a class of discrete operators that, in particular, include the delta and nabla fractional opera-
tors. Moreover, we prove the fundamental theorem of calculus for these operators.
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1. Preamble

The theory of discrete fractional calculus is currently an area of mathematics of
intensive research, having appeared in the literature many articles on the subject in the
past decade (see [1, 2, 3, 4, 5, 6, 7, 8] and the references therein). Two parallel concepts
were introduced, namely, the delta (or forward) operators and the nabla (or backward)
operators (see [9, Sections 2 and 3]).

Consider the falling function defined, for x,y € A C R, by

x(x—1)...(x —y+1) fory € Ny,
u 1fory =0,
X< =

%forxx yg¢ N1,

0forx ¢ N~ !and x — yeINl,
and the rising function defined by
xY = (x+y—1)Y (1.1)

Then, letting Nq ={a,a+1,...} with a € R and f: N, — R being a function, the delta
Riemann-Liouville fractional sum of f of order v > 0 is defined by

— (t—( 1
Z = H(s) for t € Noy1,
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while the nabla Riemann-Liouville fractional sum of f of order v > 0 is defined by

t (e _1)\Vv—1
vt = Y t (?(V;)) f(s) for t € Naq.
s=a+1

One can observe that the above sums are of the type

D kl(t—s£1)f(s),

for a certain kernel function k. Now, if we consider the delta difference operator Af(t) =
f(t+1) — f(t) and the nabla difference operator Vf(t) = f(t) — f(t — 1), then the delta
and nabla Riemann-Liouville fractional differences of f of order 0 < « < 1 are defined
by,

ASF(t) = AlAT Y1), t € Nat1_o

and
V() = VIVe (1), t € Nay,

respectively.

In this work we aim to construct a summation and a difference operator generalizing
the above ones and satisfying the fundamental theorem of calculus (we are particularly
inspired by the work of Kochubei [10] in which such kind of operators were defined for
(continuous) integrals and derivatives). Hopefully, these very general operators will be
useful for researchers acting within the discrete calculus theory.

2. Main results

Let us start by recalling the discrete convolution of two functions f,g : N; — R,
with a € R: it is denoted by (f * g)q and defined by

t—1
(fxgla(t) =) flt—Tt—1+a)g(t), te€Na.

Here and throughout this text we assume that empty sums are equal to zero. Therefore,
(fxg)a(a) =0 for all functions f and g. It is known that the convolution is commutative
and associative (cf. [11, Theorem 5.4]).

Let us introduce the following set of pair-of-functions: For a € R, put

Ca={p,q:Nq > R:(pxq)q(t)=1forallt e Ngyi1}

Before we proceed, we state here the fractional power rule, whose proof may be
found in [6].

Lemma 2.1. Let a € R. Assume u ¢ N~ Land v > 0. If u+v ¢ N1, then

ATY (s — a)HI(t) = M

atp (t — a)ﬂ, fO?’ te Na+u+v- (21)
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Example 2.2. Let a € R and o« € RT\IN;. Define the functions

(t—a)e=L (t—a+1—20)=*
p(t) = T and q(t) = Ml —o) , t€Nagyra1-

Then, for all t € N4 «, we have

(P Qe 1(t) = Mol Mo

where we used (2.1) to obtain the last equality. Hence, the pair (p, q) € Cqya—1-
Analogously, if we define the functions

X (t—a+1)%1 X (t—a+1)%
plt) = T and §(t) = T T

then we may show, upon using (1.1) and Lemma 2.1, that (p, ) € Cq. Indeed,

i t—T)* (t—a+1)%

(f) * q)a(t) - = F(O() F(l — 0()
= (t+oa— 1—(T+1)) L(r—(a+a))=%
; I"( o) (1 — o)
At = (a4 o)) =X (t+ a—1)
MN1l—«)
=1,

Remark 2.3. A somewhat more elaborate example of a pair of functions belonging to Cp
may be found in [12, Example 9].

Definition 2.4. Let p,q : D € R — R be two functions. We define the generalized
fractional sum (GFS) of f : Ny — R by

t—1
8{(p);a}f(t) = Z P(t—’f— 1+ a)f(T)/ t € Nq.

T=a
Moreover, the generalized fractional difference of Riemann-Liouville type is defined by
t—1

REDpquaf) =AY q(t—t—1+a)f(1), teNqy,

T=a
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while the generalized fractional difference of Caputo type is defined by

t—1
“Diqyaf®) =D qlt—t—1+a)Af(1), t€Ngp.

T=qa

The previous definition includes the delta and nabla operators mentioned in Section
1. Indeed, first consider a function f: N, — IR. Then,

e Consider p(t) = %, fort € Ngi« 1. Then, fort € N, o1, we have
= (t—(t+1)+a—1)1
Sipratanlflt+1—a)l(t) = flt+1—«)
M)
T=a+a—1
t—a - o—1
= Lan)
= (o)
= AL f(t)
e Consider q(t) = (lfai)j, fort € Nq_u- Then, for t € N1, we have
t—1
(t—(T —I— 1) —a)=%
RL@{(q);a+“_1}[f(T + )] Z f(T+ )

P ~
- AL,

Now, consider a function f: N,,1 — R. Then,

* Consider p(t) = (t?(%“l for t € IN4. Then, for t € N4, we have
t—1 —
B (t_T)ocfl
S{(pyaf(r+ 1) = fog D)
T=a
t P
t—(t—1))x1
_ Z ( (F(oc))) f(o)
T=a+1
= V()
(] Consider q(t) = (tr(ciiﬂ for te IN’ Then, for te ]N-a+1, we have
t—1 —
(t—1) %
*Digpalflit =4 ) Fi—o ¥
T=a+1
t t—1 _
(t+1—1)"* (t—1)«
- Z rl—w) f(7) Z Fl—o (1)
T=a+1 T=a+1
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To prove our main result we need the following (cf. [9, Theorem 1.67]):

Proposition 2.5 (Leibniz rule). Assume f:INg41 x INg — R. Then,

t—1 t—1
A ) f(t,s) =D Adf(ts)+f(t+1,1), teN,.
s=a

sS=a

It follows the fundamental theorem of calculus for these generalized discrete opera-
tors.

Theorem 2.6. Let a € R and suppose that (p,q) € Cq. Then,

RED (10081100 F(E) = SDi(qya)Sipyayf(t) = f(t), t € Naja. (2.2)
Moreover,
S(pyar Di(qrayf(t) =f(t), teNg (2.3)
and
Sitpra) " D(qra)flt) = f(t) —f(a), te€Na. (2.4)

Proof. Since (p, q) € €4 we know that
(p*xq)a(t)=1forallt € Ngy.
It follows that,

REDq1arSipyarf(t) = Alp x (q# fa)a(t) = Al(p* q)a #fa(t) = f(t), t € N1

Now, by the Leibniz rule, we have that
REDy gy f(t) = (q x Af)a(t) + F(a@)q(t) = “Dy(q),af(t) +Fla)q(t).

Since 8 (p),q)f(a) = 0, we immediately conclude that CD{(q);a}S{(p);a}f(t) = f(t) and,
consequently, (2.2) is proved.
To prove (2.3), we observe that

Stiprar Ditq)af(t) = Si(pyaylla * Af)alt) +f(a)g(t)]
= (1*Af)a +f(a)(p*q)a = f(t).

Finally, (2.4) follows from

Sitprar Diqrarf(t) = 8iipya) X Di(q)a)f — fl@)d]
=f(t) —fla)(p*q)a = f(t) — fla).

The proof is done. O
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