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Abstract

In this work, we introduce a new generalized Mittag-Leffler function defined via the extended Beta
function and establish its integral and differential representations. Several fundamental properties are
derived, including differentiation formulas and the Beta, Laplace, and Mellin transforms, together with
relationships to the Wright function and generalized hypergeometric functions. Furthermore, the behavior
of the associated Riemann-Liouville fractional integrals and derivatives of the proposed function is inves-
tigated. A number of interesting special cases are also presented to illustrate the generality and unifying
nature of the main results. In the final section, we discuss potential applications of the newly defined
Mittag-Leffler function, demonstrate its use in solving a fractional kinetic equation, and outline possible
directions for future research.

Keywords: Extended Beta function, Mittag-Leffler function, Laplace transform, fractional calculus
operators, fractional kinetic equation.
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1. Introduction

Several interesting generalizations of the familiar Euler-Gamma function I'(z), Euler-
Beta function B(x,y), the Gauss hypergeometric functions oF; and the generalized hyperge-
ometric functions , Fq with p numerator and q denominator were studied and investigated
by various authors (see, for example, [1, 2, 3, 4, 5, 6, 7] and the references cited in each of
these papers). For example, for an appropriately-bounded sequence {K{}1en, of arbitrary
(real or complex) numbers, Srivastava et al. ( see[8], p. 243, Equation (2.1)) recently
considered the function:

Z?:Oxl%l (Z<R,0<R<oo,iK0:1),

O{Kiheny;z) = (1.1)
Moz exp(z)[14 O(L)] (Re(z) = 00; My > 0;w € C).
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for some suitable constants 9y and w depending essentially on the sequence {Xi}ien,-
In terms of the function O({K}en,;z) defined by Equation (1.1), Srivastava et al. [8],
introduced far-reaching generalizations of the extended Gamma function, extended Beta
function and the extended Gauss hypergeometric function by:

riFthens) ) J =g <{9<1hemo;—t— %) dt, (1.2)
0
(Re(p) > 0,Re(z) > 0),
1 _
By y) = | - 0Y 0 (Miheng g ) (L3
0 t(1—1)
(Re(p) > 0,Re(x) > 0,Re(y) > 0),
S ({Kihen
{Kihen, v Bp ’(b+mn,c—b)z"
:}’p O(Q,b, C/Z) - Z (a)n B(b,C—b) H, (]‘4)

=0
(Il < 1;p > 0;Re(c) > Re(b) > 0),

respectively, provided that the defining integrals in the definitions (Equations (1.2)-(1.4))
exist.

For various special choices of the sequence {Xi}ien,, the definition in Equations (1.2)-
(1.4) would reduce to (known or new) extensions of the Gamma, Beta and hypergeometric
functions. In particular, if we set:

(e
(Bh

the definition (Equations (1.2)-(1.4)) immediately reduces to the extended Gamma func-

Ky = (1 € Np), (1.5)

tion Fé,“’m (z), the extended Beta function Bé‘x’ﬁ) (x,y) and the extended hypergeometric
function ng’m (a,b;¢; z) introduced by Ozergin et al. [9]:

r}g“,ﬁ)(z) — JOOO tZ—llFl ((X,' [3 —t— B) dt (16)
(Re(p) = 0,Re(z) > 0,Re(cx) > 0,Re(B) > 0),
1
(o, B) _ x—11 —1
Bp (x,y) = Jo t (1-t)Y 1K < 5 B; (1 t)> dt, (1.7)
Re(p) > 0,Re(x) >0, Re( ) >0),
« o0 B) b+ ) —b n
FL*®) (a,b;c;2 ZO B((b,cilbc) )‘:‘1!, (1.8)

(lzl < 1, > 0;Re(ax) > 0,Re(B) > 0;Re(c) > Re(b) > 0),

respectively. Furthermore, for the sequence Xy = 1, the definition (Equations (1.2)-(1.4))
reduces immediately to the generalized Gamma function, extended Beta function and
extended Gauss hypergeometric function studied earlier by Chaudhry and Zubair ([1], p.
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9, Equation (1.66)), Chaudhry et al. [2] and Chaudhry et al. [4]:

Mp(z) = J:o t*Lexp (—t— %) dt, (1.9)
(Re(p) > 0,Re(x) > 0,Re(B) >0,z € C),
1
By (x,y) = L 11—yt exp (oc;—t(lp_ t)) dt, (Re(p)=>0) (1.10)
i By(b+n,c—Db)z"
Folabiciz) = ) (ahn =g T (1..11)

respectively. For p = 0 and the sequence Ky = 1, the definitions (Equations (1.2)-(1.4))
would reduce immediately to classical Gamma, Beta and Gauss hypergeometric functions
(see, for details, [10, 11, 12], respectively.

The classical Mittag-Leffler function [13] is defined by:

o Zn

The Mittag-Leffler function is a direct generalization of exp (z) in which « = 1. Mittag-
Leffler function naturally occurs as the solution of fractional order differential equation or
fractional order integral equations.

Wiman [14] suggested the generalization of Ey g(z) for z, &, 3 € C;Re(a) > 0, Re(p) >
0 as

o0 Zn
Expl(z) = TLZ_OM, (1.13)

which is known as Wiman$ function or the generalized Mittag-Leffler function with two
parameter.

Prabhakar [15] introduced the function EX,B(Z) in the form

= (Y)n z"
EY 5(z) = TLZO a1 ) i’ (o, B,y € C;Re{ax, B,v} > 0), (1.14)

where (y)n is the Pochhammer symbol defined as

n ry) Yy +1)...(y+n—1) m=12...).

A next extension was introduced by Salim [12]:

e¢]

oy (Y)n n
EVG(2) = nZ_O Font B2 (1.15)

(z, 0, B,v,c € C; min{Re(«),Re(B),Re(c)} > 0).
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The study of generalized Mittag-Leffler functions remains highly relevant due to their
intrinsic connection to solutions of fractional differential equations. Recent advances in
the theory and numerical analysis of generalized fractional operators, such as the Caputo-
Katugampola derivative [16], further underscore the need for a comprehensive understand-
ing of the special functions that arise in this context. The generalized function introduced
in this work provides a potential tool for constructing analytical solutions to such modern
fractional problems. Also, the article [17] focuses on the solution formulas, existence, and
uniqueness of two types of Cauchy problems for impulsive fractional differential equations
involving the Atangana-Baleanu-Caputo (ABC) derivative with a nonsingular Mittag-
Leffler kernel. Further, various authors studied and investigated generalized Mittag-Leffler
functions (see, for details, [18, 9, 19, 20, 13, 10, 21, 22]. Motivated essentially by the demon-
strated potential for applications of these extended hypergeometric functions, Parmar [23]

investigated and extended the generalized Mittag-Leffler function (Equations (1.14) by
{Kiheng

means of the extended Beta function B, (x,y) defined by Equation (1.3)as follows:
oo {Ki}
pl@henyy) 5 By PNy 4, 1—y) 2t
B (zp) = Z - , (1.16)
= B(y,1-v) Mom+ B)

(z,, B,y € C; Re(ax) >0,Re(B) > 0,Re(y) > Lp > 0).

The special case of Equation (1.16), set the sequence Ky = % yields the known definition

n’
of Parmar [23]:

©  n(p,0) n
(p,07v) By (vy+m,1-v) z
EL (zp) = 3 , (117)
“B  ZPIT LTy, 1-y)  Tlan+p)

(z, 0, B, v € C; Re(x) > 0,Re(B) >0,Re(y) >1;p > 0).

Another recent extension is defined by Padma et al. in [24]:

({3}

(e e) oy i By M(y4+mn,c—y) ozt (118)

P = B(y,c—) Mlom + )’ '
(z,, B,v,¢c € C; Re(e) > 0,Re(B) > 0,Re(c) >0,Re(y) > 1;p > 0).
The special case of Equation (1.17), set the sequence K| = %, yields the known definition
of Padma et al. [24]:
© p(p,0)
oy, B (vy+n,c—v) zn
BV (gp) =Y =P (1.19)

B(y,c—v)  Tlan+p)’

n=0

(z, o, B,v,c € C; Re(a) >0,Re(B) >0,Re(c) >0,Re(y) >1;p > 0).
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2. Extended Mittag-Leffler function

We define an extended Mittag-Lefller function as follows:

Definition 2.1. For z,«,,v,a,¢c € C; Re{a, B,a,c} > 0,Re(y) > 1;p = 0, we define
the E({Kl}leNO;Y,C)

wBa (z;p) function in the following form:
oo o, ({Ki}
p((Kuhenvie) oy )3 By " (y+nc—y) (@ oz 1)
.pia P = B(y,c—7v) Moan+p)n!’ '

The suggested function in Eq. (2.1) is motivated by the fact that it unifies and extends
several previously introduced Mittag-LefHler-type families through the inclusion of an ad-
ditional Pochhammer (hypergeometric) weight (a)n/n! in the coefficients, while retaining

the flexible extended Beta factor ngﬁ}). For a = 1, the ratio (a)n/n! = (1)/n! =1, and
the series reduces to the earlier Padma-Parmar type extension; other special choices of
the sequence {K} or of p recover classical and contemporary Mittag-Leffler, Wright, and
hypergeometric-type functions. The additional parameter a therefore provides a controlled
bridge between Mittag-Leffler behaviour and hypergeometric Wright-type growth, increas-
ing modeling flexibility and enabling new integral representations, transform pairs, and
fractional differential operator solutions which are useful in fractional calculus, anomalous
diffusion, viscoelasticity, and related applied fields.

Region of convergence:. We examine the power series

o oK1}
. B ,C— 1
UKL () = Z p ly+tnc—y) (a)n n

o Bia B By,c—v) Tan+p)n! ~

=y

n=0

The behaviour of the coefficients u, as n — oo determines the region of convergence.
Using standard asymptotics one has
(a)n  T(a+n) nol

M Tant T ek

while Stirling’s formula gives, for R(«) > 0,

1
Mom+B) ~ C (om) ¥ P-2¢—om

so that 1/T(an+ () decays super-factorially (much faster than any geometric rate). Thus

any polynomial (or even any exponential) growth of the extended Beta factor B{,{Kl}) (v+

n,c —7y) is dominated by the denominator I'(ocn + ).
Consequently one obtains the following sufficient criterion.

Lemma 2.1. Suppose R(x) > 0 and there exist constants C > 0 and m > 0 such that
‘ng‘})(y+n,c—y)] <Cn™ (m>1).

Then the series in (2.1) converges for every z € C; i.e. the function is entire.
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Proof. With the polynomial bound above and the asymptotic (a)n/n! ~n%1/I'(a), we
have for large n
[unl < C'n™ et P+ B)[

and the right-hand side tends to zero faster than any geometric sequence because of Stir-
ling’s estimate for I'(an + ). Hence the radius of convergence is infinite.

Observations:

1. The polynomial-growth condition on B](D{%l}) (v +1n,c—y) is satisfied in the classical

Fy+nle—vy) _ omr—e).
IMNc+mn)

2. If B](D{xl}) (v +n,c—v) exhibits at most exponential growth, i.e. [Bp(y+mn,c—v)|=
O(e*™) for some k > 0, the series still converges for all z € C because the super-
factorial decay of 1/T'(axn + ) dominates any fixed exponential. Thus entireness
persists under very mild growth of the extended Beta factor.

(non-extended) case since B(y+n,c—vy) =

3. If one allows pathological choices of the sequence {K} for which B](D{KL} ) (vy+n,c—v)

grows faster than I'(an 4 B) (this would be unusual and should be excluded by
hypotheses on ©), then the radius of convergence may be finite; such exceptional
behaviour should be checked case by case.

Remark 2.1. The special case of Equation (2.1) when we set the sequence X; = ©
(1 € Np), yields another form as follows:

(e 0]

(p,0) n

(p,07v,c) By (y+mn,c—vy) (a)n z
E ;p) = —, 2.2
wia P = 2 T T Tan s B 22

(z,%,B,v,a,¢c €C; Re(x) >0,Re(p) > 0,Re(c) > Re(y) >0;p = 0).
Again, setting p = 0, yields second form of the generalized Mittag-Leffler function:
(v.a;c) — (Vnlan z"

E = _— 2.3
ap 2] Z Momn+B)(c)n n! (23)

n=0
(z, &, B,v,a,¢c € C; min{Re(x),Re(B), Re(c)} > 0).
Remark 2.2. Among many other things, the following special cases of the extended Mittag-

Leffler function ES/?SENO'%C) (z;p) in (2.1) are considered in our present investigation.
Case 1. The special cases, first, For a =c =1 in (2.1), (2.2) and (2.3) reduces to (1.16),
(1.17) and (1.14) respectively.

For « =0;3 =1, in (2.1), (2.2) reduces to (1.4), (1.8) respectively.

Case 2. The special case of Equation (2.1) for a = ¢ and the sequence X; = 1(1 € IN),
yields the known definition of Ozarslan and Yilmaz [25]:

£V (1p) = i Bp(y+nc—y) (¢Jn 2"

B B(y,c—y) T(an+p)n!’ 24)

n=0

(z,x,B,v,c €C; Re(x) >0,Re(p) > 0,Re(c) > Re(y) >0;p = 0).
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Case 3. The special case a =1 in (2.1), (2.2) and (2.3) reduces to (1.18), (1.19) and (1.15)
respectively.

Case 4. The special case a = 1 and the sequence X; = % (L € Np), in (2.1) reduces to
the extended confluent hypergeometric function of Ozergin et al. [6]:

o0 (Ocrﬁ) n
(0B (n) oy By P (vy+n,c—vy)z
(I)P (Y/ C/ Z) — Z B(‘Y,C_'Y) H/ (25)

n=0
(p > 0;Re(a) > 0,Re(B) > 0;Re(c) > Re(y) > 0).

Case 5. The special case &« = 3 and the sequence K1 =1 (1 € IN), in (2.1) reduces to
extended Gauss hypergeometric function (1.11) defined by Chaudhry et al. [4]. Again, the
sequence K1 =1 (1€ N), and « = 3 = a =1 in (2.1) reduces to the extended confluent
hypergeometric function of Chaudhry et al. [4]:

n

Bp(y+n,c—vy)z"
B(y,c—vy) n!’

Op(y;ciz) =) (p = 0;Re(c) > Re(y) > 0). (2.6)

n=0

Remark 2.3. Regarding the numerical and computational aspects for practical applica-
tions, the series in (2.1) can be computed directly for small to moderate |z|. For larger

|z|, convergence acceleration techniques or integral representations via the extended Beta

function ngl}) can improve efficiency. Recursion relations and asymptotic expansions

also provide useful tools for numerical implementation, as discussed in standard references
on Mittag-Leffler and hypergeometric-type functions [26, 27].

For our purpose, we recall the extension of Wright hypergeometric function is defined
by Agarwal et al., ([28], Eq. 1.13) for z,y € C;Re(c) > Re(y) > 0;p = 0) as fowolls:

(air 0(1")1 mrs (Y/l)
(K1) (K1) !
m+1¢£1+11 leNO) (zp) = m+1¢£1+11 lENO) (z;p)

(bi/ Bi)l,n/ (C/ 1)

1 — ({FKithen, Hnll IMai + ko) z*
= — B 'y +n,c— L — 2.7
Mc—v) 2 By y Y, Tlo: - kBy) K (27)

Corollary 2.1. we have

(a,1), (v,1)
{Kihengive) o\ & ((K)eng) ‘
Eo(,B;a (Z/P) - F(a)r(y) 211)2 (Z,p) . (28)

(B, ), (¢, 1)

x 7Yy
3. Basic Properties of ES’[S;TGN" v-e) (zp)

In this section, we obtain certain basic properties, including the differentiation formula
and the integral property of the extended Mittag-Leffler function in Equation (2.1).
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Theorem 3.1. The following differentiation formula for the extended Mittag-Leffler function
in Equation (2.1) holds true:

{Kihenyiv.c) {Kihengiv.a) {Xihengsv,a)

d
Eogia (zip) = BEy g1 (zip) + oz Bopine (zp),  (31)

(z,0,B,v,a,c € C; Re{x)PB, a,c}>0,Re(y) >1;p > 0).

In particular, we have:

BV (2) = BEL Y (2) + oczaEiZf;fl) (2). (32)

Proof. Using the definition (Equation (2.1)) in right-hand side of Equation (3.1), we
have:

{Kitheng:v.c) d _({(Kihenyiv.a)
BEapita  (ZP) oz E gl (z;p)
({3}
_ pplEhengva) o d i By (yt+mne—y)  (@n 2"
xB+1e ’ dz — B(y,c—v) Moan+p+1)n!
({31}
_ BE({:Kl}le]NoWra)(Z.p) n i By (y+m,c—v) (a)n anz™
% B+l ’ — B(y,c—v) MNan+p+1) n!
({31}
_ pE(Kthengiva) i Bp " (y+mnc—y)  (an  (an+B—p)z"
% B+l ’ — B(y,c—v) Man+p+1) n!

({Kihenyrv,a)
=Eqpe " (zP).
The relation Equation (3.2) follows from Equation (3.1) when p =0 or for X; = 0(1 € IN).
g
Obviously, for a =c¢ =1, (3.1) and (3.2) would immediately reduces to the known results
of Parmar ( [23], p.1073 , Eq. (19), (20)):

({Kihengv) {Kihengv) d _({Kihengv)
Eap 0 (59) = BEp i (zp) + az B g 17 (@), (3.3)
and .
Ep(2) = BEJR () oa g EQL 4 (2), 34)
respectively.

For a =1, (3.1) reduces to the formula (see (Padma et al. [24]):

({Kihenyrv.c) ({Kihenyrv.c) d _({(Kihengivic)
Eap 0 (zp) = BE iy () oz By g n ™ (zp). (35)

Theorem 3.2. Let «, 3,7, a,c € C be such that {fR(«), R(B), R(a), R(c) >0, R(y)} > 1,

and p > 0. Then, we can express the function in the following integral representation:

{Kihengiv.c)
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_ 1 ! -1 c—y—1 . P a)
=By Jo YT 1-)Y e ({Kl}leNo, t(l—t)> Eep (tz) dt. (3.6)

Proof. Using Eq. (1.3) in Eq. (2.1), we obtain
{Kihengsv.c)

Eopia (z;p)

n

-3 1 e eyl S (a)n  z
_RZ_O{B(%C_Y)LtH (1—t) @<{J<1}16N0,t(1_t)> dt}wm

1 - S P Vv  (an (2"
= J Y (1—-t1)7Y @<{K1}16N0,_U>T§r((m dt,.

B(y,c—7v) Jo t(1 +B) n!
(3.7)
Using Eq. (1.14) in Eq. (3.7), we obtain the formula (3.6) immediately. O
In its special cases when p =0, (3.6) reduces to the formula:
E@e)(z) = 1 Jl 11— Y E) (tz) at (3.8)
“6 = T Bly,c—v) Jo wp '

For a =1, (3.6) reduces to the formula (see Padma et al. [24]):

{Kihengsv.c)

Eog/f, (Z/p)
1
= 1J tyil(l —t)ciyil@ {:Kl}leIN P E [g(tZ) dt (3.9)
B(y,c—v) Jo Yt1-t)) " '
Corollary 3.1. Taking t = 5 in Theorem 3.2., we obtain
Ep g™ (z;p)
1 © vl —p(1+u)? (a) zZu
= 0 {X ;—— | E du, 1
ey o Trwee (Kthenw PO R (£ ) v 10

Corollary 3.2. Taking t = sin?0 in Theorem 3.2., we obtain

{1} v.c)
Eoc,[i;LaLENO . (z;p)

-2 Jg sin?Y 1@ cos* 21 0@ <{5<1}1 N —p> Eqep(zsin”0) dO

Blv,c—v) Jo ' sin? 0 cos?0) ’
(3.11)

Corollary 3.3. The following integral belongings to Eq.(3.1) follow as:
z . ;

JO (Bt TN ey g = PR e ) (3.12)
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In particular, for p = 0 we have:

z
L (TR (i) () dt = ZPELYES) (A2, (3.13)

In its special cases when a =1, (3.9) reduces to the formula (see Padma et al. [24]):

z « ;
Jo (BT e ) ey g — ZBE TN ey, (3.14)

For a=c =1, (3.9) and (3.10) reduces to the formulas [23]:

z . .
|| TS ) 4t = PRGN 0z, (3.15)
z
J tPIEY (M) dt = 2PEY) | (Az%), (3.16)

0
respectively.

Theorem 3.3. The following derivative formulas for the extended Mittag-Leffler function
in Equation (2.1) are satisfied:

k
< : ) 2P B 0] = 2P 0e%p), (Re(B k) > 0,m e ).

az a,B;a ®B—ka
(3.17)
In particular, we have:
d\" B—1r(vic,a) v _oxy| _  Bp—k—1x(vic,a) o
(dz> [z EY (A2 )} —2 L) (Az%). (3.18)

Proof. Using Equation (2.1) and employing term-wise differentiation m times on the
left-hand side of Equation (3.17) under the summation sign, which is possible in accordance
with the uniform convergence of the series in Equation (2.1), we get:

d\* o~
(2)' pretzzinea)
(

o0 {341}
_ Z Bp Mo (’Y—FTI,C—’Y) (a)n E i b [Zocn+[371]
= B(y,c—v) MNMoan+p) n! \ dz
00 B({fKL}LeNO AT
_ Z p (v+nc—vy) (aJn A" T(an+B) Lo+ p—k-1
oy B(y,c—v) MNon+R) n! TF'lan+ B —k)
_ ZﬁfkflE({xl}leNoﬂ/rC) (Az%; p).

«,Bf—k;a

The special cases of Equation (3.17) when p = 0 or for K; = 0(1 € IN) are easily seen to
yield Equation (3.18). O
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Obviously, for a = ¢ = 1, (3.17) and (3.18) would immediately reduces to the known
results of Parmar ([23], p.1073 , Eq. (21), (22)):

a\* : ,
(dz) {Zfs—1E§,9g1heNorv)(}\Za;p)} :ZB—k—lES,ggI_}LeNO/Y)()\Za;p)l (3.19)
and
d\" (v) v)
(dz> PTEN (2] = 2PTIED) (2, (3.20)
respectively.
4. Integral transform of Efi’jg;lileN";y'c) (z;p)

In this section, we obtain the Laplace transform, Mellin transform representations

and the Euler-Beta transform, alternatively called the Erdélyi-Kober fractional integral

X e . .
for the extended Mittag-Leffler function Eg,ﬁ;lc}llgNo Y C)(z,'p), in Equation (2.1) as follows.

4.1. Laplace Transform

The Laplace transform (see, e.g., [29]) of the function f(z) is defined, as usual, by:

L{f(z)} = J:o e °*f(z) dz, (Re(s)>0). (4.1)

Theorem 4.1. The following Laplace transform representation for the extended generalized
Mittag-Leffler function in Equation (2.1) holds true:

% -y, 1 (x
T CET ) B Y

In particular, we have:
_ . 1 X
L {zﬁ 1Egéc’a)(xz°‘)} = —SBZFl (a,y,' c; 7s“> , (4.3)

Proof. Using the definition (Equation (4.1)) of the Laplace transform, we find from
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Equation (2.1):

c {Zﬁ_lE({g{l}lENomc)(xz"‘;p)} _ JOO ZB_16_SZE({U<1}1ENO;V,C)(chx/,p) dz
0

«,f3;a «,fB3;a
x
[T (3 By U My4me—y) (@ x2S
0 = B(v,c—v) Mlan+p) n!
({3}
- i Bp HERo (Y"‘n/C_Y) (a)n x’n J’Oo an+p—1,—sz
= — z e dz
27 Blye—y)  Tentp)nlly
0o, {Kihen, n
-y By (v+nc—y) (a)n x"T(an+p)
— B(y,c—v) MMon+p)n! sxn+p
1 B ey
sP " B(y,c—v) n!

Now, using the definition (Equation (1.4)) to express the involved sum as an extended
hypergeometric function, we are led to the desired result. The special cases of Equation
(4.2) when p =0 or for Ky = 0(1 € IN) are easily seen to yield Equation (4.3). O
Obviously, for a = ¢ =1, (4.2) and (4.3) reduces to the known Laplace transform of the
generalized Mittag-Leffler functions ([23], p.1074 , Eq. (26)) and [15], p.8, Eq. (2.5))

. 1
B {Zﬁ_lEfx{/aglheNow(xzal_p)} S éxl}temo (Lv;l;s%)/ (4.4)
and 1
B—1p(Y) (ol _ L (1 X \TY
L {Z E(X,B(XZ )} ~sB (1 Soc) ’ (4:5)
respectively.

4.2. Eluer-Beta Transform

The Euler-Beta transform [29], alternatively called the Erdélyi-Kober fractional inte-
gral of the function f(z), is defined, as usual, by:

1

B{f(z);r,s} = JO 271 —2)(z) dz. (4.6)

Theorem 4.2. The following Euler-Beta transform or Erdélyi-Kober fractional integral
representation for the extended Mittag-Leffler function in Equation (2.1) holds true:

B(Eq gy ™" (x2%p); B, b} = F(B)E g 5 o™ (x; p), (4.7)

o,fB3;a

x Y
B{EL 5o (xzP; p);i, 5}

(a,1), (r,p), (v,1)
_ F(C)F(S)Bq)?()(le)le]No) xip) | (4.8)

(B,a), (r+s,p), (c1)
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Proof. Using the definition (Equation (4.6)) of the Euler-Beta transform, we find from
Equation (2.1):

] 1
B{E({Kl}lemo,y,c) (XZ“’p); [_)), b} — J Zﬁ—l(l )b 1E {KI}IEINO 7Y, C)( ZOC/p) dZ
0

«,B;a o, pB;a
(XK}

_ = B‘p et (Y+n/C_Y) (a)‘ﬂ. XnJ\1 Zocn+[3—1(1_z)b—l dz

£ T Blycy)  Tantp)nlly
5 By U M(y+me—y) (a)n  x"T(on+pIT(b)

—= B(y,c—v) MNon+p)n! Tan+ B +b)

({3}
_r(b) i By " M(y+me—y) (a)n X"
= B(y,c—v) Mon+ B +b) n!

Using the definition (Equation (2.1)), we get the desired representation Equation (4.7).
Again, using (4.6) and (2.1), it gives

) 1
B{E({KL}LGNO,V,C)(XZD;T)) T, S} _ J’ (1 . )S 1E {fKL}IGINO Yy C)( Zp;p) dz

o, Ba 0 o, Ba
% {9<}
= Z o (y+mn,c—vy) (a)n XnJ’1 ZT+pn—1(1 —Z)S_l dz
B(y,c—v) MMom+B) n! Jo
F(C) 1 & _(XKithen Ma+n) x"
= B ‘vy+nc—vy)s——F0r —B(r+pon,s)
Ia)l(y) T(c—) nZ P Iomn+p) n!

n

=0
(C)F(S 1 i B({xl}leNO (y+1,c—7) Ma+n)l(r+pn) x
(v)

= IMan+ B)F(r—ks—i—pn)ﬁ

:

In accordance with the definition of (2.8), we obtain the desired result (4.8). O

4.8. Whittaker Transform

The following integral involving the Whittakar function

> : Fv—p+ )My +u+3)
v—1,-% — 2 2
Jo z¥ e 2 Wy (z) dz = My k1) , (4.9)

where Re(n+v) > —% and Wi, (z) is the Whittakar confluent hypergeometric function
(see [30]).

Theorem 4.3. The following Whittakar transform representation for the extended Mittag-
Leffler function in Equation (2.1) holds true:

(o0}
_z ({fK hengrv.c)
J V1 ZWTu( z)E ‘XB;LQLENU

0

(xzP;p) dz



M. Bin-Saad & A. Bin-Alhag / Generalized Mittag-Leffler Function 78

Me) () | (@D (VBT 0), (V=)o) (v1)

= (zp)
Ma)l(y)” 3 (B,a), (v=—T+1,p), (c,1)

(4.10)
Proof. Using (4.9) and (2.1), it gives
| e W e R i) ez
0 B
00 ({KI}IEINO n roo
= Z Bp y+ne—y) (an XJ 2P lemIwWg L (2) dz
= B(y,c—v) Mom +B) n! Jo ’
r(c) 1 ¢ L (Ken Mat+mn) x™
= B 0 c—y)——
Ma)r(y) F(c—y)nz_o P YA Y i )
MNv—u+ % +pn)l(v+pu+ % +pn)
Nv—1t+1+pn) '
In accordance with the definition of (2.8), we obatain the desired result (4.10). O

5. Fractional Calculus Approach

In this section, we derive certain interesting properties of the extended Mittag-
Leffler function ES B,LC}ILENU v:e) (z;p) in Equation (2.1) associated with right-sided Riemann-
Liouville fractional integral operator Ig+ and the right-sided Riemann-Liouville fractional

derivative operator D}, which are defined as (see, e.g., [11,22]):

(1G,0) ) = s | (x=0" ot dt (we €, Rel) >0), 51)

and

Oh.0) ¥ = (5:) (B:"0) () (€T, Relw) > 0m = Relul +1), (52

where [x] means the greatest integer not exceeding real x.

Theorem 5.1. Let b € R, = [0,00); ¢, B,v, w,a,c € C; Re{x,B,a,c} >0;ue (0,1),ve
[0,1]. Then, for x > b, the relation holds:

(IEJr [(t —b) B*IE({Kl}leNoﬂ/rC) (w(t— b)“;p)} ) (x)

o,fB;a

—1 {Kihengsv.e)
= (x=D)PTHTIE U (w(t = b)), (53)

(o2, [t =) P e (1) )] ) ()

o,fB;a
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— (x—B) B EL N (1) %; ). (5.4)

Proof. By virtue of the formulas (Equations (5.1) and (2.1)), the term-by-term fractional
integration and the application of the relation [31]:

r(p)

(T [(t— b)P 1) (x) = Tt p)

(x—b)**P~1, (11, B € C,Re(1) > 0,Re(B) >0), (5.5)

yield for x > b:
(18 [0 e ™ (@t =) p)] ) ()

oo o {Kihen, n an+p—
:<I§+ [ZBP (Y+nc—y) (an @n(t—b)nrs 1]>(X)

= B(y,c—v) Mo +B) n!
1 (K hengivic)
= (x—b)FTHTE T (w(t—b) % p). (5.6)

Next, by Equations (5.2) and (2.1), we find that:

( (t b)ﬁ 1Eigglc}ll€N0YC)(w(t*b)oc;p)})(X)

n
({3} )
- (& )P L o b)) ) (0
n
({3} )
( ) bk N (it — )% p) (5.7)
Applying Equation (3.17), we are led to the desired result Equation (5.4). O

6. Observations and Conclusion

The newly introduced function in (2.1) may find potential applications in various

scientific fields. In physics, it can model anomalous relaxation and diffusion governed by
fractional dynamics. In engineering, it provides flexible tools for describing viscoelastic be-
havior and systems with memory effects. In biology, such generalized Mittag-Leffler-type
functions may represent complex growth or decay processes. These prospects emphasize
the broader applicability of the proposed generalization.
Another important application of the Mittag-Leffler function is in fractional kinetic equa-
tions. These equations play a central role in modeling processes where memory effects and
hereditary properties are significant. Unlike classical kinetic models, which assume expo-
nential relaxation, fractional counterparts capture anomalous diffusion, non-exponential
decay, and complex dynamical behavior. Such models have found applications in diverse
fields, including physics, chemistry, biology, astrophysics, and engineering, where they
describe phenomena such as reaction-diffusion systems, population growth, transport in
disordered media, and relaxation dynamics in complex systems. As an illustration, in this
section, we investigate solutions to a family of generalized fractional kinetic equations,
extending the classical model of Saxena and Kalla (see [32]). The standard form of such
an equation is given by

X(t) =Koo(t) = —p" oD VK(1),  (R(v)>0), (6.1)
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where X(1) denotes the number density of a species at time T, Ko = K(0) is its initial
density at T = 0, and p is a constant. Here, oDV represents the Riemann-Liouville
fractional integral operator, defined for 2R(v) > 0 as (see [31, 33])

D (t) = L (t— )" Lo(s) ds. (6.2)

The solution structure of such equations often involves the Mittag-Leffler function
with two parameters, defined by

ZT\.
E = —_— 6.3
V(2] — T(vn+u) (6.3)
In what follows, we demonstrate that the generalized Mittag-Leffler function ES/?;?ENU;%C) (z;p)

naturally arises in the solution of a generalized kinetic model.

Theorem 6.1. The following result provides a model for a fractional kinetic equation. If
w >0 and v > 0, then the solution of the fractional kinetic equation

—1+ {Kihengrv.e) —
K(T) =Kot E g g 0 (TN P) = —w* oDy K (1), (6.4)
is given explicitly by
- ({51} )
3Y.€
K(T) = KotP ) (wT)r“E“,B:Lfoly (% p). (6.5)
r=0

Proof. Taking Laplace transforms and using the identity (see [33])
L [OD;Vf(T);s] =5 VF(s), F(s) :J e ST f(t)dt, R(s) >0,
0

we obtain from (6.4)

gl
K(s)— Ko Y —"

n=0

Y+n =¥ (n (anip)

Bly,c—y) =Tt s

Hence
© B {XK1))

K(s) (14 ws%) =y 2 VEMEZY) [Dn —anse
n=0

S .

(
B(y,c—v) n!

For |w*s™%*| < 1 (for instance |s| > |w|) we may expand
(1+ w"‘s_"‘)i1 = Z(*l)rw"”s_m,

and therefore

0
Y+nc—vy) (a)'n Z(_l)rwocrs—(ocr—o—ocn—i—ﬁ)‘



M. Bin-Saad & A. Bin-Alhag / Generalized Mittag-Leffler Function 81

The interchange of the two sums and the subsequent Laplace inversion are justified for
sufficiently large $R(s) by absolute/uniform convergence under the standing hypotheses on
o« and the growth of the extended Beta term. Using

L sV = K R(v) >0,
we obtain
. i {K‘})(y—i—n c—vy n Z ror+oan+p—1
0 B(y,c— Moar+on+B)

Comparing with the definition of the generalized Mittag-Leffler function (6.3) yields the
asserted formula

X (1) JC()TB 1Z (wT) rch{le}YC( % p)

o, B+ara

and the proof is complete. O

Remark 6.1. According to the definition (6.3), the solution of the fractional kinetic equa-

tion (6.4) can alternatively be expressed as

00 {Kl}lENO)(Y‘f‘n c—vy )n o) a(r4n)+p—1
=X
OZ B(y,c—v) Z EEE
0 {xl}leNO)

B—1 (v+n,c—v) (@)n ™™
=t Z B(y,c—v) n!

Eqoan+p(—(wr)*).  (6.8)

This alternative form follows directly from the series definition of the two-parameter
Mittag-Leffler function (1.13). Future investigations may focus on extending the present
results in several directions. One promising line of research is to explore the solutions of
fractional differential equations defined via operators such as the Caputo-Katugampola
derivative in terms of the newly defined generalized Mittag-Leffler function [16]. Further
studies could also address numerical methods, asymptotic behavior, and potential physical
interpretations associated with these generalized models.
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