. .\T gy Journal of Fractional Calculus and Nonlinear Systems J Frac Calc & Nonlinear Sys
] jfcns.sabapub.com (2025)6(2) : 1-15
b ISSN : 2709-9547 doi:10.48185/jfcns.v6i2.1403

SABA Publishing

Nonlinear viscoelastic Petrovsky equation with fractional
damped: Existence and blow-up
ERKAN SANCAR ¢, ERHAN PISKIN®*,

@ Institute of Natural and Applied Sciences, Dicle University, Diyarbakir, Turkey
®Dicle University, Department of Mathematics, Diyarbakir, Turkey

e Received: 12 November 2024 e Accepted: 12 September 2025 e Published Online: 28 December 2025

Abstract

In this article, we study a nonlinear viscoelastic Petrovsky equation with fractional damping. First, we
establish the existence of a local weak solution by using semigroup theory. Then, we prove the blow up of the
solution under suitable conditions.
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1. Introduction

In this article, we study the following Petrovsky equation with fractional damping

+o00

U + A%u— | h(s)A2u(t—s)ds+af"Bu(t) =9 %u, xeQ, t>0,

0 1.1
u(x,t):a%u(x,t):o, x €00, t>0, 1.1
u(xlo) :LL()(X),LLt (X/O):ul (X)/ XEQ,

where Q is a bounded domain of R™ (n > 1), with a smooth boundary 0Q), v is the unit
outer normal to 0Q. The constants q > 2 and s > 0. Also, (up, u;) the initial data belong
to a suitable function space. The kernel h is a function that will be specified later. The
notation a;*'ﬁ stands for the generalized Caputo’s fractional derivative (see [4, 5, 23])
defined by the following formula

1 t
af"ﬁ’u(t) Tl o Jo (t—s) % Pty (s)ds, 0<a<1, B>0.
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* The fourth-order equation has its origin in the canonical model introduced by Petro-
vsky [19, 20]. This type equations arises in many branches in sciences such as
acoustics, optics, geophysics and ocean acoustics [6].

* Fractional derivatives and integrals arise naturally in physics, biology, chemistry,
ecology (see [16, 23, 24]).

Piskin and Sancar [21] considered the following Petrovsky equation with a fractional
time delay term
Wee + A%u+ oqbf"ﬁu (t— 1) + coue = ul9 2.

They obtained the existence, decay and the blow-up of solutions under suitable conditions.
Kirane et al. [11] considered the following equation

“+00
Ugr — Au+ J g (1) Au(t—1) dr+ 3¢ Pu(t) = /P
0

They proved a non-linear wave equation with internal fractional damping, a polynomial
source and an infinite memory.
Aounallah et al. [2] studied the following wave equation

Uy — Au+ oqaf"f’u (t—1) 4+ uu = P2

They established the well-posedness, blow-up and asymptotic behavior for a wave equa-
tion with a time delay condition of fractional type.
Kirane and Tatar [10] studied the following equation

Ut — Au+0fu = /P2

They demonstrated the exponential growth for a fractionally damped wave equation.
Nicaise and Pignotti [15] considered as follows

U — AU+ oqu (t—s) + opuy = (u).

They demonstrated that the energy is exponentially stable when oy < ot
Kafini and Messaoudi [9] proved the following delayed wave equation with logarith-
mic source term

Uee — Au+ oqu (t—s) + coue = [ulP 2 ulnu/*.

They investigated the local existence and blow-up of solutions.
Piskin and Uysal [22] studied the following equations

Wee + A2u+ 0oy = P,

They proved the blow-up of solution.
Georgiev and Todorova [7] studied the following equations

Uttt — Au+ XUt |ut\m71 =bu ‘U|p71 .
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They considered the existence of a solution of the wave equation nonlinear damping and
source term.

This study presents a solid mathematical foundation for analyzing the behavior of
these systems and carries significant consequences for understanding and engineering vis-
coelastic materials and related physical phenomena. Additionally, the works by [1, 25, 26]
can also be consulted for the literature review.

The purpose of this paper is to study the existence and the blow-up of solutions to
problem (1.1).

Our study is divided into four parts.

* In part 2, we give some important lemmas.
e In part 3, we obtain the well-posedness by the semigroup method.

* In part 4, we prove the blow-up of solutions.

2. Preliminaries

This section presents the necessary materials required to support the proof of our findings.
We outline the following assumptions:
(G1) h: R, — R, is a C! function such that

+00
h(0) >0, hy= J h(s)ds=1—A>0,
0
(G2) there exists a positive constant 0 such that:
h' (t) < —0h(t), t=>0.
We assert the following statements without providing proof.
Lemma 2.1. The following inequality holds:
+o0 2 +00
J J h(s)Aw(s)ds | dx < (1—A) J R (s) [ Aw (s)|? ds.
2\
Lemma 2.2. [13] Let n| be the function:

n(E) =18, £eR 0<a<l.
Then the relationship between the "input" U and the "output" O of the system
bt (x, &)+ (E24+B) d(x, &) —U(x,t)n(8) =0, E€R, t >0, >0,

¢ (x,£0) =0, (2.1)
O (1) = 2L ¥ ¢ (x, £, t)n (£) dE,
is given by
0 =1""%Pky,

where
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Lemma 2.3. [3] Forall A € Dg— {A € C:ReA+ 3 > 0}U{A € C: ImA # 0},

400 1,]2(((_,) B T o1
J_OO)\+[3+£2d£_sin(om) (A+B) '

Now, we introduce, as in [14, 17] the new variable
ze (x,8) =u(x,t)—u(x,t—s), (2.2)
where z is the relative history of u that satisfies
ze (x,8) —ut (x,t)+2z5 (x,8) =0, x€Q, t,s >0. (2.3)

Therefore, by (2.2) and using Lemma 2, problem (1.1) is equivalent to

“+o00
Wie +AA%u+ [ h(s) A%z (x,s) ds—i—bffgzd)(x,&,t)n (£)de =9 2w, x€Q, t>0,

0
dr (%, &)+ (E24+B) d (x, & 1) —u (x, t)n (&) =0, x€Q, EER t>0,
zi (x,8) +z5 (x,8) =ug (x,t), xeQ,ts>0,
u(x,t):%u(x,t)zo, x €00, t>0,
u(x,0) =up(x), ue (x,0) =uq (x), x € Q,
z(x,0) =0, xeQ,
zo (%, 8) = ug (x) —ug (x,—s), xeQ, ts>0,
¢ (x,&,0) =0, x€Q, §ER,

2.4
where b = Sl

s

Lemma 2.4. For z € L? (Q) and £ € 12 (Q x (—o0,4+00)) , we have

+o0
U 2ot [ m@omenan] < A e uke
Q —00 Q

+o0
+1J J (€24 B) b (x, &, 1) dEdx
Q

for a positive constant Ay.
Proof. Applying the Cauchy-Schwarz inequality, we get

+o00 +o00 1,]2 (((_’) % 400 ) ) %
[ Tawemen dadx‘ < (j £2+[3da> (J (€4 B) 4 (x, & 1) d£> .

Using Young’s inequality, we have

+o00
U z(x,p,t)j n(E) b (x & 1) didx| < Aoj 12 (x, 0, 1) dx
Q —00 QO

400
+1J J (824 B) b (x, & 1) dEdx

4_0_700

+oo .2
] T

This completes the proof. O]

with
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Lemma 2.5. The energy

1 ) b —+o00 2 A )
B = jlul?+y| | 106E 0P dears 3 au)
QJ—
-y ||q+1j+°°h( ) 6z ()P
] ullg 3 ), S z(s S,
satisfies
de(t)  1(">, 2
w2 L W (s) Az (s)]? ds
“+o00
—b JQJ (E2+B) I (x, & 1) dEdx
< 0.

(2.5)

(2.6)

Proof. Multiply uy with the first equation of (2.4) and integrating by parts over Q, we

obtain

A1, 2 Ao 1o g
i [3 P+ 5 1wl = g

+oo
b JQ w J n(£) b (x, & 1) dEdx

—00

“+o00
—i—J utJ h(s) A%u (s) dsdx = 0.
Q 0

We apply the method in (2.3) to modify the final term in (2.7) in the following manner:

+00

JQ Ut J:oo h(s) A%u(s) ds dx = L

0

0

and integrating by parts, we have

+00 1 [t
JQutL h(s) A2u (s) dsdx  — i[zL h(s)HAz(s)szs}
1 jm W (s) ]| Az (s)] ds
2 Jo '

By substituting (2.7) in (2.7), we get

d 1
dt 2 )y
1 +o0
2 Jo

= 0

—00

h(s) Jﬂ(zt +z5) A’u(s) dx ds
= J+oo h(s) JQ z¢ A*u(s) dx ds

+oo
2
+J h(s) JQ zs A“u(s) dx ds,

A 2 a2 = L a4 2 jmh(s) 1Az ()] ds
2 5 q "l z

+o00
—j h’(s)HAz(s)szHbJ utj 1) ¢ (x, & 1) dEdx
Q

2.7)

(2.8)
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Now multiply b¢ with the second equation of (2.4) and integrating by parts over Q x R,

we have
d b +o00 ’
- (2 | ] e dadx>
+o00
+bj J (€24 B) b (x, &, 1) dEdx
QJ—x
+o0
b w| ey e
Q —00
= 0. (2.9)
Utilizing references (2.5), (2.8) and (2.9), we derive the result in (2.6), thus completing
the proof of the lemma. O

3. Well-posedness

In this section, we establish the result for the local existence of the problem (2.4). Firstly,
we present the function of vector

U= (u,v, (b,z)T

and a new dependent variable
V = Ut.

So, (2.4) can be rewritten as follows:

U (t) + AU () =] (D (1)),
{ u(0) = Uy, G-
where the operator A : D (A) — K is defined by
—v
u Yoo
AUl v 2] Mt [ () A%u(s)ds+b [T5 b (x, €)n (£) dE
= o |~ )
; (£248) & (x, &) —v (&)
Zg—V
J(W = (0P 2w0,0)", (3.2)

and ¥ is the energy space given by
H =HG (Q) x L*(Q) x L* (Q x (—o0,+00)) x L (R4, Hj (Q))
such that

“+00
L} Ry, Hj (Q)) = {w ‘R, - H3(Q), J h(s) [|Aw (s)|* ds < oo},‘
0
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the space L}, (R4, H3 (Q)) is endowed with the inner product:

+o00

<w1,w2>Li(R+,H%(Q)) = J h(s) JQ Awi (s) Aws (s) dxds.
0

- - AT
For any U = (u,v, ¢, z)T e Hand U = (ﬁ, v, d),E) € H, we equip with the inner product
defined by

—+00 -
J & (%, £) & (x, &) dEdx

—00

<u,ﬂ> - J [)\AuAﬁ—l—vﬂdx—i—bJ
H Q Q
+o0o

+ J h(s)J Az(s) AZ (s) dxds.
Q

The domain of A is given by

U=(uwv,d,z) €eH:ueHQ), veH;(Q),
D(A) =1 (&+B)d—wn(&) € L*(Qx (~o0,+00)),
Eld € L2(Q,R), zs € 13 (R, HE (Q)).

Now, we are able to give the result of following existence.

Theorem 3.1. Assume that

2<q< oo, ifn=1,2,3,4; 3.3)
2<q<2y, ifn>5. '
Suppose further that
U() c J‘C, (34)
then the problem (2.4) has a unique local solution
UeC([0,T),H). (3.5)

Proof. The demonstration is founded on [8, 12, 18]. We begin by showing that A is a
maximal monotone operator on . We begin by demonstrating that the operator A is
monotone. For, for any U € D (A), using (3.1), we get

+oo
(AU UYye = bJQJ (€24 B) ¢ (x, &) dedx

1 —+00 , ’
—= h' (s) ||Az (s)||” ds
2 Jo

= 0. (3.6)

So, the operator A is a monotone . Next, we show that the operator I+ A is surjective.
For, given F = (fy, Ty, f3, f4)T € H, we will show that there exist U = (u,v, ¢, z)T e D(A)
satisfying

(I+A)U=F,
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that is,
u—v="f e H3 (Q),
v+ AAZU + jh w(s)ds+b [T (E)n (&) dE =2 € [2(Q), 3.7
b+ (E2+B) d>—vn (&) =f3(&) € *(Q,R),
z+zs—v="4(s) € L} (R, HE (Q)).
Using the third equation in (3.7), we have
f3 4+ (&)
= =" 3.8
(b E+p+1 (38)
Conversely, a unique solution can be found for the fourth equation in (3.7)
S
z= <J e’ (f4(6)+u—f1)d6> e °. (3.9
0
Inserting v = u — fq, (3.8) and (3.9) in the second equation in (3.7), we have
Ku+AA%u =G, (3.10)
here
+o00o
K_1+Ef o £?+B+1d£>0
A=A+ [ h(s)e s ([;e°do)ds
+ooo
=1— [ h(s)e *ds >0,
0
+o0o
fo2+Kf1 b‘l‘ o n£2+[3+1 dé
+ [ h(s)e s ([;e°A%(fy(0)—f1) do) ds.
0
To solve (3.10), we consider the following variational formulation:
B(u,w)=L(w), YweH3(Q), (3.11)
here B is the bilinear form defined by
B (u,w) = ”J uwdx +7\J AuAwdx (3.12)
Q Q
and L is the linear functional given by
L(w) :J Gwadx. (3.13)
Q

It can be easily confirmed that L is bounded, B is both coercive and bounded. So, applying
the Lax-Milgram theorem, we deduce that for all w € H3 (Q), the linear eliptic equation
(3.10) has a unique solution u € H% (Q). Substituting u into the first equation in (3.7)



E Sancar, E Piskin, Petrovsky equation with fractional damped 9

gives v € H3 (Q) . Inserting v in (3.7) and bearing in mind the third equation in (3.7), we
obtain
$ € L2 (Q,R).

Similarly, we have
ze L% (Ry, Hj(Q)).

Using (3.10), we get

KJ uwdx—i—XJ Aqudx:J Gwadx. (3.14)
Q Q Q

The elliptic regularity theory, then, implies that u € H2 (Q). So, I + A is surjective. Now,
we prove that the operator defined in (3.2) is locally Lipschitz in H. For U, U € ¥, we
have

.

w-yj@||, = [lowh 2 —ame2,0,0

= |9 = e?

L2(Q)
= Rl — 2

= u-1 (Iulq_1+uq_2ﬁ+...+ﬁq_1)

L2(Q)

= Clllu—w (uit+ud) HLZ(Q)

c (JQ (lu—P) (i o) dx)z.

Using Holder’s inequality, we get

N

Jiw -y, < (| n-ur dx>;y (], (o) )™, 2 i1

withy = %5 and 8 = 7. So, we get

Sl=
—_

u ~ 1Y = —1, =q—1\" "
HI(U)*I(U)H < C <J lu —u|ns dX> <J (Iulq + [/ ) dX>
H Q Q
n—4 1
" o w
<C <J fu— Y dx) (J (=D ¢ pnia—1) dx>
Q Q
1 1
< C Hu—ﬁHL%(Q) [(J a1 dx) + <J a1 dx> ]
n- Q Io)
~ 1 ~1q—1
< C Hu_uHL%(Q) ["u“gn[qfl)(g) + ||u||gn(qfl)(Q):| . (3'15)

The Sobolev embedding theorem gives

=T 2w < Clu—20) <cHu—ﬂH . (3.16)
Ln—4(Q) %

Q
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The necessity to estimate [u||,,(q_1) by the energy form |[U||, requires to consider differ-

ent ranges of q. Namely, we need n(q—1) < % and this coincides with the cut in our
assumption q < ;7. Thus, the Sobolev embedding theorem

H3 (Q) = L71 (Q),

it holds

—1 —1
HuH[C_ln[qfl] (Q) < C Hquq_l% (Q) . (3.17)

Therefore, by combining (3.16) and (3.17), we obtain
- < g . i ) Ju-,
Ju-t] <c (' @, gt @) fu-af
So, ] is locally Lipschitzian. O

4. Blow up

In this part, we employ a carefully chosen Lyapunov functional to demonstrate that
certain solutions may blow up in finite time. To accomplish this, we first require the
following lemma.

Lemma 4.1. Suppose that q > 2. Then, there exists a positive constant C > 1 such that
ullg < Ca [[[ull§ + A (4.1)

foranyuw e H3 (Q) and2 <1<

q.
1 1 2 2
Proof. If ull, > 1 then [jull}, < Juld. If Jul, < 1 then [ul < [ul? < C. [AuP by

Sobolev embedding theorem:s. O
Let
M = <€) = [l hul?-3 | roommxatnzdadx
— — q q 2 t 2 ol e 7 Gr
A ) 1 —+00 ’
> llau] —ZJ R (s) Az (s)|? ds. 4.2)
0

Theorem 4.2. Suppose that q > 4 satisfies (3.3). Assume further that (G1)
+o0o

ho = J h(s)ds<qq_4 (4.3)

0

and
E(0) <0. 4.4

Then the solution of system (2.4) blows up in finite time.
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Proof. Using (2.6), we get
E(t) <E(0) <0 (4.5)
So, we have
! / 1 +OO
H = —E W=y | ws)az(s)Pas
0
+o0 ’
so| | (£ 4B) 10 (b U dedx
0O J—oc0
> 0 (4.6)
In addition, we get
1
0<H(O) <H® < q [ullg - (4.7)
Let
et)=H"Y 1)+ EJ uuidx, (4.8)
Q
where ¢ > 0 to be specified later and
0<y<d=? (4.9)
Y 2q .
By applying differentiation to (4.8) and utilizing (2.4), we derive
O (1) = (1—y)H YH (t) +¢ Juel* — eA [ Aul?
+o0
“be | u| niE e gy dedxsefuld
Q —00
+o0o
—sJ AuJ h(s) Az (x,s) dsdx. (4.10)
Q 0
Utilizing Young’s inequality in conjunction with Lemma 2.1, we derive
+oo
J AuJ h(s)Az(x,s) dsdx
Q 0
1 +o0 5 5
< 7| R Az(s)ITds + (1 —A) Aull”. (4.11)
0

here, if we assume that for the first term

a:f2(1—7\)J Audx

0]

and for the second term

b 0 h(s)Az
V20—

(x,s)ds
A)
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we obtain (4.11). Substituting (4.11) in (4.10), we obtain
@'(t) > (I—y)H YH/(t) +efue|® — e[| Au|?

+o0
—bsjauj n(E) d(x, & 1) dEdx

—00

e [To°
+elullg —4L h(s) |Az(s)[* ds. (4.12)

Utilizing Young’s inequality in conjunction with (4.6), we conclude that

+o0
bj uj 1 (E) b [, &, 1) dEdx
Q

—00

b 400
< s+ g | | (4 8) 0 (xR dzax

1,
< 8Cy Hul!2+4—6H (t), (4.13)

for C; =b [©° gﬁfﬁ) d¢ and § > 0, which may depend on t. Substituting (4.13) in (4.12),
we get
! > _ -Y _ i !
o't) > (1-—vHY—)H @

e fJuel® — e [ Auf® — e5Cy uf®

€ “+00
+elulld — 4J h(s) |Az (s)|]* ds. (4.14)
0
Next, we choose an appropriate § as follows:
i =kH™Y (1) (4.15)
45 ’ '

where k is a positive constant that will be defined later. Substituting (4.15) into (4.14),
we get

O'(t) = ((1—y)—ek) HYH (t) + ¢ e
eC
—e || Au)? = ZZEHY (t) [|u?

4k
q € +o00 ’
relul— 5 L h(s) [|Az (s)]2 ds. (4.16)
Utilizing (4.7), we get
|
Y . qYy
R ()< 5 Il (417)

Consequently, we get
CyHY (4) fJul® < Ca [luf|d7*2, (4.18)
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for some C, > 0. Combining (4.16) and (4.18), we obtain
o'(t) > ((1—y)— e HH (©+¢ (§+1) il
LTI Aq 2
+5 g +e (5 -1) hau)
b +o0
0 ] e vR aeax
O J—o0o
9 G qy+2
(B0 - 2 0l
q—1Y\ [ 2
+e 1 h(s)||Az(s)]|” ds. (4.19)
0
By Lemma 4.1 and (4.9), for | = qy + 2 < q, we find
') > ((1=y) =k HYH (Y +e (§+1) Juel?
£ C3 q £ C3 2
b +o0
] e or deans THi
14 )0l o 2
q—1Yy (™ 2
+e 1 h(s)||Az (s)]|” ds. (4.20)
0
where C3 = CC,. Using (4.3) and (G1), we get qA—4 >0
At this point, we choose k large enough such that
Cs Cs
1 ﬁ>0’ qr—4 ?>0.
When k is fixed, we pick ¢ small enough such that
(1—y)—¢ek >0, H(0) +£J upuidx > 0.
Q
Therefore, there exists a positive constant C4 such that
©'(t) = Cq (H () + e + fAw)? + Huug) . (4.21)
Furthermore, we get
p(t)=¢@(0)>0, t=0. (4.22)
By Holder’s inequality and the embedding inequalities, we have
[, e <l
Q
< dflullg luells,
where d > 0 is the best embedding constant. Using Young’s inequality, we find
1
=7 s &
<J uutdx> <dp <||ut||1v + {lullq Y> , (4.23)
Q
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where d; is a constant and % + & = 1. Using Lemma 4.1, for ' =2 (1 —v), we obtain

3] 2
11—y 1—2y
Thus, for 1 = ﬁ, we obtain
e
-Y
<JQ uutdx> < & (Ihwel® + lawl + 1) (4.24)
where d; > 0 is a constant. Consequently, by (4.24), we have
eV (1) < (Hl_y (t) +J uutdx>
Q
1
1—y
< ds <H (t) + <J uutdx> )
Q
< d (H® + el + [aul+ [uld), t>0, (4.25)

where dj is a positive constant. Combining (4.21) and (4.25), we obtain

’ 1

® (t) = d4(‘017y (t)/ t2 O/ (426)

where dj is a positive constant. Integrating (4.26) over (0,t), we get

1
ot) > — At (4.27)
@™ (0) — Ty
So, ¢ (t) blows up in time
TeT= 1Y
dgye™ (0)
The proof is completed. O

5. Conclusion

The researchers have investigated a nonlinear wave equation incorporating fractional
damping and an infinite memory term, which is relevant to the analysis of viscoelastic ma-
terial behavior. To the best of our knowledge, there has been no prior research addressing
the existence and blow-up of solutions to the Petrovsky equation that includes a delay term
with a fractional damping and a polynomial source term. In this study, it is shown that,
under suitable conditions, the equation admits both the existence and finite-time blow-up
of solutions in a bounded domain.

Acknowledgement

The authors thank the referee for his careful reading of the paper and for the valuable
suggestions which greatly improved this work.



E Sancar, E Piskin, Petrovsky equation with fractional damped 15

References

[1]
[2]

[3]
(41
(5]
(6]

[71
(8]
9]
[10]

[11]

[12]
[13]
[14]
[15]

[16]
[17]

[18]
[19]
[20]
[21]
[22]

[23]
[24]

[25]

[26]

Abdo MS, Shammakh W, Alzumi HZ, Alghamd N and Albalwi MD (2023). Nonlinear piecewise Caputo
fractional pantograph system with respect to another function. Fractal and Fractional, 7(2): 162.
Aounallah R, Benaissa A and Zarai A (2021). Blow-up and asymptotic behavior for a wave equation
with a time delay condition of fractional type, Rendiconti del Circolo Matematico di Palermo Series 2,
70: 1061-1081

Benaissa A and Benkhedda H (2018). Global existence and energy decay of solutions to a wave equation
with a dynamic boundary dissipation of fractional derivative type. Z. Anal. Anwend. 37: 315-339.
Blanc E, Chiavassa G and Lombard B (2013). Boit-JKD model: simulation of 1D transient poroelastic
waves with fractional derivative. J. Comput. Phys. 237: 1-20.

Choi JU and Maccamy RC (1989). Fractional order Volterra equations with applications to elasticity. J.
Math. Anal. Appl. 139: 448-464 .

Ferreira J, Irkil N, Pigkin E, Raposo C and Shahrouzi M (2022). Blow up of Solutions for a Petrovsky
type Equation with Logarithmic Nonlinearity, Bulletin of the Korean Mathematical Society, 59(6): 1495-
1510.

Georgiev V and Todorova G (1994). Existence of solutions of the wave equation with nonlinear damping
and source terms. J. Differ. Equ. 109: 295-308.

Haraux A (1981). Nonlinear Evolution Equations, Global Behavior of Solutions, Lecture Notes in Math-
ematics, Vol. 841, (Springer-Verlag).

Kafini M and Messaoudi SA (2018). Local existence and blow-up of solutions to a logarithmic nonlinear
wave equation with delay. Applicable Analysis. 99(39): 530-547.

Kirane M and Tatar NE (2003). Exponential growth for fractionally damped wave equation. Z. Anal.
Anwend. 22: 167-178.

Kirane M, Aounallah R and Jlali J (2025). General Decay and Blowing-Up Solutions of a Nonlinear Wave
Equation With Nonlocal in Time Damping and Infinite Memory. Mathematical Methods in the Applied
Sciences, 48(8): 9046-9057.

Komornik V (1994). Exact controllability and stabilization: the multiplier method (Vol. 36). Elsevier
Masson.

Mbodje B (2006). Wave energy decay under fractional derivative controls. IMA J. Math. Control Inf. 23:
237-257.

Muiloz Rivera JE and Fernandez Sare HD (2008). Stability of Timoshenko systems with past history, J.
Math. Anal. Appl.339(1): 482-502.

Nicaise S and Pignotti C (2008). Stabilization of the wave equation with boundary or internal distributed
delay. Differ. Integral Equ. 21: 935-958.

Oldham KB and Spainer J (1974). The Fractional Calculus, Academic Press, New York, London.
Pamplona PX, Muiioz Rivera JE and Quintanilla R (2011). On the decay of solutions for porous-elastic
systems with history,J. Math. Anal. Appl. 379: 682-705.

Pazy A (1983). Semigroups of Linear Operators and Applications to Partial Differential Equations.
Springer, New York.

Petrovsky IG (1937). Uber das Cauchysche Problem fiir Systeme von partiellen Differential-gleichungen,
Mat. sb. (Mosk.), 44: 815-870.

Petrovsky IG (1939). Sur I'dnalyticité des solutions des systémes d’équations différentielles, Mat. sb.
(Mosk.) 47: 3-70.

Piskin E and Sancar E (2025). Existence, decay and blow up of solutions for a Petrovsky equation with
a fractional time delay term. Mathematica Moravica, Vol. 29, No. 1: 125-146.

Piskin E and Uysal T (2018) . Blow up of the solutions for the Petrovsky equation with fractional
damping terms. Malaya Journal of Matematik, Vol. 6, No. 1: 85-90.

Podlubny I (1999). Fractional Differential Equations, Academic Press.

Samko SG, Kilbas AA and Marichev OI (1993). Fractional Integrals and Derivatives, Amsterdam: Gordon
and Breach [Engl. Trans. from the Russian 1987].

Yadav P, Jahan S, and Nisar KS (2025). A new generalized Bell wavelet and its applications for solving
linear and nonlinear integral equations. Computational and Applied Mathematics, 44(1): 40.

Yasmeen S, and Amin R (2023). Higher order Haar wavelet method for numerical solution of integral
equations. Computational and Applied Mathematics, 42(4): 147.



	1 Introduction
	2 Preliminaries
	3 Well-posedness
	4 Blow up
	5 Conclusion

