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Abstract

This study is intended to provide an exhaustive comparison of various non-local fractional operators
when analyzing the mechanics of breathing performed by a ventilator. We present the solutions of the
fractional respiratory mechanics model mainly for allowing the health care team to monitor patients’ con-
ditions in detail. The aim is to introduce the underlying model flexibly by making use of the advantages of
the non-integer order operators with one, two, and three parameters. On the other hand, since we concern
the usage of different types of fractional operators, most often having virtue in the application, it can be
clearly observed the similarities and differences between these operators. Moreover, we observe the mobil-
ity of the solutions curves of the above-stated fractional model for different values of the parameters α, ρ,
and γ with the help of many graphs.

Keywords: Fractional operators, Caputo derivative, Clinical medicine, Artificial respiration, Ventilator.
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1. Introduction

Fractional analysis, which has a wide range of applications in science and engineer-
ing, is an important mathematical analysis branch in which derivatives and integrals
are extended to non-integer orders. The concepts of fractional derivative and fractional
integral were studied in more detail in the 18th and 19th centuries, and the "paradoxes"
described by Leibniz were solved by later scientists, but this does not mean that the
fractional calculus is completely free from open problems. Many results in the literature
reveal the advantages of the non-local fractional derivatives and integrals allowing us to
observe real-world problems associated with the memory effect. The field of fractional
calculus, which has been studied for centuries, has allowed many different definitions
of fractional derivatives and integrals to emerge, and one of the most important defi-
nitions is the Riemann-Liouville (RL) definition. This definition for arbitrary derivative
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and integral of any function emerged in the late 19th century with a complex analy-
sis approach. Various fractional operator definitions in the literature are special cases
of this general definition of RL. This crucial definition is obtained by generalizing the
Cauchy integral formula under favour of the iterated derivatives of a complex analytical
function, and there are several non-local fractional derivative definitions obtained from
iterating some local derivatives in literature. Therefore, one of the most common and
understandable ways of defining fractional calculus is to analyze the definition of RL,
however, it is still not the only way to define fractional calculus. Due to the power func-
tion in the RL integral and derivative, they can be used to describe processes with the
power function, but there are many different types of behavior that occur in nature and
cannot be defined by simple power functions. The purpose of all other arbitrary-order
operators that arise is to observe these different behaviors in nature through different
types of fractional integrals and their corresponding derivatives. This clearly shows
that; Fractional analysis contains various definitions instead of a specific definition in
classical analysis. The fractional RL integral and derivative in [1] are defined as follows,
respectively

RLIαφ(t) =
1

Γ(α)

∫t
a

φ(ξ)

(t− ξ)1−ξ
dξ, Re(α) > 0, (1.1)

RLDαφ(t) =
dn

dtn
RLIn−αφ(t), n = ⌊Re(α)⌋+ 1, Re(α) ⩾ 0. (1.2)

In recent years, real and complex order derivatives have become a research topic
that has developed not only in mathematics but also in other important areas of sci-
ence such as physics, biology and engineering. Many possible definitions for fractional
differentiation and integration have been proposed by making use of the RL formula
and generalizations and also replacing the power function with other singular or non-
singular kernels [2]. It is possible to consider all modifications as a special case of a
specific model of fractional calculus. One of the most important examples of these mod-
ifications is the Caputo fractional derivative which is more efficient than RL operator
for the initial value problems. Moreover, some authors have introduced the non-local
proportional operators including two parameters in [3]. This definition obtained by
the iteration of the local proportional derivative based on control theory as seen in [5].
More general version of the non-local proportional operator was carried out later in
[4]. Also, it can be said that the non-local proportional operator is a special case of the
Prabhakar fractional operator containing generalized Mittag-Leffler function presented
in 1971 [6, 7]. In [4], some authors introduced a new perspective and more general
approach for proportional derivative and integral as follows:

PCDαφ(t) =
1

Γ(1 −α)

∫t
0

κ1(α, ξ)φ(ξ) + κ0(α, ξ)φ ′(t)

(t− ξ)α
dξ, (1.3)

CPCDαφ(t) =
1

Γ(1 −α)

∫t
0

κ1(α)φ(ξ) + κ0(α)φ
′(t)

(t− ξ)α
dξ, (1.4)

which allows to see a combination of RL integral and Caputo derivative. Also, corre-
sponding fractional integrals are
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PCIαφ(t) =

∫t
0

exp
[
−

∫t
u

κ1(α, ξ)
κ0(α, ξ)

dξ

]
RLD1−α

u φ(u)

κ0(α, ξ)
du, (1.5)

CPCIαφ(t) =

∫t
0

exp
[
−

∫t
u

κ1(α)

κ0(α)
(t− u)

]
RLD1−α

u φ(u)

κ0(α)
du. (1.6)

One of the most important open problems in the fractional analysis is whether it is
possible to create a definition that covers all the fractional operators in the literature. To
make generalizations is a key point of mathematics and also many researchers studying
the real-world problems in applied sciences wish to have a specific fractional operator as
in the traditional analysis. Although there are many generalized fractional derivatives
in the literature, there is no definition covering all fractional derivatives yet. In line
with this desire, many researchers have made generalizations as an alternative to the
existing fractional derivatives. In [8], authors introduced a general version of some
fractional operators like RL, Caputo, Hadamard by making use of a local derivative
including Mittag-Leffler function and so they get a general fractional operator with three
parameters. Another generalized derivative with two parameters presented in [9]. On
the other hand, the general framework of fractional operators given in [2] involves such
fractional operators as RL, Prabhakar, generalized proportional, and some fractional
models containing non-singular kernel [10]. In addition, authors in [11] furnished the
classification of fractional calculus to comprehend the similarities or differences between
the diverse fractional derivatives existing and to better understand what a fractional
derivative means.

There are many different perspectives and approaches in the investigation of frac-
tional analysis. Diverse systems and behaviors in real-world problems are not yet un-
derstood using non-integer order operators. Therefore, defining fractional derivatives
without considering the applications or applying difficult conditions for all potential
fractional operators will still not lead to significant progress in understanding the hid-
den advantages and applications of fractional analysis. On the other hand, there are
various applications in the literature that have been handled with a wide variety of frac-
tional derivatives and have better results than the classical counterparts. For example,
the authors in [12] investigated the model of blood ethanol concentration model with
singular and non-singular kernels by employing the real data to see the effectiveness
of the fractional operators clearly. Also, some diseases and the effect of deforestation
on wildlife species models analyzed in detail through non-integer order operators in
[13, 14]. Besides, since past fluctuations in the economy directly affect today’s economy,
fractional operators can be very effective in studying economic models owing to hav-
ing the memory-effect. Hence, the authors in [15, 16] handled some economics models
by different types of arbitrary order derivatives to observe the behavior of such mod-
els deeply. Additionally, some significant fractional applications in physics or other
research areas can be seen in [17, 18, 19, 20, 21, 22, 23, 24, 25, 26].

Inspired by the above-mentioned studies, we have examined the model of respiratory
mechanics in clinical medicine with various non-local singular fractional derivatives.
The assisted ventilation is supportive care carried out with the help of the ventilator
which is a crucial medical machine for the treatment of a patient. This important ma-
chine is employed in case of serious illnesses when patients lose their breathing power.
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The ventilator is connected to the patient with a tube in the trachea through the nose or
mouth and blows air and necessary oxygen into the lung of the patient. The ventilator
provides substantially more oxygen than other medical instruments like masks. Also,
patients are monitored by a ventilator in order to control the respiratory rate, blood
pressure, heart rate, and oxygen saturation. Thanks to the model we deal with in this
study, the change in lung volume during mechanical breathing is observed by means
of various non-local fractional operators with singular kernels. As can be clearly seen,
the model studied is of great importance in daily life, and therefore it is thought to be
useful to examine this model through different types of fractional operators such as Ca-
puto derivative, generalized derivative, proportional derivative, M-derivative, and the
constant proportional Caputo derivative. We focus on the fractional derivatives with a
singular kernel to solve the aforementioned model and display the solution curves on
the graphs without restriction with the given initial conditions. To achieve this objective,
the Caputo derivative, which is very useful for initial value problems, is preferred. It is
well known that other fractional derivatives with singular kernel we utilize to solve the
respiratory mechanics model in the current study are modified general versions of the
Caputo derivative and show very similar characteristics to each other. Hence, the simi-
larities and differences of these fractional operators present in the literature are clearly
observed through the solutions obtained with the help of Laplace transform, which is
a very efficient method for constant-coefficient linear equations. Although the main
derivative intended for the fractional respiratory mechanics model is the Caputo deriva-
tive, we have obtained different fractional solutions with one, two, and three parameters
using some other fractional derivatives in the literature. On the other hand, we also get
series solutions of the proposed model via constant proportional Caputo derivative.

We organize the current study as follows. We present the basics of fractional cal-
culus to utilize for the main results of the paper in Section 2. Then, the description of
the respiratory mechanics model and some necessary conditions are given in Section 3.
Additionally, the arbitrary order solutions of the underlying model are performed by
using Laplace transform (LT) in terms of Caputo fractional derivative, the generalized
fractional derivative which was introduced by Katugampola, proportional derivative,
non-local M-derivative and constant proportional Caputo derivative in this section. Fi-
nally, some essential discussions and concluding remarks are exhibited by reinforcing
with graphs for different values of α, γ, and ρ.

2. The basics of fractional calculus

In the current section, some crucial concepts of fractional calculus are presented for
utilizing in the main results of this study.

Definition 2.1. [1] Caputo fractional derivative is defined by

CDαω(t) =
1

Γ(n−α)

∫t
a

ω(n)(ξ)

(t− ξ)1+α−n
dξ, (2.1)

where α ∈ C, Re(α) ⩾ 0 and n = ⌊Re(α)⌋+ 1.
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Definition 2.2. [9] The generalized fractional integral and derivative in the sense of
Caputo are given respectively by

Iα,ρω(t) =
1

Γ(α)ρα−1

∫t
a

ω(ξ)

(tρ − ξρ)1−α
ξρ−1dξ, (2.2)

Dα,ρω(t) =
1

Γ(n−α)ρn−α−1

∫t
a

ξρ−1

(tρ − ξρ)1+α−n
ω(n)(ξ)dξ, (2.3)

where α ∈ C and n = ⌊Re(α)⌋+ 1.

Definition 2.3. [3] Fractional proportional integral and derivative are defined as follows,
respectively

PIα,ρω(t) =
1

Γ(α)ρα

∫t
a

exp
(
ρ− 1
ρ

(t− ξ)

)
(t− ξ)α−1ω(ξ)dξ, (2.4)

PDα,ρω(t) = Dn,ρIn−α,ρω(ξ) (2.5)

=
Dn,ρ

Γ(n−α)ρn−α

∫t
a

exp
(
ρ− 1
ρ

(t− ξ)

)
(t− ξ)n−α−1ω(ξ)dξ,

where ρ ∈ (0, 1], α ∈ C, n = ⌊Re(α)⌋+ 1 and Dρ is the local proportional derivative
given in [5].

Definition 2.4. [8] The non-local fractional M-integral and derivative are defined by

MIα,ρ,γω(t) =
Γ(γ+ 1)α

Γ(α)ρα−1

∫t
a

((t− a)ρ − (ξ− a)ρ)α−1ω(ξ)(ξ− a)ρ−1dξ, (2.6)

MDα,ρ,γω(t) = MIn−α,ρ,γDn,ρ,γω(t) (2.7)

=
Γ(γ+ 1)n−α

Γ(n−α)ρn−α−1

∫t
a

((t− a)ρ − (ξ− a)ρ)n−α−1

× Dn,ρ,γω(ξ)(ξ− a)ρ−1dξ,

where α ∈ C, γ > 0 and n = ⌊Re(α)⌋+ 1.

Definition 2.5. [27] The LT of the Caputo fractional derivative is defined as below

La{CDαω(t)} = sαW(s) −

n−1∑
k=0

sα−k−1ω(k)(a), (2.8)

where W(s) = La{w(t)}.
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Definition 2.6. [28] Let ω ∈ ACn
δ [0,a], α > 0, s > c and δk =

(
t1−ρ d

dt

)k
ω(t), k =

0, 1, ...,n has exponential order ec
tρ

ρ , then the LT of generalized fractional derivative is
given as follows

L{Dα,ρω(t)} = sα

[
L{ω(t)}−

n−1∑
k=0

s−k−1(δkω)(0)

]
. (2.9)

Definition 2.7. [3] The LT of the non-local fractional proportional derivative is defined
by

La{PDα,ρω(t)} = (ρs+ 1 − ρ)αWa(s) − ρ

n−1∑
k=0

(ρs+ 1 − ρ)α−1−kDk,ρω(a), (2.10)

where α ∈ C, Re(α) > 0, ρ ∈ (0, 1] and n = ⌊Re(α)⌋+ 1.

Definition 2.8. [8] The LT of the non-local fractional M-derivative is presented as follows

La
ρ,γ{MDnα,ρ,γω(t)}(s) (2.11)

= sαLa
ρ,γ{ω(t)}− sα−1ω(a) − sα−2

MDρ,γ
a ω(a)

− . . . − sα−n+1
MD

(n−2)ρ,γ
a ω(a) − sα−n

MD
(n−1)ρ,γ
a ω(a),

where ω ∈ Cn
ρ,a[a,b], α > 0 and γ > 0.

Definition 2.9. [4] The LT of the constant proportional Caputo derivative is given by

L{CPCDαω(t)} = [κ1(α)s
α−1 + κ0(α)s

α]L{ω(t)}− κ0(α)s
α−1ω(0). (2.12)

3. Description of the respiratory mechanics model and prerequisites

Here, we intend to present the respiratory mechanics model in [29] in order to com-
prehend its non-integer order version. Also, we shall furnish some crucial key points
of the model mentioned and the necessary assumptions for the process of mechanical
breathing. This process is performed by a ventilator (medical device) and monitored by
a clinician. The instantaneous volume of the lung which is modeled by a single com-
partment can be observed by the following differential equations with initial and end
conditions:

R

(
dVi(t)

dt

)
+

(
1
C

)
Vi(t) + Pm = Pd, 0 ⩽ t ⩽ tj, (3.1)

R

(
dVe(t)

dt

)
+

(
1
C

)
Ve(t) + Pm = 0, tj ⩽ t ⩽ tb, (3.2)

Vi(0) = Ve(tb) = 0, (3.3)

Vi(tj) = Ve(tj) = VT . (3.4)
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The above-stated model is created by utilizing the formula of pressure balance at the
airway and this pressure equation is given by

Pl + Pk + Pm = Paw, (3.5)

where Pl is the airway-resistance drop, that is, it is a pressure loss because of the resis-
tance to flow into and out of the pulmonary system. Moreover, because of the volume
of the lung changes during mechanical breathing, an elastic pressure occurs and this
pressure is denoted by Pk. Once a breath is complete, pressure is left in the lung and it
is indicated by Pm called residual pressure or end-expiratory pressure. Paw stands for
the pressure applied to the airway. Additionally, it should be noted that Paw is equal to
the pressure Pd during inspiration and equal to zero during expiration.

On the other hand, tb is the length of each breath and is determined by a clinician.
Also, inspiration and expiration are two separate parts of each breath. It is presumed
that inspiration occurs on [0, tj] and expiration occurs on [tj, tb]. Here, tj denotes the
inspiratory time. In addition to this, Pd is a pressure applied by the ventilator to the
airway during inspiration and naturally Pd = 0 during expiration. Furthermore, Vi(t)
is the volume of the lung during inspiration on 0 ⩽ t ⩽ tj, Ve(t) denotes the volume of
the lung during expiration and VT stands for the tidal volume of the breath.

Due to the fact that the pressure Pl is proportional to the flows into and out of
the pulmonary system, it can be expressed that Pl equals to R

(
dV(t)
dt

)
where R is the

proportionality constant. Similarly, because Pk is proportional to the volume of lung,
the elastic pressure Pk equals 1

CV(t) where C is a constant called compliance of the
lung. It is assumed that constants R and C are same for both inspiration and expiration.

The residual pressure Pm can be calculated under the end condition Ve(tb) = 0
through the following formula:

Pm =
(etj/RC − 1)Pd
etb/RC − 1

. (3.6)

Besides, the mean alveolar pressure Pma, the average pressure in the lung during inspi-
ration, can be computed by

Pma =
1
Ctj

∫tj
0
Vi(t)dt+ Pm, (3.7)

under the initial condition Vi(0) = 0.
Now, we furnish the fractional respiratory mechanics models by benefiting from the

above pieces of information:

3.1. Fractional respiratory mechanics model through Caputo derivative
This portion is dedicated to interpret and describe the breathing mechanics in a me-

chanically ventilated patient by means of Caputo fractional derivative. Monitorization of
a patient on a ventilator is crucially significant to reveal the lung function for treatment
or therapy. Therefore, to utilize the non-integer order derivatives for the respiratory me-
chanics model can be efficient for monitoring the patient much more detailed. To that
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end, we solve this substantial model by employing the LT of Caputo fractional deriva-
tive. Let us present the fractional respiratory model via Caputo derivative as follows:

R [CDαVi(t)] +

(
1
C

)
Vi(t) + Pm = Pd, 0 ⩽ t ⩽ tj, (3.8)

R [CDαVe(t)] +

(
1
C

)
Ve(t) + Pm = 0, tj ⩽ t ⩽ tb, (3.9)

Vi(0) = Ve(tb) = 0, (3.10)

Vi(tj) = Ve(tj) = VT . (3.11)

First, if we apply the LT to both side of the equation (3.8) under the condition Vi(0) = 0,
then we have

L{R[CDαVi(t)]}+L

{(
1
C

)
Vi(t)

}
= L{Pd − Pm}, (3.12)

sαL{Vi(t)}− sα−1Vi(0) +
(

1
CR

)
L{Vi(t)} =

Pd − Pm

Rs
, (3.13)

L{Vi(t)} =
Pd − Pm

R

1
s
(
sα + 1

CR

) , (3.14)

and by applying inverse LT, we can reach the following solution

Vi(t) = C(Pd − Pm)

[
1 − Eα

(
−

1
CR

tα
)]

, (3.15)

where Eα(.) is the Mittag-Leffler function. Additionally, solving the same equation with
the condition Vi(tj) = VT , one can get the solution below

Vi(t) = C(Pd − Pm)

[
1 − Eα

(
−

1
CR

(t− tj)
α

)]
+ VT

[
Eα

(
−

1
CR

(t− tj)
α

)]
. (3.16)

Now, we solve the equation (3.9) under the condition Ve(tb) = 0. Taking the LT of (3.9),
we obtain

L{R[CDαVe(t)]}+L

{(
1
C

)
Ve(t)

}
= L{−Pm}, (3.17)

sαL{Ve(t)}− sα−1Ve(tb) +

(
1
CR

)
L{Ve(t)} =

−Pm

Rs
, (3.18)

L{Ve(t)} =
−Pm

R

1
s
(
sα + 1

CR

) , (3.19)

applying inverse LT, we can readily attain the following solution
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Ve(t) = −CPm

[
1 − Eα

(
−

1
CR

(t− tb)
α

)]
. (3.20)

In a similar manner, if we solve the equation (3.9) with the end condition Ve(tj) = VT ,
we have

Ve(t) = −CPm

[
1 − Eα

(
−

1
CR

(t− tj)
α

)]
+ VT

[
Eα

(
−

1
CR

(t− tj)
α

)]
. (3.21)

3.2. Fractional respiratory mechanics model through constant proportional Caputo derivative
Here, we consider and analyze the respiratory mechanics model in the frame of the

constant proportional Caputo (CPC) derivative to identify the instantaneous volume of
the lung. Fractional version of the model (3.8)-(3.9) can be presented by CPC derivative
as follows

R [CPCDαVi(t)] +

(
1
C

)
Vi(t) + Pm = Pd, 0 ⩽ t ⩽ tj, (3.22)

R [CPCDαVe(t)] +

(
1
C

)
Ve(t) + Pm = 0, tj ⩽ t ⩽ tb, (3.23)

Vi(0) = Ve(tb) = 0, (3.24)

Vi(tj) = Ve(tj) = VT . (3.25)

Begin with solving the equation (3.22) under the initial condition Vi(0) = 0 by virtue of
the LT, we get

L{R[CPCDαVi(t)]}+L

{(
1
C

)
Vi(t)

}
= L{Pd − Pm}, (3.26)

[
κ1(α)s

α−1 + κ0(α)s
α
]
L{Vi(t)}− κ0(α)s

α−1Vi(0) +
1
RC

L{Vi(t)} =
Pd − Pm

Rs
, (3.27)

L{Vi(t)} =
Pd − Pm

R
[
κ1(α)sα + κ0(α)sα+1 + s

RC

] , (3.28)

L{Vi(t)} = C(Pd − Pm)s−1 1
1 − [−RCκ1(α)sα−1 − RCκ0(α)sα]

, (3.29)

and if we write in serial form, we have

L{Vi(t)} = C(Pd − Pm)s−1
∞∑

k=0

[−RCκ1(α)s
α−1 − RCκ0(α)s

α]k, (3.30)

L{Vi(t)} = C(Pd − Pm)s−1
∞∑

k=0

1
RkCk

k∑
n=0

(
k

n

)
[−κ1(α)s

α−1]k−n[−κ0(α)s
α]n, (3.31)
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L{Vi(t)} = C(Pd − Pm)

∞∑
k=0

k∑
n=0

(−1)k(κ1(α))
k−n(κ0(α))

n

RkCk

(
k

n

)
s(α−1)(k−n)+αn−1,

(3.32)
applying inverse Laplace transform to the equation (3.32), one can obtain

Vi(t) = C(Pd − Pm)

∞∑
k=0

k∑
n=0

(−1)k
(κ1(α))

k−n(κ0(α))
n

RkCk

(
k

n

)
t(1−α)k−n

Γ((1 −α)k−n+ 1)
.

(3.33)
For λ = k−n, we reach

Vi(t) = C(Pd − Pm)

∞∑
k=0

k∑
n=0

(n+ λ)!
n!λ!

(−κ1(α))
λ(−κ0(α))

n

Rλ+nCλ+n

t(1−α)λ−αn

Γ((1 −α)λ−αn+ 1)
, (3.34)

Vi(t) = C(Pd−Pm)

∞∑
k=0

∞∑
n=0

(n+ λ)!
n!λ!

[
−κ0(α)

RC
t−α

]n [
−κ1(α)

RC
t1−α

]λ 1
Γ((1 −α)λ−αn+ 1)

,

(3.35)
By rewriting the equation (3.35) with the help of Mittag-Leffler function as seen in [30],
we get the following solution

Vi(t) = C(Pd − Pm)E1
1−α,−α,1

(
−κ1(α)

RC
t1−α,

−κ0(α)

RC
t−α

)
. (3.36)

If we solve the equation (3.22) under the condition Vi(tj) = VT , we attain as below

L{R[CPCDαVi(t)]}+L

{(
1
C

)
Vi(t)

}
= L{Pd − Pm}, (3.37)

[κ1(α)s
α−1 + κ0(α)s

α]L{Vi(t)}− κ0(α)s
α−1VT +

1
CR

L{Vi(t)} =
Pd − Pm

Rs
, (3.38)

L{Vi(t)} =
Pd − Pm

R[κ1(α)sα + κ0(α)sα+1 + s
RC ]

+
RCVTκ0(α)s

α−1

RCκ1(α)sα−1 + RCκ0(α)sα + 1
, (3.39)

L{Vi(t)} = C(Pd − Pm)s−1 1
1 − [−RCκ1(α)sα−1 − RCκ0(α)sα]

(3.40)

+ VT s
−1 1

1 −
[
−RCκ1(α)s−1−s−α

RCκ0(α)

] ,
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L{Vi(t)} = C(Pd − Pm)s−1
∞∑

k=0

[−RCκ1(α)s
α−1 − RCκ0(α)s

α]k (3.41)

+ VT s
−1

∞∑
k=0

[
−RCκ1(α)s

−1 − s−α

RCκ0(α)

]k
,

L{Vi(t)} = C(Pd − Pm)s−1
∞∑

k=0

1
RkCk

k∑
n=0

(
k

n

)
[−κ1(α)s

α−1]k−n[−κ0(α)s
α]n

+ VT s
−1

∞∑
k=0

1
RkCk(κ0(α)k)

k∑
n=0

(
k

n

)
[−RCκ1(α)s

−1]k−n[−s−α]n,

(3.42)

L{Vi(t)} = C(Pd − Pm)

∞∑
k=0

k∑
n=0

(−1)k(κ1(α))
k−n(κ0(α))

n

RkCk

(
k

n

)
s(α−1)(k−n)+αn−1

+ VT

∞∑
k=0

k∑
n=0

(−1)k
Rk−nCk−n(κ1(α))

k−n

RkCk(κ0(α))k

(
k

n

)
sk−n−αn−1. (3.43)

If we implement the inverse LT, then we can get

Vi(t) = C(Pd − Pm)

∞∑
k=0

k∑
n=0

(−1)k
(κ1(α))

k−n(κ0(α))
n

RkCk

(
k

n

)
(t− tj)

(1−α)k−n

Γ((1 −α)k−n+ 1)

+ VT

∞∑
k=0

k∑
n=0

(−1)k
Rk−nCk−n(κ1(α))

k−n

RkCk(κ0(α))k

(
k

n

)
(t− tj)

k+(α−1)n

Γ(k+ (α− 1)n+ 1)
, (3.44)

taking λ = k−n, one can have

Vi(t) = C(Pd − Pm)

∞∑
k=0

k∑
n=0

(n+ λ)!
n!λ!

(−κ1(α))
λ(−κ0(α))

n

Rλ+nCλ+n

(t− tj)
(1−α)λ−αn

Γ((1 −α)λ−αn+ 1)

+ VT

∞∑
k=0

k∑
n=0

(n+ λ)!
n!λ!

RλCλ(−κ1(α))
λ(−1)n

Rλ+nCλ+n(κ0(α))λ+n

(t− tj)
λ+αn

Γ(λ+αn+ 1)
, (3.45)
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Vi(t) = C(Pd − Pm)

∞∑
k=0

∞∑
n=0

(n+ λ)!
n!λ!

[
−κ0(α)

RC
(t− tj)

−α

]n
(3.46)

×
[
−κ1(α)

RC
(t− tj)

1−α

]λ 1
Γ((1 −α)λ−αn+ 1)

+ VT

∞∑
k=0

∞∑
n=0

(n+ λ)!
n!λ!

[
−1

RCκ0(α)
(t− tj)

α

]n [
−κ1(α)

κ0(α)
(t− tj)

]λ 1
Γ(λ+αn+ 1)

,

and so we obtain the following solution

Vi(t) = C(Pd − Pm)E1
1−α,−α,1

(
−κ1(α)

RC
(t− tj)

1−α,
−κ0(α)

RC
(t− tj)

−α

)
(3.47)

+ VTE1
1,α,1

(
−κ1(α)

κ0(α)
(t− tj),

−1
RCκ0(α)

(t− tj)
α

)
.

Now, let us solve the equation (3.23) under the condition Ve(tb) = 0 with the help of LT
as below

L{R[CPCDαVe(t)]}+L

{(
1
C

)
Ve(t)

}
= L{−Pm}, (3.48)

[
κ1(α)s

α−1 + κ0(α)s
α
]
L{Ve(t)}− κ0(α)s

α−1Ve(tb) +
1
RC

L{Vi(t)} =
−Pm

Rs
, (3.49)

L{Ve(t)} =
−Pm

R
[
κ1(α)sα + κ0(α)sα+1 + s

RC

] , (3.50)

L{Ve(t)} = −CPms−1 1
1 − [−RCκ1(α)sα−1 − RCκ0(α)sα]

, (3.51)

and by writing in serial form, we can get

L{Ve(t)} = −CPms−1
∞∑

k=0

[−RCκ1(α)s
α−1 − RCκ0(α)s

α]k, (3.52)

L{Ve(t)} = −CPms−1
∞∑

k=0

1
RkCk

k∑
n=0

(
k

n

)
[−κ1(α)s

α−1]k−n[−κ0(α)s
α]n, (3.53)

L{Ve(t)} = −CPm

∞∑
k=0

k∑
n=0

(−1)k(κ1(α))
k−n(κ0(α))

n

RkCk

(
k

n

)
s(α−1)(k−n)+αn−1, (3.54)

if we take inverse Laplace transform of the equation (3.54), we obtain
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Ve(t) = −CPm

∞∑
k=0

k∑
n=0

(−1)k
(κ1(α))

k−n(κ0(α))
n

RkCk

(
k

n

)
(t− tb)

(1−α)k−n

Γ((1 −α)k−n+ 1)
. (3.55)

For λ = k−n, we get

Ve(t) = −CPm

∞∑
k=0

k∑
n=0

(n+ λ)!
n!λ!

(−κ1(α))
λ(−κ0(α))

n

Rλ+nCλ+n

(t− tb)
(1−α)λ−αn

Γ((1 −α)λ−αn+ 1)
, (3.56)

Ve(t) = −CPm

∞∑
k=0

∞∑
n=0

(n+ λ)!
n!λ!

[
−κ0(α)

RC
(t− tb)

−α

]n [
−κ1(α)

RC
(t− tb)

1−α

]λ
× 1

Γ((1 −α)λ−αn+ 1)
, (3.57)

rewriting the equation (3.57) with the help of Mittag-Leffler function as seen in [30], we
have the following solution

Ve(t) = −CPmE1
1−α,−α,1

(
−κ1(α)

RC
(t− tb)

1−α,
−κ0(α)

RC
(t− tb)

−α

)
. (3.58)

Similarly, if we solve the equation (3.23) with the condition Ve(tj) = VT , we have

L{R[CPCDαVe(t)]}+L

{(
1
C

)
Ve(t)

}
= L{−Pm}, (3.59)

[κ1(α)s
α−1 + κ0(α)s

α]L{Ve(t)}− κ0(α)s
α−1VT +

1
CR

L{Ve(t)} =
−Pm

Rs
, (3.60)

L{Ve(t)} =
−Pm

R[κ1(α)sα + κ0(α)sα+1 + s
RC ]

+
RCVTκ0(α)s

α−1

RCκ1(α)sα−1 + RCκ0(α)sα + 1
, (3.61)

L{Ve(t)} = −CPms−1 1
1 − [−RCκ1(α)sα−1 − RCκ0(α)sα]

(3.62)

+ VT s
−1 1

1 −
[
−RCκ1(α)s−1−s−α

RCκ0(α)

] ,

L{Ve(t)} = −CPms−1
∞∑

k=0

[−RCκ1(α)s
α−1 − RCκ0(α)s

α]k (3.63)

+ VT s
−1

∞∑
k=0

[
−RCκ1(α)s

−1 − s−α

RCκ0(α)

]k
,
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L{Ve(t)} = −CPms−1
∞∑

k=0

1
RkCk

k∑
n=0

(
k

n

)
[−κ1(α)s

α−1]k−n[−κ0(α)s
α]n (3.64)

+ VT s
−1

∞∑
k=0

1
RkCk(κ0(α)k)

k∑
n=0

(
k

n

)
[−RCκ1(α)s

−1]k−n[−s−α]n,

L{Ve(t)} = −CPm

∞∑
k=0

k∑
n=0

(−1)k(κ1(α))
k−n(κ0(α))

n

RkCk

(
k

n

)
s(α−1)(k−n)+αn−1

+ VT

∞∑
k=0

k∑
n=0

(−1)k
Rk−nCk−n(κ1(α))

k−n

RkCk(κ0(α))k

(
k

n

)
sk−n−αn−1. (3.65)

After applying the inverse LT, we attain

Ve(t) = −CPm

∞∑
k=0

k∑
n=0

(−1)k
(κ1(α))

k−n(κ0(α))
n

RkCk

(
k

n

)
(t− tj)

(1−α)k−n

Γ((1 −α)k−n+ 1)

+ VT

∞∑
k=0

k∑
n=0

(−1)k
Rk−nCk−n(κ1(α))

k−n

RkCk(κ0(α))k

(
k

n

)
(t− tj)

k+(α−1)n

Γ(k+ (α− 1)n+ 1)
,

(3.66)

for λ = k−n,

Ve(t) = −CPm

∞∑
k=0

k∑
n=0

(n+ λ)!
n!λ!

(−κ1(α))
λ(−κ0(α))

n

Rλ+nCλ+n

(t− tj)
(1−α)λ−αn

Γ((1 −α)λ−αn+ 1)
(3.67)

+ VT

∞∑
k=0

k∑
n=0

(n+ λ)!
n!λ!

RλCλ(−κ1(α))
λ(−1)n

Rλ+nCλ+n(κ0(α))λ+n

(t− tj)
λ+αn

Γ(λ+αn+ 1)
,

Ve(t) = −CPm

∞∑
k=0

∞∑
n=0

(n+ λ)!
n!λ!

[
−κ0(α)

RC
(t− tj)

−α

]n
×

[
−κ1(α)

RC
(t− tj)

1−α

]λ 1
Γ((1 −α)λ−αn+ 1)

(3.68)

+ VT

∞∑
k=0

∞∑
n=0

(n+ λ)!
n!λ!

[
−1

RCκ0(α)
(t− tj)

α

]n [
−κ1(α)

κ0(α)
(t− tj)

]λ 1
Γ(λ+αn+ 1)

,

and hence we get the desired solution as follows



B. Acay, M. Inc J Frac Calc & Nonlinear Sys 35

Ve(t) = −CPmE1
1−α,−α,1

(
−κ1(α)

RC
(t− tj)

1−α,
−κ0(α)

RC
(t− tj)

−α

)
(3.69)

+ VTE1
1,α,1

(
−κ1(α)

κ0(α)
(t− tj),

−1
RCκ0(α)

(t− tj)
α

)
.

3.3. Fractional respiratory mechanics model through proportional derivative
In the current segment, we introduce the respiratory mechanics model employing

non-local fractional proportional derivative defined by the proportional derivative (PD)
controller. The underlying fractional model can be given by the proportional derivative
as follows

R [PDα,ρVi(t)] +

(
1
C

)
Vi(t) + Pm = Pd, 0 ⩽ t ⩽ tj, (3.70)

R [PDα,ρVe(t)] +

(
1
C

)
Ve(t) + Pm = 0, tj ⩽ t ⩽ tb, (3.71)

Vi(0) = Ve(tb) = 0, (3.72)

Vi(tj) = Ve(tj) = VT . (3.73)

The equation (3.70) can be solved by the LT of fractional proportional derivative under
the condition Vi(0) = 0 as follows

L{R[PDα,ρVi(t)]}+L

{(
1
C

)
Vi(t)

}
= L{Pd − Pm}, (3.74)

(ρs+ 1 − ρ)αL{Vi(t)}− ρ(ρs+ 1 − ρ)α−1Vi(0) +
(

1
CR

)
L{Vi(t)} =

Pd − Pm

Rs
, (3.75)

L{Vi(t)} =
Pd − Pm

Rs

ρ−α(
s− ρ−1

ρ

)α
+ 1

CR

, (3.76)

and taking inverse LT of the last equation and utilizing convolution theorem, we get the
solution below

Vi(t) =

(
Pd − Pm

R

)
ρ−α

∫t
0

Eα,α

(
−

1
CR

(t− τ)α
)
e

ρ−1
ρ (t−τ)(t− τ)α−1dτ, (3.77)

accordingly, under the condition Vi(tj) = VT , the solution of the differential equation
(3.70) can be obtained by the LT as

L{R[PDα,ρVi(t)]}+L

{(
1
C

)
Vi(t)

}
= L{Pd − Pm}, (3.78)

(ρs+ 1 − ρ)αL{Vi(t)}− ρ(ρs+ 1 − ρ)α−1VT +

(
1
CR

)
L{Vi(t)} =

Pd − Pm

Rs
, (3.79)
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L{Vi(t)} =

(
s− ρ−1

ρ

)α−1
VT(

s− ρ−1
ρ

)α
+ 1

CR

+
Pd − Pm

Rs

ρ−α(
s− ρ−1

ρ

)α
+ 1

CR

, (3.80)

and with the inverse LT, we reach the desired result

Vi(t) = VTe
ρ−1
ρ (t−tj)(t− tj)

α−1Eα

(
−

1
CR

(t− tj)
α

)
(3.81)

+

(
Pd − Pm

R

)
ρ−α

∫t
tj

Eα,α

(
−

1
CR

(t− τ)α
)
e

ρ−1
ρ (t−τ)(t− τ)α−1dτ.

By following similar steps above, the equation (3.71) can be solved with the help of LT
under the initial and end conditions Ve(tb) = 0 and Ve(tj) = VT . Hence, we obtain the
solutions of (3.71) with these conditions as follows, respectively

Ve(t) = −
Pm

R
ρ−α

∫t
tb

Eα,α

(
−

1
CR

(t− τ)α
)
e

ρ−1
ρ (t−τ)(t− τ)α−1dτ, (3.82)

and

Ve(t) = VTe
ρ−1
ρ (t−tj)(t− tj)

α−1Eα

(
−

1
CR

(t− tj)
α

)
(3.83)

−

(
Pm

R

)
ρ−α

∫t
tj

Eα,α

(
−

1
CR

(t− τ)α
)
e

ρ−1
ρ (t−τ)(t− τ)α−1dτ.

3.4. Fractional respiratory mechanics model through generalized derivative
The mechanical process performed by the ventilator can be model by generalized

derivative including two parameters ρ and α. In this way, we obtain general fractional
solutions with two parameters by making use of LT of generalized derivative intro-
duced by Katugampola. The fractional respiratory mechanics model with generalized
derivative can be presented by

R [Dα,ρVi(t)] +

(
1
C

)
Vi(t) + Pm = Pd, 0 ⩽ t ⩽ tj, (3.84)

R [Dα,ρVe(t)] +

(
1
C

)
Ve(t) + Pm = 0, tj ⩽ t ⩽ tb, (3.85)

Vi(0) = Ve(tb) = 0, (3.86)

Vi(tj) = Ve(tj) = VT . (3.87)

Let us apply the LT to the both side of the equation (3.84) under the initial condition
Vi(0) = 0, so we have

L{R[Dα,ρVi(t)]}+L

{(
1
C

)
Vi(t)

}
= L{Pd − Pm}, (3.88)

sαL{Vi(t)}− sα−1Vi(0) +
(

1
CR

)
L{Vi(t)} =

Pd − Pm

Rs
, (3.89)
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L{Vi(t)} =
Pd − Pm

R

1
s
(
sα + 1

CR

) , (3.90)

taking inverse Lt of the last equation, one can easily get

Vi(t) = C(Pd − Pm)

[
1 − Eα

(
−

1
CR

(
tρ

ρ

)α)]
. (3.91)

After solving the same equation with the end condition Vi(tj) = VT , we obtain the
following solution

Vi(t) = C(Pd − Pm)

[
1 − Eα

(
−

1
CR

(
(t− tj)

ρ

ρ

)α)]
(3.92)

+ VT

[
Eα

(
−

1
CR

(
(t− tj)

ρ

ρ

)α)]
.

If we apply the LT of the generalized derivative to the equation (3.85) in the underlying
model with the condition Ve(tb) = 0, we reach the results below

L{R[CDαVe(t)]}+L

{(
1
C

)
Ve(t)

}
= L{−Pm}, (3.93)

sαL{Ve(t)}− sα−1Ve(tb) +

(
1
CR

)
L{Ve(t)} =

−Pm

Rs
, (3.94)

L{Ve(t)} =
−Pm

R

1
s
(
sα + 1

CR

) , (3.95)

applying inverse LT to (3.95), one can obtain

Ve(t) = −CPm

[
1 − Eα

(
−

1
CR

(
(t− tb)

ρ

ρ

)α)]
. (3.96)

Similarly, for the equation (3.85) under the end condition Ve(tj) = VT , we conveniently
attain the following solution

Ve(t) = −CPm

[
1 − Eα

(
−

1
CR

(
(t− tj)

ρ

ρ

)α)]
(3.97)

+ VT

[
Eα

(
−

1
CR

(
(t− tj)

ρ

ρ

)α)]
.

3.5. Fractional respiratory mechanics model through M-derivative
The instantaneous volume of the lung can be observed by fractional respiratory me-

chanics model including M-derivative with three parameters α, ρ and γ. This fractional
operator enable us to get more general solutions than other operators given above. Thus
we inspire to solve the underlying model in terms of the non-local fractional truncated
M-derivative. Fractional respiratory mechanics model can be given by



B. Acay, M. Inc J Frac Calc & Nonlinear Sys 38

R [MDα,ρ,γVi(t)] +

(
1
C

)
Vi(t) + Pm = Pd, 0 ⩽ t ⩽ tj, (3.98)

R [MDα,ρ,γVe(t)] +

(
1
C

)
Ve(t) + Pm = 0, tj ⩽ t ⩽ tb, (3.99)

Vi(0) = Ve(tb) = 0, (3.100)

Vi(tj) = Ve(tj) = VT . (3.101)

If we solve the differential equation (3.98) with the initial condition Vi(0) = 0 by virtue
of the LT of fractional M-derivative, then we can get

L{R[MDα,ρ,γVi(t)]}+L

{(
1
C

)
Vi(t)

}
= L{Pd − Pm}, (3.102)

sαL{Vi(t)}− sα−1Vi(0) +
(

1
CR

)
L{Vi(t)} =

Pd − Pm

Rs
, (3.103)

L{Vi(t)} =
Pd − Pm

R

1
s
(
sα + 1

CR

) , (3.104)

and by taking inverse LT, one can have

Vi(t) = C(Pd − Pm)

[
1 − Eα

(
−

1
CR

(
Γ(γ+ 1)

tρ

ρ

)α)]
. (3.105)

Also, with the condition Vi(tj) = VT for (3.98), we obtain the solution as

Vi(t) = C(Pd − Pm)

[
1 − Eα

(
−

1
CR

(
Γ(γ+ 1)

(t− tj)
ρ

ρ

)α)]
(3.106)

+ VT

[
Eα

(
−

1
CR

(
Γ(γ+ 1)

(t− tj)
ρ

ρ

)α)]
.

On the other part, let us compute the solution of the equation (3.99) under the condition
Ve(tb) = 0 with the help of LT as follows

L{R[CDαVe(t)]}+L

{(
1
C

)
Ve(t)

}
= L{−Pm}, (3.107)

sαL{Ve(t)}− sα−1Ve(tb) +

(
1
CR

)
L{Ve(t)} =

−Pm

Rs
, (3.108)

L{Ve(t)} =
−Pm

R

1
s
(
sα + 1

CR

) , (3.109)

applying inverse LT, we get

Ve(t) = −CPm

[
1 − Eα

(
−

1
CR

(
Γ(γ+ 1)

(t− tb)
ρ

ρ

)α)]
, (3.110)

and similarly with the condition Ve(tj) = VT , one can readily attain the solution below
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Ve(t) = −CPm

[
1 − Eα

(
−

1
CR

(
Γ(γ+ 1)

(t− tj)
ρ

ρ

)α)]
(3.111)

+ VT

[
Eα

(
−

1
CR

(
Γ(γ+ 1)

(t− tj)
ρ

ρ

)α)]
.

4. Discussions and Concluding remarks

In this study, the mechanical process model performed by the ventilator has been
solved with some non-local fractional derivatives and analyzed in detail. With this
rigorous analysis, non-local derivatives have been handled separately and similar and
different aspects have been shown with each other. With the help of the graphs, we
have pointed out the behavior of each derivative by changing the parameter values and
observed by the movement of the curves on the graphs. Moreover, since we are working
on one, two and three-parameter derivatives from non-local fractional operators in the
literature, the effect of increasing parameters on solution curves is clearly seen. The
closeness or distance of the solution curves to the classical derivative for different pa-
rameter values of α, γ, and ρ can be clearly observed on the graphs. Here the classical
derivative corresponds to α = 1, γ = 1 and ρ = 1. We have drawn all graphics for
R = 10cm(H2O)/L/sec, C = 0.02L/cm(H2O) Pd = 20cm(H2O), tj = 1sec and tb = 3sec
values and we have compared fractional derivatives separately with the classical deriva-
tive. In Figures 1, 2 and 3, the Caputo derivative has been compared for the values of
α = 1, 0.65, 0.45, 0.25, α = 1, 0.99, 0.98, 0.97 and α = 1, 0.9, 0.8, 0.7, respectively. Also, in
Figure 4 we have carried out the comparison for ρ = 1, 0.9, 0.8, 0.7 when α = 0.9 and
in Figure 5, 6 similar comparison performed for α = 1, 0.9, 0.8, 0.7 when ρ = 0.6 and
ρ = 0.9, respectively. Figure 7 shows the solutions curves for α = 1, 0.99, 0.98, 0.978
in the frame of generalized fractional derivative. We have observed the behavior of
the solutions curves when γ = 1, 1.5, 2.5, 3.5 in Figure 8 and so we can see clearly the
effect of the γ parameter on the solutions. In Figures 9 and 10, the solutions curves
have been showed for non-local fractional M-derivative when α = 1, 0.9, 0.8, 0.7 and
γ = 1, 1.2, 1.25, 1.3. In addition, we make a comparison for fractional proportional
derivative for different values of α in Figures 11 and 12. Lastly, in Figures 13 and 14,
the above-stated four fractional operators and classical derivative have been compared
with each other. Employing different types of fractional derivatives, different solution
steps, and solution curves have been obtained for the fractional respiratory mechanics
model under investigation in this study. Therefore, the results enable us to analyze the
same class of non-local fractional operators with a singular kernel. In a future study, it
can be expressed which fractional derivative is more suitable and useful for the under-
lying model if real-life data are utilized. The aim of this study is to provide alternative
fractional solutions for future studies and also to provide the opportunity to observe
the patient in more detail through the fractional derivatives with memory-effect if the
mechanical process model performed by the ventilator is used in patient control. In
this way, some advantages may arise to prevent possible dangers caused by the lack of
monitoring patients. On the other hand, it is worth mentioning that the proposed model
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has been examined and analyzed with non-local fractional operators for the first time in
this study.
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Figure 1: Comparison with Caputo derivative
for Vi(t)
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Figure 2: Comparison with Caputo derivative
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Figure 3: Comparison with Caputo derivative
for Vi(t)

.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

=1

=0.9

=0.8

=0.7
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tive for Vi(t)
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tive for Vi(t)
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tive for Ve(t)
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tional derivative for Vi(t)

.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

20

40

60

80

100

120

140

160

 =1

 =0.95

 =0.97

 =0.99

Figure 12: Comparison with non-local propor-
tional derivative for Ve(t)
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Figure 13: Comparison for Vi(t)
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Data Availability: All data used for the findings in this research are available pub-
licly in the manuscript.
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