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Abstract

In this article, we study a nonlinear viscoelastic Petrovsky equation with fractional damping. First, we
establish the existence of a local weak solution by using semigroup theory. Then, we prove the blow up of the
solution under suitable conditions.
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1. Introduction

In this article, we study the following Petrovsky equation with fractional damping
utt +∆2u−

+∞∫
0

h (s)∆2u (t− s)ds+ ∂
α,β
t u (t) = |u|q−2 u, x ∈ Ω, t > 0,

u (x, t) = ∂
∂υu (x, t) = 0, x ∈ ∂Ω, t > 0,

u (x, 0) = u0 (x) ,ut (x, 0) = u1 (x) , x ∈ Ω,

(1.1)

where Ω is a bounded domain of Rn (n > 1), with a smooth boundary ∂Ω, υ is the unit
outer normal to ∂Ω. The constants q > 2 and s > 0. Also, (u0,u1) the initial data belong
to a suitable function space. The kernel h is a function that will be specified later. The
notation ∂

α,β
t stands for the generalized Caputo’s fractional derivative (see [4, 5, 23])

defined by the following formula

∂
α,β
t u(t) =

1
Γ(1 −α)

∫t
0
(t− s)−αe−β(t−s)us(s)ds, 0 < α < 1, β > 0.
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• The fourth-order equation has its origin in the canonical model introduced by Petro-
vsky [19, 20]. This type equations arises in many branches in sciences such as
acoustics, optics, geophysics and ocean acoustics [6].

• Fractional derivatives and integrals arise naturally in physics, biology, chemistry,
ecology (see [16, 23, 24]).

Pi̧skin and Sancar [21] considered the following Petrovsky equation with a fractional
time delay term

utt +∆2u+α1∂
α,β
t u (t− τ) +α2ut = |u|q−2 u.

They obtained the existence, decay and the blow-up of solutions under suitable conditions.
Kirane et al. [11] considered the following equation

utt −∆u+

+∞∫
0

g (τ)∆u (t− τ)dτ+ ∂
α,β
t u (t) = |u|p−2 u.

They proved a non-linear wave equation with internal fractional damping, a polynomial
source and an infinite memory.

Aounallah et al. [2] studied the following wave equation

utt −∆u+α1∂
α,β
t u (t− τ) +α2ut = |u|p−2 u.

They established the well-posedness, blow-up and asymptotic behavior for a wave equa-
tion with a time delay condition of fractional type.

Kirane and Tatar [10] studied the following equation

utt −∆u+ ∂αt u = |u|p−2 u.

They demonstrated the exponential growth for a fractionally damped wave equation.
Nicaise and Pignotti [15] considered as follows

utt −∆u+α1u (t− s) +α2ut = f (u) .

They demonstrated that the energy is exponentially stable when α2 < α1.
Kafini and Messaoudi [9] proved the following delayed wave equation with logarith-

mic source term

utt −∆u+α1u (t− s) +α2ut = |u|p−2 u ln |u|k .

They investigated the local existence and blow-up of solutions.
Pi̧skin and Uysal [22] studied the following equations

utt +∆2u+ ∂1+α
t u = |u|p−1 u.

They proved the blow-up of solution.
Georgiev and Todorova [7] studied the following equations

utt −∆u+αut |ut|
m−1 = bu |u|p−1 .
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They considered the existence of a solution of the wave equation nonlinear damping and
source term.

This study presents a solid mathematical foundation for analyzing the behavior of
these systems and carries significant consequences for understanding and engineering vis-
coelastic materials and related physical phenomena. Additionally, the works by [1, 25, 26]
can also be consulted for the literature review.

The purpose of this paper is to study the existence and the blow-up of solutions to
problem (1.1).

Our study is divided into four parts.

• In part 2, we give some important lemmas.

• In part 3, we obtain the well-posedness by the semigroup method.

• In part 4, we prove the blow-up of solutions.

2. Preliminaries

This section presents the necessary materials required to support the proof of our findings.
We outline the following assumptions:

(G1) h : R+ → R+ is a C1 function such that

h (0) > 0, h0 =

+∞∫
0

h (s)ds = 1 − λ > 0,

(G2) there exists a positive constant θ such that:

h′ (t) ⩽ −θh (t) , t ⩾ 0.

We assert the following statements without providing proof.

Lemma 2.1. The following inequality holds:∫
Ω

+∞∫
0

h (s)∆w (s)ds

2

dx ⩽ (1 − λ)

+∞∫
0

h (s) ∥∆w (s)∥2 ds.

Lemma 2.2. [13] Let η be the function:

η (ξ) = |ξ|
2α−1

2 , ξ ∈ R, 0 < α < 1.

Then the relationship between the "input" U and the "output" O of the system
ϕt (x, ξ, t) +

(
ξ2 +β

)
ϕ (x, ξ, t) −U (x, t)η (ξ) = 0, ξ ∈ R, t > 0, β > 0,

ϕ (x, ξ, 0) = 0,
O (t) = sin(απ)

π

∫+∞
−∞ ϕ (x, ξ, t)η (ξ)dξ

(2.1)

is given by
O = I1−α,βU,

where

Iα,βu (t) =
1

Γ (α)

∫t
0
(t− s)α−1 e−β(t−s)u (s)ds.
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Lemma 2.3. [3] For all λ ∈ Dβ= {λ ∈ C : Reλ+β > 0}∪ {λ ∈ C : Imλ ̸= 0} ,∫+∞
−∞

η2 (ξ)

λ+β+ ξ2dξ =
π

sin (απ)
(λ+β)α−1 .

Now, we introduce, as in [14, 17] the new variable

zt (x, s) = u (x, t) − u (x, t− s) , (2.2)

where z is the relative history of u that satisfies

zt (x, s) − ut (x, t) + zs (x, s) = 0, x ∈ Ω, t, s > 0. (2.3)

Therefore, by (2.2) and using Lemma 2, problem (1.1) is equivalent to

utt + λ∆2u+
+∞∫

0
h (s)∆2z (x, s)ds+ b

∫+∞
−∞ ϕ (x, ξ, t)η (ξ)dξ = |u|q−2 u, x ∈ Ω, t > 0,

ϕt (x, ξ, t) +
(
ξ2 +β

)
ϕ (x, ξ, t) − ut (x, t)η (ξ) = 0, x ∈ Ω, ξ ∈ R, t > 0,

zt (x, s) + zs (x, s) = ut (x, t) , x ∈ Ω, t, s > 0,
u (x, t) = ∂

∂νu (x, t) = 0, x ∈ ∂Ω, t > 0,
u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) , x ∈ Ω,
z (x, 0) = 0, x ∈ Ω,
z0 (x, s) = u0 (x) − u0 (x,−s) , x ∈ Ω, t, s > 0,
ϕ (x, ξ, 0) = 0, x ∈ Ω, ξ ∈ R,

(2.4)
where b = sin(απ)

π .

Lemma 2.4. For z ∈ L2 (Ω) and ξϕ ∈ L2 (Ω× (−∞,+∞)) , we have∣∣∣∣∫
Ω

z (x, ρ, t)
∫+∞
−∞ η (ξ)ϕ (x, ξ, t)dξdx

∣∣∣∣ ⩽ A0

∫
Ω

|z (x, ρ, t)|2 dx

+
1
4

∫
Ω

∫+∞
−∞

(
ξ2 +β

)
|ϕ (x, ξ, t)|2 dξdx

for a positive constant A0.

Proof. Applying the Cauchy-Schwarz inequality, we get∣∣∣∣∫+∞
−∞ η (ξ)ϕ (x, ξ, t)dξdx

∣∣∣∣ ⩽ (∫+∞
−∞

η2 (ξ)

ξ2 +β
dξ

) 1
2
(∫+∞

−∞
(
ξ2 +β

)
|ϕ (x, ξ, t)|2 dξ

) 1
2

.

Using Young’s inequality, we have∣∣∣∣∫
Ω

z (x, ρ, t)
∫+∞
−∞ η (ξ)ϕ (x, ξ, t)dξdx

∣∣∣∣ ⩽ A0

∫
Ω

|z (x, ρ, t)|2 dx

+
1
4

∫
Ω

∫+∞
−∞

(
ξ2 +β

)
|ϕ (x, ξ, t)|2 dξdx

with

A0 =

∫+∞
−∞

η2 (ξ)

ξ2 +β
dξ.

This completes the proof.
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Lemma 2.5. The energy

E (t) =
1
2
∥ut∥2 +

b

2

∫
Ω

∫+∞
−∞ |ϕ (x, ξ, t)|2 dξdx+

λ

2
∥∆u∥2

−
1
q
∥u∥qq +

1
2

∫+∞
0

h (s) ∥∆z (s)∥2 ds, (2.5)

satisfies

dE (t)

dt
=

1
2

∫+∞
0

h′ (s) ∥∆z (s)∥2 ds

−b

∫
Ω

∫+∞
−∞

(
ξ2 +β

)
|ϕ (x, ξ, t)|2 dξdx

⩽ 0. (2.6)

Proof. Multiply ut with the first equation of (2.4) and integrating by parts over Ω, we
obtain

d

dt

[
1
2
∥ut∥2 +

λ

2
∥∆u∥2 −

1
q
∥u∥qq

]
+b

∫
Ω

ut

∫+∞
−∞ η (ξ)ϕ (x, ξ, t)dξdx

+

∫
Ω

ut

∫+∞
0

h (s)∆2u (s)dsdx = 0.

We apply the method in (2.3) to modify the final term in (2.7) in the following manner:∫
Ω

ut

∫+∞
0

h(s)∆2u(s)dsdx =

∫+∞
0

h(s)

∫
Ω

(zt + zs)∆
2u(s)dxds

=

∫+∞
0

h(s)

∫
Ω

zt∆
2u(s)dxds

+

∫+∞
0

h(s)

∫
Ω

zs∆
2u(s)dxds,

and integrating by parts, we have∫
Ω

ut

∫+∞
0

h (s)∆2u (s)dsdx =
d

dt

[
1
2

∫+∞
0

h (s) ∥∆z (s)∥2 ds

]
−

1
2

∫+∞
0

h′ (s) ∥∆z (s)∥2 ds. (2.7)

By substituting (2.7) in (2.7), we get

d

dt

(
1
2
∥ut∥2 +

λ

2
∥∆u∥2 −

1
q
∥u∥qq +

1
2

∫+∞
0

h (s) ∥∆z (s)∥2 ds

)
−

1
2

∫+∞
0

h′ (s) ∥∆z (s)∥2 ds+ b

∫
Ω

ut

∫+∞
−∞ η (ξ)ϕ (x, ξ, t)dξdx

= 0. (2.8)
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Now multiply bϕ with the second equation of (2.4) and integrating by parts over Ω× R,
we have

d

dt

(
b

2

∫
Ω

∫+∞
−∞ |ϕ (x, ξ, t)|2 dξdx

)
+b

∫
Ω

∫+∞
−∞

(
ξ2 +β

)
|ϕ (x, ξ, t)|2 dξdx

−b

∫
Ω

ut

∫+∞
−∞ η (ξ)ϕ (x, ξ, t)dξdx

= 0. (2.9)

Utilizing references (2.5), (2.8) and (2.9), we derive the result in (2.6), thus completing
the proof of the lemma.

3. Well-posedness

In this section, we establish the result for the local existence of the problem (2.4). Firstly,
we present the function of vector

U = (u, v,ϕ, z)T

and a new dependent variable
v = ut.

So, (2.4) can be rewritten as follows:{
Ut (t) +AU (t)=J (Φ (t)) ,
U (0) = U0, (3.1)

where the operator A : D (A) → H is defined by

AU = A


u

v

ϕ

z

=


−v

λ∆2u+
+∞∫

0
h (s)∆2u (s)ds+ b

∫+∞
−∞ ϕ (x, ξ)η (ξ)dξ(

ξ2 +β
)
ϕ (x, ξ) − v (x)η (ξ)

zs − v


J (U) =

(
0, |u|p−2 u, 0, 0

)T
, (3.2)

and H is the energy space given by

H =H2
0 (Ω)× L2 (Ω)× L2 (Ω× (−∞,+∞))× L2

g

(
R+,H2

0 (Ω)
)

such that

L2
h

(
R+,H2

0 (Ω)
)
=

w : R+ → H2
0 (Ω) ,

+∞∫
0

h (s) ∥∆w (s)∥2 ds < ∞
 ;
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the space L2
h

(
R+,H2

0 (Ω)
)

is endowed with the inner product:

⟨w1,w2⟩L2
h(R+,H2

0(Ω)) =

+∞∫
0

h (s)

∫
Ω

∆w1 (s)∆w2 (s)dxds.

For any U = (u, v,ϕ, z)T ∈ H and Ũ =
(
ũ, ṽ, ϕ̃, z̃

)T
∈ H, we equip with the inner product

defined by〈
U, Ũ

〉
H

=

∫
Ω

[λ∆u∆ũ+ vṽ]dx+ b

∫
Ω

∫+∞
−∞ ϕ (x, ξ) ϕ̃ (x, ξ)dξdx

+

+∞∫
0

h (s)

∫
Ω

∆z (s)∆z̃ (s)dxds.

The domain of A is given by

D (A) =

 U = (u, v,ϕ, z)T ∈ H : u ∈ H2
0(Ω), v ∈ H2

0 (Ω) ,(
ξ2 +β

)
ϕ− vη (ξ) ∈ L2 (Ω× (−∞,+∞)) ,

|ξ|ϕ ∈ L2 (Ω,R) , zs ∈ L2
h

(
R+,H2

0 (Ω)
)

.


Now, we are able to give the result of following existence.

Theorem 3.1. Assume that{
2 < q < ∞, if n = 1, 2, 3, 4;
2 < q ⩽ 2n

n−4 , if n ⩾ 5. (3.3)

Suppose further that
U0 ∈ H, (3.4)

then the problem (2.4) has a unique local solution

U ∈ C ([0, T) ,H) . (3.5)

Proof. The demonstration is founded on [8, 12, 18]. We begin by showing that A is a
maximal monotone operator on H. We begin by demonstrating that the operator A is
monotone. For, for any U ∈ D (A) , using (3.1), we get

⟨AU,U⟩H = b

∫
Ω

∫+∞
−∞

(
ξ2 +β

)
|ϕ (x, ξ)|2 dξdx

−
1
2

∫+∞
0

h′ (s) ∥∆z (s)∥2 ds

⩾ 0. (3.6)

So, the operator A is a monotone . Next, we show that the operator I+A is surjective.
For, given F = (f1, f2, f3, f4)

T ∈ H, we will show that there exist U = (u, v,ϕ, z)T ∈ D (A)

satisfying
(I+A)U = F,
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that is,
u− v = f1 ∈ H2

0 (Ω) ,

v+ λ∆2u+
+∞∫

0
h (s)∆2u (s)ds+ b

∫+∞
−∞ ϕ (ξ)η (ξ)dξ = f2 ∈ L2 (Ω) ,

ϕ+
(
ξ2 +β

)
ϕ− vη (ξ) = f3 (ξ) ∈ L2 (Ω,R) ,

z+ zs − v = f4 (s) ∈ L2
h

(
R+,H2

0 (Ω)
)

.

(3.7)

Using the third equation in (3.7), we have

ϕ =
f3 + vη (ξ)

ξ2 +β+ 1
. (3.8)

Conversely, a unique solution can be found for the fourth equation in (3.7)

z =

(∫s
0
eσ (f4 (σ) + u− f1)dσ

)
e−s. (3.9)

Inserting v = u− f1, (3.8) and (3.9) in the second equation in (3.7), we have

Ku+ λ̃∆2u = G, (3.10)

here 

K = 1 + b
∫+∞
−∞ η2(ξ)

ξ2+β+1dξ > 0,

λ̃ = λ+
+∞∫

0
h (s) e−s

(∫s
0 e

σdσ
)
ds

= 1 −
+∞∫

0
h (s) e−sds > 0,

G = f2 +Kf1 − b
∫+∞
−∞ η(ξ)f3(ξ)

ξ2+β+1 dξ

+
+∞∫

0
h (s) e−s

(∫s
0 e

σ∆2 (f4 (σ) − f1)dσ
)
ds.

To solve (3.10), we consider the following variational formulation:

B (u,w) = L (w) , ∀w ∈ H2
0 (Ω) , (3.11)

here B is the bilinear form defined by

B (u,w) = µ

∫
Ω

uwdx+ λ̃

∫
Ω

∆u∆wdx (3.12)

and L is the linear functional given by

L (w) =

∫
Ω

Gwdx. (3.13)

It can be easily confirmed that L is bounded, B is both coercive and bounded. So, applying
the Lax-Milgram theorem, we deduce that for all w ∈ H2

0 (Ω) , the linear eliptic equation
(3.10) has a unique solution u ∈ H2

0 (Ω) . Substituting u into the first equation in (3.7)
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gives v ∈ H2
0 (Ω) . Inserting v in (3.7) and bearing in mind the third equation in (3.7), we

obtain
ϕ ∈ L2 (Ω,R) .

Similarly, we have
z ∈ L2

h

(
R+,H2

0 (Ω)
)

.

Using (3.10), we get

K

∫
Ω

uwdx+ λ̃

∫
Ω

∆u∆wdx =

∫
Ω

Gwdx. (3.14)

The elliptic regularity theory, then, implies that u ∈ H2 (Ω) . So, I+A is surjective. Now,
we prove that the operator defined in (3.2) is locally Lipschitz in H. For U, Ũ ∈ H, we
have ∥∥∥J(U) − J(Ũ)

∥∥∥
H

=
∥∥∥0,u |u|q−2 − ũ |ũ|q−2 , 0, 0

∥∥∥
H

=
∥∥∥u |u|q−2 − ũ |ũ|q−2

∥∥∥
L2(Ω)

= ∥|u|q − |ũ|q∥L2(Ω)

=
∥∥∥(u− ũ)

(
|u|q−1 + uq−2ũ+ ... + ũq−1

)∥∥∥
L2(Ω)

= C
∥∥(u− ũ)

(
uq−1 + ũq−1)∥∥

L2(Ω)

⩽ C

(∫
Ω

(
|u− ũ|2

)(
|u|q−1 + |ũ|q−1

)2
dx

)2

.

Using Hölder’s inequality, we get

∥∥∥J(U) − J(Ũ)
∥∥∥
H

⩽ C

(∫
Ω

|u− ũ|2γ dx

) 1
2γ
(∫

Ω

(
|u|q−1 + |ũ|q−1

)2δ
dx

) 1
2δ

,
1
γ
+

1
δ
= 1,

with γ = n
n−4 and δ = n

4 . So, we get∥∥∥J(U) − J(Ũ)
∥∥∥
H

⩽ C

(∫
Ω

|u− ũ|
2n
n−4γ dx

)n−4
2n
(∫

Ω

(
|u|q−1 + |ũ|q−1

)n
dx

) 1
n

⩽ C

(∫
Ω

|u− ũ|
2n
n−4γ dx

)n−4
2n
(∫

Ω

(
|u|n(q−1) + |ũ|n(q−1)

)
dx

) 1
n

⩽ C ∥u− ũ∥
L

2n
n−4 (Ω)

[(∫
Ω

|u|n(q−1) dx

) 1
n

+

(∫
Ω

|ũ|n(q−1) dx

) 1
n

]
⩽ C ∥u− ũ∥

L
2n
n−4 (Ω)

[
∥u∥q−1

Ln(q−1)(Ω)
+ ∥ũ∥q−1

Ln(q−1)(Ω)

]
. (3.15)

The Sobolev embedding theorem gives

∥u− ũ∥
L

2n
n−4 (Ω)

⩽ C ∥u− ũ∥L2(Ω) ⩽ C
∥∥∥U− Ũ

∥∥∥
H

. (3.16)
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The necessity to estimate ∥u∥n(q−1) by the energy form ∥U∥
H

requires to consider differ-
ent ranges of q. Namely, we need n (q− 1) ⩽ 2n

n−4 and this coincides with the cut in our
assumption q ⩽ n

n−4 . Thus, the Sobolev embedding theorem

H2
0 (Ω) ↪→ L

n
n−4 (Ω) ,

it holds

∥u∥q−1
Ln(q−1) (Ω) ⩽ C ∥u∥q−1

H2
0

(Ω) . (3.17)

Therefore, by combining (3.16) and (3.17), we obtain∥∥∥U− Ũ
∥∥∥

H

⩽ C
(
∥u∥q−1

H2
0

(Ω) , ∥ũ∥q−1
H2

0
(Ω)

)∥∥∥U− Ũ
∥∥∥

H

.

So, J is locally Lipschitzian.

4. Blow up

In this part, we employ a carefully chosen Lyapunov functional to demonstrate that
certain solutions may blow up in finite time. To accomplish this, we first require the
following lemma.

Lemma 4.1. Suppose that q ⩾ 2. Then, there exists a positive constant C > 1 such that

∥u∥lq ⩽ C2

[
∥u∥qq + ∥∆u∥2

]
(4.1)

for any u ∈ H2
0 (Ω) and 2 ⩽ l ⩽ q.

Proof. If ∥u∥q ⩾ 1 then ∥u∥lq ⩽ ∥u∥qq . If ∥u∥q ⩽ 1 then ∥u∥lq ⩽ ∥u∥2
q ⩽ C∗ ∥∆u∥2 by

Sobolev embedding theorems.

Let

H (t) = −E (t) =
1
q
∥u∥qq −

1
2
∥ut∥2 −

b

2

∫
Ω

∫+∞
−∞ |ϕ (x, ξ, t)|2 dξdx

−
λ

2
∥∆u∥2 −

1
2

∫+∞
0

h (s) ∥∆z (s)∥2 ds. (4.2)

Theorem 4.2. Suppose that q > 4 satisfies (3.3). Assume further that (G1)

h0 =

+∞∫
0

h (s)ds <
q− 4
q

(4.3)

and
E (0) ⩽ 0. (4.4)

Then the solution of system (2.4) blows up in finite time.
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Proof. Using (2.6), we get
E (t) ⩽ E (0) ⩽ 0. (4.5)

So, we have

H
′
(t) = −E

′
(t) = −

1
2

∫+∞
0

h′ (s) ∥∆z (s)∥2 ds

+b

∫
Ω

∫+∞
−∞

(
ξ2 +β

)
|ϕ (x, ξ, t)|2 dξdx

⩾ 0. (4.6)

In addition, we get

0 < H (0) ⩽ H (t) ⩽
1
q
∥u∥qq . (4.7)

Let
φ (t) = H1−γ (t) + ε

∫
Ω

uutdx, (4.8)

where ε > 0 to be specified later and

0 < γ <
q− 2

2q
. (4.9)

By applying differentiation to (4.8) and utilizing (2.4), we derive

φ
′
(t) = (1 − γ)H−γH

′
(t) + ε ∥ut∥2 − ελ ∥∆u∥2

−bε

∫
Ω

u

∫+∞
−∞ η (ξ)ϕ (x, ξ, t)dξdx+ ε ∥u∥qq

−ε

∫
Ω

∆u

∫+∞
0

h (s)∆z (x, s)dsdx. (4.10)

Utilizing Young’s inequality in conjunction with Lemma 2.1, we derive∫
Ω

∆u

∫+∞
0

h (s)∆z (x, s)dsdx

⩽
1
4

∫+∞
0

h (s) ∥∆z (s)∥2 ds+ (1 − λ) ∥∆u∥2 . (4.11)

here, if we assume that for the first term

a =
√

2 (1 − λ)

∫
Ω

∆udx

and for the second term

b =

∫+∞
0 h (s)∆z (x, s)ds

√
2 (1 − λ)
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we obtain (4.11). Substituting (4.11) in (4.10), we obtain

φ ′(t) ⩾ (1 − γ)H−γH ′(t) + ε∥ut∥2 − ε∥∆u∥2

−bε

∫
Ω

u

∫+∞
−∞ η(ξ)ϕ(x, ξ, t)dξdx

+ε∥u∥qq −
ε

4

∫+∞
0

h(s) ∥∆z(s)∥2 ds. (4.12)

Utilizing Young’s inequality in conjunction with (4.6), we conclude that

b

∫
Ω

u

∫+∞
−∞ η (ξ)ϕ (x, ξ, t)dξdx

⩽ δC1 ∥u∥2 +
b

4δ

∫
Ω

∫+∞
−∞

(
ξ2 +β

)
|ϕ (x, ξ, t)|2 dξdx

⩽ δC1 ∥u∥2 +
1

4δ
H

′
(t) , (4.13)

for C1 = b
∫+∞
−∞ η2(ξ)

ξ2+β
dξ and δ > 0, which may depend on t. Substituting (4.13) in (4.12),

we get

φ ′(t) ⩾
(
(1 − γ)H−γ −

ε

4δ

)
H

′
(t)

+ε ∥ut∥2 − ε ∥∆u∥2 − εδC1 ∥u∥2

+ε ∥u∥qq −
ε

4

∫+∞
0

h (s) ∥∆z (s)∥2 ds. (4.14)

Next, we choose an appropriate δ as follows:

1
4δ

= kH−γ (t) , (4.15)

where k is a positive constant that will be defined later. Substituting (4.15) into (4.14),
we get

φ ′(t) ⩾ ((1 − γ) − εk)H−γH
′
(t) + ε ∥ut∥2

−ε ∥∆u∥2 −
εC1

4k
Hγ (t) ∥u∥2

+ε ∥u∥qq −
ε

4

∫+∞
0

h (s) ∥∆z (s)∥2 ds. (4.16)

Utilizing (4.7), we get

Hγ (t) ⩽
1
qγ

∥u∥qγq . (4.17)

Consequently, we get
C1H

γ (t) ∥u∥2 ⩽ C2 ∥u∥qγ+2
q , (4.18)
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for some C2 > 0. Combining (4.16) and (4.18), we obtain

φ ′(t) ⩾ ((1 − γ) − εk)H−γH
′
(t) + ε

(q
4
+ 1
)
∥ut∥2

+
ε

2
∥u∥qq + ε

(
λq

4
− 1
)
∥∆u∥2

+
εbq

4

∫
Ω

∫+∞
−∞ |ϕ (x, ξ, t)|2 dξdx

ε

(
q

2
H (t) −

C2

4k
(t) ∥u∥qγ+2

q

)
+ε

(
q− 1

4

) ∫+∞
0

h (s) ∥∆z (s)∥2 ds. (4.19)

By Lemma 4.1 and (4.9), for l = qγ+ 2 ⩽ q, we find

φ ′(t) ⩾ ((1 − γ) − εk)H−γH
′
(t) + ε

(q
4
+ 1
)
∥ut∥2

+
ε

2

(
1 −

C3

2k

)
∥u∥qq +

ε

4

(
λq− 4 −

C3

k

)
∥∆u∥2

+
εbq

4

∫
Ω

∫+∞
−∞ |ϕ (x, ξ, t)|2 dξdx+

qε

2
H (t)

+ε

(
q− 1

4

) ∫+∞
0

h (s) ∥∆z (s)∥2 ds. (4.20)

where C3 = CC2. Using (4.3) and (G1), we get qλ− 4 > 0
At this point, we choose k large enough such that

1 −
C3

2k
> 0, qλ− 4 −

C3

k
> 0.

When k is fixed, we pick ε small enough such that

(1 − γ) − εk > 0, H (0) + ε

∫
Ω

u0u1dx > 0.

Therefore, there exists a positive constant C4 such that

φ ′(t) ⩾ C4

(
H (t) + ∥ut∥2 + ∥∆u∥2 + ∥u∥qq

)
. (4.21)

Furthermore, we get
φ (t) ⩾ φ (0) > 0, t ⩾ 0. (4.22)

By Hölder’s inequality and the embedding inequalities, we have∫
Ω

uutdx ⩽ ∥u∥2 ∥ut∥2

⩽ d ∥u∥q ∥ut∥2 ,

where d > 0 is the best embedding constant. Using Young’s inequality, we find(∫
Ω

uutdx

) 1
1−γ

⩽ d1

(
∥ut∥

θ′
1−γ + ∥u∥

θ
1−γ
q

)
, (4.23)
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where d1 is a constant and 1
θ + 1

θ′ = 1. Using Lemma 4.1, for θ′ = 2 (1 − γ) , we obtain

θ

1 − γ
=

2
1 − 2γ

⩽ q.

Thus, for l = 2
1−2γ , we obtain

(∫
Ω

uutdx

) 1
1−γ

⩽ d2

(
∥ut∥2 + ∥∆u∥2 + ∥u∥qq

)
, (4.24)

where d2 > 0 is a constant. Consequently, by (4.24), we have

φ
1

1−γ (t) ⩽

(
H1−γ (t) +

∫
Ω

uutdx

) 1
1−γ

⩽ d3

(
H (t) +

(∫
Ω

uutdx

) 1
1−γ

)
⩽ d3

(
H (t) + ∥ut∥2 + ∥∆u∥2 + ∥u∥qq

)
, t > 0, (4.25)

where d3 is a positive constant. Combining (4.21) and (4.25), we obtain

φ
′
(t) ⩾ d4φ

1
1−γ (t) , t ⩾ 0, (4.26)

where d3 is a positive constant. Integrating (4.26) over (0, t) , we get

φ (t) ⩾
1

φ
−γ
1−γ (0) − γd4t

1−γ

. (4.27)

So, φ (t) blows up in time

T ⩽ T∗ =
1 − γ

d4γφ
γ

1−γ (0)
.

The proof is completed.

5. Conclusion

The researchers have investigated a nonlinear wave equation incorporating fractional
damping and an infinite memory term, which is relevant to the analysis of viscoelastic ma-
terial behavior. To the best of our knowledge, there has been no prior research addressing
the existence and blow-up of solutions to the Petrovsky equation that includes a delay term
with a fractional damping and a polynomial source term. In this study, it is shown that,
under suitable conditions, the equation admits both the existence and finite-time blow-up
of solutions in a bounded domain.
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